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Abstract

A complex number  is called an extended eigenvalue for an operator T € B(H)
on a Hilbert space H if there exists a nonzero operator X € B(H) such that: TX =
uXT,such X is called an extended eigenoperator corresponding to. The goal of this
paper is to calculate extended eigenvalues and extended eigenoperators for the
weighted unilateral (Forward and Backward) shift operators. We also find an
extended eigenvalues for weighted bilateral shift operator. Moreover, the closedness
of extended eigenvalues for the weighted unilateral (Forward and Backward) shift
operators under multiplication is proven.

Keywords: Extended eigenvalues, Extended Eigenoperators, weighted bilateral shift
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1. Introduction
Let H be the complex Hilbert space and B(H) be the algebra of all continuous linear
operators on H . A complex number u is called an extended eigenvalue for an operator
T € B(H) if there exists a non- zero operator X € B(H) such that:
TX = uXT . (1.1)
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The operator X is called an extended eigenoperator for an operator T corresponding to u .
Let E(T) be the set of all an extended eigenvalues and E, (T ) be the set of all an extended
eigenoperators that is :

E(T)={pu€eC:TX =uXT;0# X € B(H)} (1.2)
E,(T)={0+# X €B(H);TX = uXT} (1.3)

This definition was given first by [1] to generalize Lomonosov theorem. Alan Lambert
and Srdjan Petrovic [1] considered the integral Volterra operator on the space L?(0,1) . Alan
Lambert [2] explained an extended eigenvalue for an operator T is a scalar u for which the
operator equation TX = uXT has a non-zero solution. Several scenarios are investigated
where the existence of non-unimodular extended eigenvalues leads to invariant or hyper
invariant subspaces.

Biswas and S. Petrovic [3] gave a description the relationship between the extended
eigenvalues of an operator T and its powers. H. Alkanjo and G. Cassier [4] described the sets
of extended eigenvalues and extended eigenoperators for the product of a positive and self
adjoint operator which are both injective. They also treated the case of normal operators.

L.K. Shaakir and Anas A. Higab [6] calculated the set of all extended eigenvalues of
unilateral shift operator on the L° space . F. Leon and S. Petovic [7] gave a full solution
to the problem of computing the extended eigenvalues for those composition operators ¢,

induced on the Hardy space H?(ID) by linear fractional transformations ¢ of the unit disk.

The goal of this paper is to calculate extended eigenvalues and an eigenoperators for
weighted unilateral (Forward and Backward) shift operators. Also, we find extended
eigenvalues for weighted bilateral shift operator.

2. Primaries

In this section, we present the most important definitions and important characteristics that
we need in the next sections. To begin with, we mention the most important basic definitions
about our topic.

Definition (2.1) [8] : Let {a,,} be a sequence of numbers such that «,, > 0 for all n € N and
let lim,,_, ;o a, = a, , for x € [>(N), define the weighted unilateral forward shift operator
A, € B(I2(N)) by:

Ag(xX1,%2,%3,..) = (0,1x1, a2%; , a3X3, ...) (2.1)
for all x € [2(N) under the base in I2(N) thatis:  Age, = apeni1 (2.2)
The definition of the weighted unilateral backward shift operator B, € B(I1?(N)) is given
by: Ba(x1,%5,%3,..) = (@a1X;, ayX3, A3Xy, ...) (2.3)

for all x € 12(N). By some simple calculations, we get: B} = A,. (2.4)

Definition (2.2) [8]: Let {«a,,} be a sequence of numbers such that «,, > 0 for all n € Z and
let lim,, @, =a_ and lim a, = a, for x € [2(Z), the weighted bilateral shift

n—+oo
operator T, € B(1?(Z)) is defined by:
Ty x_q,%0,%1,0.) = (oo, A_3X_p,Q_1X_q1,®pXg, ) (2.5)
forall x € [2(Z). under the base in [?(Z) thatis: T,e, = a,en+q - (2.6)
The adjoint of T, is:
Ty(oyXq,%0, %1, 0) = (oo, @_qXg, AoXy , A1 X3, o) (2.7)
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Definition (2.3) [8] : If B:12(Z) — 12(Z), then the bilateral shift operator is defined by:

B(...,x_1 ,xO ,x1 B ) = ( ) x_z ,x_l ,xO, ) . (28)
It is given under the base inl?(Z) by:
Ben = €n+1 (29)

The next theorem appeared in [3], we gave a second proof that was easier from our point
of view.

Theorem (2.4): If u € E(T) then u™ € E(T™) forall n € N.

Proof: We will prove by mathematical induction,
Since u € E(T) then there is anon zero operator X € B(H) such that TX = pXT.
To prove the statement is true for n = 2, assume that there is anon zero operator X € B(H) is
an extended eigenoperator for T corresponding to u
Suchthat: T2X = T(TX) = T(uXT) = W(TX)T = u(uXT)T = p2XT?2
So T2X = p?XT?, This means that u? € E(T?).
Now, assume that the statement is true for n — 1 this means T""1X = y*~1x77"1
To prove the statement is true for n:
ThY = T( Tn_1X) — T( ,l,ln_1XTn_1 ) — ,Lln_l(TX)Tn_l
— ‘Lln_l(‘l,lXT)Tn_l — ﬂnXTn

So thatT"™X = u"XT™. Therefore, u™ € E(T™). O
3. Main work

In this section, we calculate extended eigenvalues for weighted unilateral (Forward and
Backward) shift operators .We also find the extended eigenvalues for weighted bilateral shift
operator. Further, we explain that an extended eigenvalues for the weighted unilateral
(Forward and Backward) shift operators are closed under multiplication.

The aim of the following theorem is to calculate extended eigenvalues for the weighted
unilateral forward shift operator A, ,where a = sup{a,, a,, ... }.
Theorem (3.1): If A, is the weighted unilateral forward shift operator on [?(N), then
E(Ay) ={p€C:|ul =max {1, a}; u # 0}.

Proof: Suppose that |u| = sup {a;,a,,...} and let Di be the diagonal operator such that
u

D1 (xq,x3,x3,...) = (xl,ixz,%x& ...) for all x € [?(N). Claim that:

n

A,Di =uDi1A,.To prove this claim, we start with the Ileft side that
© u

1 1
meanS, AaDl(xl ,xZ ,X3, ) = Ad (Xl,;xz,ﬁx& )
u

_ 1 1
= (0 , 01X, 0 ;xz ,a3ﬁx3 , )
It is clear that the right side is given as follows:

u Dl Aa'(xl y X2, X3, ) =Hu Dl(o yH1Xq , ApX,y , H3X3, )
u n

1 1 1
=Uu (O, ;alxl, Fazxz, Fa3x3,...)
= (0 a1xq1 azlxz a3ix )
) ) U ) #2 3
Thus, A,D1 = uD1 A, p € E(AL).
u u

Therefore, {u € C: |u] = max {1, a}} S E(4,).
Now suppose that |u| < sup {a;, @y, ...} such that u € E(A,) then there exists 0 # X €

B(H) suchthat A, X = u XA,
Aqe, =(0,0,0,...,a,,0,0,...) = a,(0,0,0, ...,1,0, ...)
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1
= apensq - Therefore, e, 1 = a_nA“en .

Assume that a, = inf {a;, ay, as, ... },

Thus, ”Xen+1” = ||Xé Aaen” = ﬁ ”XAaen” = ﬁ ||%Aaxen||
zﬁ%l tolllXey |

1
 lanllan-1l..lazllagllul™*?
So ||Xe,4+1]l — o .This is a contradiction. Since X is bounded operator.
Thus, E(A,) ={pn € C: |u| =max {1, a}}.
The aim of the following theorem is to calculate extended eigenvalues for the weighted
unilateral backward shift operator B, .

laollaol - lagll|Xeq|| — 0 as n— o

Theorem (3.2): If B, is the weighted unilateral backward shift operator on [?(N) then
E(By) ={p€C:0<|ul <1}.
Proof: Suppose that 0 <|u| <1 and let D, be the diagonal operator such that
Dy (x1,%3, %3, ...) = (X1, Xz, p?x3, ...) forall x € 1#(N). Claim that:

B,D, = u D, B, .To prove this claim, we start with the left side that means

BoDy(x1,%2 , %3, ...) = Ba (%1, 4%, MPxs, ) = (aqpx; , apu®xs, ...)
It is clear that the right side is given as follows:
D, By(xq1,%2, %3, ...) = uDy(ayx5, apx3,...) = p (a1 x5, axpixs, ...)

= (apx; , aux3, ...)

Thus, B,D, = u D, B,. Note that D, nonzero operator, that is 4 € E(B,) .
Now let |u| > 1 and let D, be the diagonal operator such that B,D, = p D, B,.
If we take the left side,

ByDy(x1, %5, %3, ..) = By (oxy, uxy , u?x3,...) = (aypxy , app?xs, ...
But the vector (a;ux, , ayu?x5,...) does not belong to I2(N).
Therefore, E(By) ={u€C:0< |u|l <1}.

The goal of the following theorem is to calculate an extended eigenvalues for the
bilateral shift operator B .

Theorem (3.3): If B is the bilateral shift operator on 12(Z) then u € E(B) such that {u € C :
lul = 1}.
Proof: Suppose that |u|=1 and let D,be the diagonal operator such that
Dy Cooy X1, %0, %1, ) = (oo, W™2X_q , 0™ %0,, %1, pixz , ...) for all x € 1?(Z). Claim that
BD, = u D,B . To prove this claim.
The left side, BD, (..., x_1 , X0, X1, ...)
=B( e, 0 2x g, 0 g, 20 , 4x5 ) = (o, W 2x 5, 0t xg,, X1, .0)
It is clear that the right side is given as follows:
uD,B(..,x_1,%0,%1,...) = uDy (e, Xz, X_1,Xg,...)
= ,LL( "'uu_Bx—Z uu_zx—l uu_le » X1, )
= (o, 0 2x_5, p"ix_1, x9, UxX1,...)
Thus, BD, = uD,B.
Note that D, is a nonzero operator, that is u € E(B).

In the following theorems, we will show that the set of extended eigenvalues for
weighted unilateral ( Forward  and Backward ) shift operators are closed under
multiplication .

Theorem (3.4): If A, is the weighted unilateral Forward shift operator on [?(N) ,then E(4,)
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is closed under multiplication operation that is if
u€eECA,)and A€ E(A,) then ud € E(A,).

Proof : Suppose that D1 and Diare two diagonal operators for A, which are defined in
u A

theorem (2.1) which are extended eigenoperators for A, corresponding to u, A, respectively,
such that:

Ay D1 = ,uD1A and A, D1 /1D1A
Now, A D1D1 = ﬂD1A D1 = ,uDl/lDlA = uAD1D1A,

u 2 u A
Thus, ud € E(A,). Flnally, to show that D1D1 nonzero operator:
u A
Forall x € [?(N) then D1D1 (x;,%,,%x3,..) = D1 (xl,lxz,izx3, )
i3 i A7

_ 1 1
= xl'z xz,zz >X3, 00 ) F 0
Thus, D1 D1 nonzero operator.

u A
Theorem (3.5): If B, is the weighted unilateral backward shift operator on 12(N) then, E(B,)
is closed under multiplication thatis if u € E(B,) and A € E(B,) ,then uiA € E(B,).

Proof: Suppose that D, and D, are two diagonal operators for B, which defined in
Theorem (2.2) which are extended eigenoperators for B, corresponding to u, 4, respectively,
suchthat: B,D, = uD,B, and B,D; = AD,B,
Now B, D,D; = uD,B,D; = uD,AD;B, = uAD,D;B,
Thus, ud € E(B,) .

Finally, to show that D, D, nonzero operator for all x € 1?(N), then DDy (x1,%3,%3,...)

= Dy (x1,Ax2, A%x3, ...)

= (xq, pAxy, u?2%x5,..) #0
Thus, D, D; nonzero operator.
Conclusions

The goal of this paper is to calculate extended eigenvalues and eigenoperators for

weighted unilateral (Forward  and Backward) shift operators. We also find extended
eigenvalues for weighted bilateral shift operators.
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