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Abstract:

Given an exterior algebra E over a finite dimension vector space v, and let R =
E/I , where I is a graded ideal in E. The relation between the algebra R and R,,,,,,
regarding to G-quadratic and LG- quadratic will be investigated. We show that the
algebra R is G- quadratic if and only if R,,,,,, iS G- quadratic. Furthermore, it has
been shown that the algebra R is LG- quadratic if and only if R,,,,,, iS LG- quadratic.
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1-Introduction:

Let E = Ax(ey, ..., e) be an exterior algebra over a field K. The objective of this paper is
to study the relation between two algebras; R = E/I and R,,,,, = E/in.(I) regarding to G-
quadratic and LG - quadratic properties. From literature, the following relations in case of
commutative are given by

G-quadratic = LG -quadratic = Koszul =  quadratic.
The converse of the first implication holds under some conditions, where Conca [1] states
that
every quadratic Artinian algebra R with dim R, < 2 is G-quadratic. Mccullough and Mere
show that these implications hold in exterior algebra. However, they showed that the converse
not true for implications [2]. From the algebra that given by quiver and relations, we know that
every quadratic is Koszul [3].
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In this paper, G-quadratic and LG-quadratic in two algebras R and R,,,,,,, Will be investigated.
Furthermore, we will show in Theorem 3.2, that the algebra R is G-quadratic if and only if R,,,,,
is G-quadratic. Moreover, we will go through the relationship between R and R,,,,,, under LG-
quadratic properties.

The layout of this paper will be as follows: The background of Gérbner basis, properties of
monomial in the exterior algebra, and the associated algebra will be explained in Section two.
Finally, the relation between R and R,,,, under G-quadratic, LG -quadratic conditions will be
given in Section three.

Now, we fix some notation in this work. Let K be a field, V be a vector space over K with
dimensionn, E = Ag( e, ..., e,) be an exterior algebra of V/, and e, ..., e,, be a basis of V.

The exterior algebra E will be considered as a skew-commutative and graded ring with
deg(e;) =1, for i =1, ...,n. Additionally, a module E will be called graded if there is K-
vector space M;; such that M =; M; and E; M; & M, ;, forall i and j. Let M be a finitely
generated and graded E-module.

2-Grobner basis of associated algebra

Let K be a field, and E be an exterior algebra. We call the set of monomial of E by Mon(E).
The ideal that generated by monomial element is called monomial ideal. Let B be the set of
finite monomail in E. We write a monomail element in E as ej;e;, ....e;s instead of
eil/\eiz/\ /\ €is-

A monomial order [4] on E is a total order < on Mon(E) satisfying the following
conditions:
1. if ue€ Mon(E) andu # 1,then 1 <u .
2. Let u,vand w in Mon(E). If u < v,thenuw < vw .

Now we fix a monomial order on B. We use the monomail order to define the leading term
of element in E.

Definition 2.1: Let 0 # f € E and if f = }5\in5}Ccq9, Where ¢, € K with some ¢, # 0,
then the leading term of f is defined by LT (f) = g where ¢, # 0 and h < g for all h with
Cn #* 0.

Definition 2.2:[2] Let I be a graded ideal in E. The initial ideal I is defined as in.(I) =
(LT(f): f € I), with leading coefficients equal 1.

Example 2.3: Let f = 3x3 + 2x%y? — 4xy?z3, where f € C[x,y, z] and let < be a monomail
order with z < y < x. Then LT(f) = 3x3 and in_(f) = x3.
We state here some properties of monomial ideal.

Proposition 2.4: (Properties of monomial in the exterior algebra see [2])
1. Let g4,...,9: €I and let T ={g4,...,g:} be the minimal set of monomials which
generate in.(I). In other words in.(I) = (LT(g,),LT(g2), .-, LT(g:)).
2. I\ has unique reduced Grobner basis T.

LetN = B\ {LT{f}:{f} € I}andlet T = {g;, ..., g¢} be the minimal set of monomails
which generate in.(I).
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The result that shows the exterior algebra A(V) can be written as a direct sum of K vector
space will be stated now.
Lemma 2.5: Let K be a field and let E = A(V) = Ai(ey, ..., e,) be an exterior algebra of V.
Then

AWV) =in.(I) By Span,N

as the K vector space.
Proof: Let0 #= x € in.(I) N SpangN. Thenx € LT(f) where f € I which is contradiction,
sincee N.

Assuming thatA(V) # in.) + SpangN.Sothereisx € A(V) such that LT (x) is minimal,
and x € in.(I) + SpangN. Let f = LT (x) and so that f € in.(I) or f € N. We let c; be
the coefficient of f in x, where x = Y.yegcp h, forall ¢, € K.If f € in. (I), then there exists
g € I suchthat LT (g) = f. Since f € in. (I), then cy= = 1. So LT (x — crg) is either 0 or
has minimal leading term thanf. With the minimalty of the LT (x), we have
x —crg € inc(I) + Spang N. By hypothesis g € in.(I), and so x € in. (I) + SpangN.
Therefore, we get a contradictory.

On the other side, let f € N, then x — ¢ f = 0 or has minimal than x. Using the minimally
factof f,x —¢s f € in.(I) + Spang Nandsox € in.(I) + SpangN which contradict with
hypothesis. Therefore, we can write an element in E uniquely. If x in E, then x = g, + n,
where g, unique in in (1) and n,. unique in Span_K N.

The basis of A(V)/in.(I) will be characterized in the following proposition.

Proposition 2.6: Let K be afieldand let E = A(V) = Ax(ey, -+, en)

be an exterior algebra of V. Then Spangy N = A(V)/ i n.(I) as K vector space.
Consequently, using Proposition 2.6, we can determine the elements in A(V)/in_(I) with the
elements in SpangN. So for all x,y € SpangN, the products of x and y in A(V)/in(I)
which equals to N,,,, where x A y is the wedge product in A(V).(see[2]).

The associated algebra R,,,,,, Will be introduced now.

Definition 2.7: Let E be an exterior algebra. Let in_ (1) be the ideal generated by (LT (g1), .-
LT(g.)) in E. Then in(I) is a monomial ideal and set R,,,,,, = E/ in.(I).

The following proposition shows that some facts of reduced Grobner bases and monomial
algebra R,

Proposition 2.8: Let I be a graded ideal and let E be an exterior algebra. Assuming that T is
the unique minimal set of monomial generating in.(I), and g4, ..., g; is the unique reduced
Groobner basis generating for 1. Then

1. T is the reduced Grobner basis for in_(I).

2. Using the description of E with Span N, The dim,(R,0n) = |N|, where |N]| is the
cardinality of N.

3. The dimension of R is equal to the dimension of R,,,,,

4. The exterior algebra E is finite dimensional if and only if the set N is finite

3- The algebra R and the associative algebra R,,on
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We state here the relationship between R and R,,,,,, With regard to G-quadratic algebra, and
LG-quadratic algebra. We keep previous notation and start with definition of the G-quadratic
algebra.

Definition 3.1: [2] Let R = E /I be a quotient of an exterior algebra E, and I be a graded ideal.
Let < be amonomial order on E. Then R is G-quadratic algebra if I has Grobner basis consisting
of homogeneous elements of degree two (quadric) with respect to some coordinate on E; .

From the definition, we can see that quadratic Grobner basis is precisely the G-quadratic.
We stated here one of the main result of this paper.

Theorem 3.2: Let R = E /I be a quotient of an exterior algebra E and let I be a graded ideal.
Then R = E /I is G-quadratic if and only if R,,,,,, = E/ in(I) is G-quadratic.

Proof: We suppose that R is G-quadratic, we need to prove R,,,, iS G-quadratic algebra. Since
in.(I) is an ideal generated by (LT(g4),...,LT(g:)), where gs € I, and s =1,...,t. By
hypothesis I has reduced Grobner basis consisting of homogenous elements of degree 2
(quadric). So LT(gs) is homogenous element of degree 2 for all gg€ [ and s =1, ... ,t.
Therefore, in(I) is generated by homogenous elements of degree 2 and then R,,,, iS G-
quadratic algebra.

Conversely, we have to prove R is G-quadratic algebra. Since I has reduced Grobner basis
g1, - g, Moreover, in_< (I) = (LT(gy),... ,LT(g)). Then gy, .., gs are homogenous
elements of degree 2, since R,,,, 1S G-quadratic. Therefore, R is G-quadratic algebra.

Froberg [5] proved that R is Koszul if I is a monomail ideal and he showed by using a
stranded deformation argument R is Kozul when R is G- quadratic.

We view here the depth and regular sequence. Let M be a graded module over the exterior
algebra E. We call [ € E, regular on M if Im = 0, for all m € M. Otherwise, [ is M singular.
Let [4, ..., l; be a sequence of elements on E; , if I_i is regular elementon M/l,,...,1;_;, we
say ly, ..., I is regular sequence on M , foralli =1, ... ,s. The

depthy(M) = Max {£ (14, ..., )|y, ..., ls is regular sequence}
where £(14, ..., ;) is the length of regular sequence [, ..., L.

We call the algebra R, LG- quadratic, if there exists G- quadratic algebra S and r regular
sequence elements tq,..,t,, with deg(t;)=1 in S, and i=1,..,r such that R =
S/(ty, ..., ty).

Caviglia [6], Avramov, Conca, and lyenger [7] studied the LG- quadratic algebra in the
commutative case.

Mccullough and Merf [2, Proposition 2.3] showed that the depthg(E/ in. (1)) <
depth_E(E/ I).

The following theorem proves that the algebras Rand R,,,,, are corresponding under LG-
quadratic.

Theorem 3.3: Let R = E/I be a quotient of an exterior algebra E and let | be a graded ideal.
Then R = E /I is LG-quadratic if and only if R,,,,, = E /in. (I) is LG-quadratic.
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ICFE = E 2in-(I)
R= E..f'rlr = Rmuu = E.’"r.?.”«:i(lr}
(LG-quadratic) (LG-quadratic)

Proof: We have R is LG- quadratic. So there is a G- quadratic algebra A and linear regular
sequence elements ty, ..., t,- on A; suchthat R =~ A/(ty, ..., t,). In other words, there exists a
surjective homorphism ¢ : A — R defined as ¢(a) = x + I, for all x € E. Using Theorem
3.2, we have the G-quadratic algebra, A,,, . From [2, Proposition 2.3] we get
depthy(Apmon) < depthy(A). So there exist m linear regular sequence elements ty, ..., t,,
such that m < r. Our aim is to show that R,,n = Amon/(t1, .., tm). Let @:A - R be
epimorphism algebra. By using the first isomorphism theorem we have A/Ker¢e = R. It can
be seenthat kergp = (ty, ..., t,-). Define ¢*: A, on = Rmon t0 be the K-algebra homomorphism
which is given by ¢*(a) = ¢(a), for all a € A,,,,. BY first isomorphism theorem, we have
Apmon/Kere* = Rpon. It can be seen that kerp™ = (t4, ..., t,,), for all m < r and hence the
direction is proved.

Conversely, we suppose that R,,,, IS LG- quadratic. We have Ryon = Amon/(t1s - tm)s
such that A,,,, 1S G- quadratic algebra. Hence A is G- quadratic by Theorem 3.2. From [2,
Proposition 2.3] and [8, Theorem 3.2] we get a finite linear regular sequence t4, ..., t, on A such
that m < p. Now we define the algebra homorphism ¢: A - R via ¢(a) = ¢*(a) forall a €
A. By hypothesis, we have A/Kerp ~ R.Thus, A/(t;, ... ,t,) = R.

Conclusions:

In this article, the relation between two algebras R and R,,,,,, has been investigated. Also,
the results regarding to the algebras R and R,,,,, have been proved. Furthermore, thecoincide
of algebras R and R,,,,,, regarding to G-quadrattic has been shown. Therefore, we proved that
the algebra R is LG-quadratic if and only if the algebra R,,,, IS LG-quadratic.

References

[1] A. Conca, “Koszul algebras and Grobner bases of quadrics”, 29th Symposium on Commutative
Algebra Nagoya, November 2007.

[2] J. McCullough, Z. Mere, “G-Quadratic, LG-Quadratic, and Koszul Quotients of Exterior
Algebras”, (to appear) (arXiv:2105.13457)

[3] R.Jawad, N. Snashall, “Hochschild cohomology, finiteness conditions and a generalization
of d -Koszul algebras”, Journal of Algebra and Its Applications, 2250147, 2021.

[4] J. Herzog, T. Hibi, Monomial ideals, Graduate Texts in Mathematics 260, Springer-Verlag
London, Ltd., London, 2011.

[5] R. Foberg, “Koszul algebras”, in Advances in commutative ring theory(Fez,1997), vol. 205 of
Lecture Notes in Pure and Appl. Math,. Dekker, New York, 1999, 337-350.

[6] G. Caviglia, Koszul algebras, Castelnuovo-Mumford regularity, and generic initial ideals,
ProQuest LLC, Ann Arbor, MI, 2004. Thesis (Ph.D.)-University of Kansas.

[71 A.Aramova, A. Conca, S. B. I'Yengar, “Free Resolutions over commutative Koszul algebras”,
Math. Res. Lett., vol. 17, pp. 197-210, 2010.

[8] A. Aramova, L. L. Avramov, J. Herzog, “Resolutions of monomail ideals and cohomology
over exterior algebras™, Trans. Amer. Math. Soc., vol. 352, pp. 579-594, 2000.

3441


https://scholar.google.com/citations?view_op=view_citation&hl=en&user=aMbJ0psAAAAJ&citation_for_view=aMbJ0psAAAAJ:d1gkVwhDpl0C
https://scholar.google.com/citations?view_op=view_citation&hl=en&user=aMbJ0psAAAAJ&citation_for_view=aMbJ0psAAAAJ:d1gkVwhDpl0C

