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Abstract

This paper describes a modified mathematical method that used for controlling
and generating three dimensional surfaces based on different axes (X, Y, and Z) and
free axis. The main aim of the proposed method is to allow the designer to change
the shape of the surface to the desired one without changing the original data points
which is presented in the earlier version of this paper under title "3D Surface
Reconstruction of Mathematical Modelling Used for Controlling the Generation of
Different Bi-cubic B-Spline in Matrix Form without Changing the Control Points".
The proposed method has been done by changing the t and s, parameters value that
are assigned secretly by the designer. Therefore, in case off the control points have
been discovered by others, the same design will not be created because the secrete
parameters values are known only by the designer. Besides, the proposed method
can be used by various applications such as banknote design, shape design,
decorations, and governmental documents. Finally, the proposed method shows high
level of accuracy in generating 3D surfaces without changing the control points
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1. Introduction

This work gives an application of Abdul-Hossen's [1] which has been used in the field of computer
graphic. The proposed method work by using the parameters
(t, s) coefficients of the control points. These parameters have been widely used to generate and
control 3D graphics, the proposed method gives different surfaces based on different axes(x, y, z), and
free axis. Basically, the proposed method will be used to control and produce different 3D modelling
surfaces by using blossoming. In fact, the mathematical model is used to generate blossoming of cubic
B-spline surface in matrix form.

Apart from that, Gallier [2] has used arithmetical technique to generate B-spline curve by using de -
Boor algorithm in blossoming, also Rahma, [3] developed the cubic B-spline scheme by using the
blossoming method. However, our work done by using two parameters in different cases based on t;
and s; (for i, j= 1, 2 and3) coefficient of the control points. The proposed model generates different 3D
surfaces based on different coordinate axes. In fact, there are several case studies to generate different
modelling designs which have been introduced in this research. In summary, the proposed
mathematical model produces high level of performance and generates diverse 3D surfaces without
changing the control points of surface.

2. Background
2.1 Bi-cubic B-spline Surfaces
Using, a sequence of 16 control points which are used to define bi-cubic B-spline surface is defined as:

[4], [3], [6].

1

F = — . MTST 1
(t, s) =5 TMRMTS 1)

-1 3 -3 1

T . 3 -6 3 0
Where, M' is the transpose of matrix M. M = : 2

-3 0 3 0

1 4 1 O

Poo Po1 Po2 Po3
=/ P00 P11 P12 P13 —(+3 2 (3 2
Pii = o ,T_(t t° t 1),8_(3 s° s 1), (3)

P30 P31 P32 P33
Wheret & [0,1], s < [0, 1],
Eq (1) is called the original (classical) bi-cubic B-Spline surfaces in matrix form.
2.2 Rotations
Rotation in three dimensional requires the treatment of an angle of rotation and an axis is chosen as
the axis of rotation. The canonical rotations are defined when one of the x, y, z and free axes,
coordinate axis is chosen as the axis of rotation.
Note that the direction of rotation is chosen in accordance with the
Anticlockwise with respect to the axis of rotation as [7], [8], [9]:
2.2.1 Rotation about X-axis is Defined by:-

3x3 4x4
1 0 0 1 0 0 0
0 cosf, sing, 0 cosgd, sing, O
0 -sing, cosé, 0 -sing, cosd, O
0 0 0o 1
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2.2.2 Rotation about Y-axis is Defined by:-

3x3 4x4
cosd, 0 sing, cosd, 0 sing, O
0 1 0 0 1 0 0
—sing, 0 cosd, -sing, 0 cosd, O
0 0 O 1
2.2.3 Rotation about Z-axis is Defined by:-

3x3 4x4
cosd, cosd, O cosd, sing, 0 O
—-sing, sing, O —-sing, cosgd, 0 O
0 0 1 0 0 10
0 0 01

2.2.4 Rotation about General —axis
The rotation about free axis (arbitrary axis) has end points (X, Y1, Z1) & (X2, Y2, 2.

Let V x=Xo- X1, VY=Yoy1 V 2=25-21 th=+/(VY)? +(V2)? , di=+/(VX)* +(d,)? .

The following steps of transform matrices are used to rotate by angle 8°
Step.1 Translate the start(xy, yi, z1) to origin by translation vector Tr (-Xy, -y1, -Z1 ) After this
translation the direction vector (V x, Vy, V z) defines the rotation axis as follows: [7], [9].

1 0O O

1 0O O

Tr (-Xq, -y1, -21) = 1 0
—X —Y1 —4 1

Step.2 Rotate about the x-axis until the rotation axis corresponds to the z-axis.
When the rotation axis is projected onto the x, z plane, any point on it has x coordinate equal to

zero. In particular V x =0.The point (0, b, c) is rotated @ degree until the line corresponds to the z-
axis. It is been found with the sin (®) and cos (@) we find that distance from the origin to (0, b, c):

[71, [9].
d;=+/(Vy)? +(Vz)? , Sin(®)=Vy/d, , Cos (®)= Vz/d,

1 0 0 0
0 Vvz/d, Vyl/d, O
0 -vy/d, Vvz/d, O
0 0 0 1

Now the point (0, V'y, V z) has been transformed to the point (0, 0, d,) but since the rotation about
the x-axis does not change the x coordinate value the point (V x, V'y, V z) becomes at location
(Vx,0,d,).

Rx (@) =
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Step.3 Rotate about the y-axis until the rotation axis corresponds to the z-axis.
Since (V x, 0, dy) lies in the X, z plane, for a rotation of angle B, we need to compute sin (B), cos (B)
[7], [9].where:

dy=+/(VX)? +(d,)* , Sin(p)=Vx/d, ,Cos(p)=d,/d,

Step. 4 Rotate about the z-axis angle 0. This requires the Rz (0) matrix [7], [9].

cosd singd 0 O

—-singd cosd 0 O

Re(O)= 0 10
0 0 0 1

Step.5 performing the inverse rotation of step (3), requires Ry(-p)

Step.6 Performing the inverse rotation of step (2), requires Rx(-p)

Step. 7 performing the inverse translation of step (1), requires Tr (X1,Y1,21).
Note. 1

The composite transformation is given by: [7], [9].

Tr(-xy, -y1, -z1) * Rx(®) * Ry(B) * Rz(0) * Ry(-B) * RX(-®) * Tr(xy,y1,21)

1 0 0 0 d,/d, 0 Vvx/d, O 1 0 0 O
L0 Vvz/d, Vvyld, 0| 0 1 0 o[ | O 1 0 0
0 -vy/d, Vvz/d, 0| |-Vx/d, O d,/d, O 0 0 1 0
0 0 0 1 0 0 0 1) (-x, -y, -z 1
d,/d, 0 —-Vvx/d, 0) (1 0 0 0 cosd sing 0 O
.0 1 0 0,|0 Vvz/d, -Vyl/d, 0| [-sind cosé 0 O
vx/d, 0 d;/d, 0| |0 Vvy/d, Vz/d, O 0 0 10
0 0 0 1) \0 0 0 1 0 0 01
1 0 0
0 1 00
0 1 0
Xl yl Zl 1

3 Cubic Spline Curves in Blossoming Form
Method of Blossom used to find cubic spline From, f (t1,t5,t3) is given by : [1],[2]
Fk:fk(tl,tz,tg):(l-is)(l-jq)(l-/ll)[ f( Uk-2, Uk-1, Uk)] +{(1-),4)(1'/15)i1+(1-)~2)(1'/15) i4+(1-j,2)(1'l5) 16} f( Uk-1,
Ui, Urr) +{A2Aa(1-26) TA6(1- As)Aot(1A3)Ashe}f (Ui, Uks1, Uks2)

(4) + Aads Ag f(Uks1, Uksz, Ukss).
Suppose f( U2, Uc1, U], F(Uka, Uk, Uker), F(UkUkt, Uke), T(Uk,Uke1, Us2)= Po,P1,P2 ,P3 are control
points and Eq (4) becomes.
fi(tst2,t3)=(1-46) (1-4a) (1-21) Po+{(1-1a) (1-Ag) s+ (1-42) (1-A) Aat+ (1-22) (1-25) Ae}P1+ {A2Aa(1-A6) +A6(1-5) 2
(%) +(1-13)/5/6}P2H A3ks e Ps.
Eq (5) is a formula of a modified cubic spline curve.
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3.1 Generating Cubic Spline Curves in Matrices Form
When using, the following [1].

t,—u t,—u t,—u
/11: 1 k-2 ) ;{22 1 k-1 ’ )\‘3 — 1 k ,
U —U U —U, U, — Uy
t,—u t,—u t,—u
A= 2 k-1 s = 2 k g = 3 k .
U —U, U, — Uy U — Uy

And substituting, 4; (for i= 1 to 6), in Eq (5) from the first point can see [1].
(1-76) (1) (1-41) Po= { (Uk+1 _tl)(uk+l _tz)(uk+1 _ts)
(uk+1 o uk—z)(uk+1 o uk—l)(uk+l _uk—z)
—ttt + U, (G, + 4t + ) —ula(t, +t, +t) + U
(Uk+1 - uk—z)(ukﬂ _uk—l)(ukﬂ - uk)
1 —ttt U, (G, + it +6t) —ulea(t, +, +) + U
Uy pp — Uy (U = U ) (Uys —Uyy)
In the same way simple (Eq (5)) is used as [1]:
1
Al tote)= n — Uy {[—Altltzts + AU (G +tt +6,t) — AUt +t, +1,) + AUska]P, +
[t (A + A + A) + 1t (UG A — U A —UA) HHE (HU A - UG A, — U, A)
oty (U LA U, A = U o A) H 1 (UG A+ U Uy A, FUU A 1 (U Uy A
+ U Uy o Ay + Uy o A) 8 (U Uy g A+ U Uy Ay + U2 A,)
— (U, U1 A U, U, U, A U U2 AP, +
[ttt (A — A — A) + 1, (U Ay + U A +UA)) + 18 (U A UG A + U A)
+ 5t (Uy Ay U A+ U A )+ (FUy U Ay = Uy U Ay —UPKA)
1, (U U Ay = U U A = U U G A 5 (FUP Ay — U U A+ U U A)
+ (U UL Ay Uy U A+ U, U AP, +

} Po

0

0

6
[Attt, — Au, (L, +tt, +t,t) + Aus(t, +t, +t,) — Au’JP} ©)

Where

A= - :

y A=
(Upsy =Up ) Uy, — Uy y) (U —U ) —U )
1 1
= y A3 =
(uk+2 _uk)(uk+l _uk—l) (uk+2 _uk—l)(uk+2 _uk)
1 1

N (Uk+2 _uk)(uk+3 _uk). AS B (Uk+2 _uk)(uk+2 _uk—l) ’

!A4

As

2936



Abdul-Hossen Iraqi Journal of Science, 2016, Vol. 57, No.4C, pp: 2932-2946

Putting Eq (6) in matrices form yleds.[1]: -

1
BO(uk)=(_1)A1(t1t2t3 0 0 O ’Bl(uk)zAl(tltZ t11:3 t21:3)uk+l 1’
0
1 1
B,(u)=(CDA t, t)u’all|B,u)=AL 0 0l’ul0
1 0
A+ A+ A
B, () =ttt 0 0 0
0

Al + Aol + Aguy
Bs(uy) = (—1)(t1tz Gty tolz) Al + Al + Aglys |,
Ay + AUy + Aglyyp
A2kt + AgliyaUy g + AUl
Bs(U ) =(ts to ta) Aty o + Agliy Uy, + AU, |
Al o + Agliy Uiy + Agi®ics2

TR
B7(Uk)=(—1)(1 1 1) ApUypUpaUyy
A3U2k+2Uk

1
0
0

1
Bio(u) = (titot; 0 0)Ag  Bia(uy) = (CD(Asu )ity titg tzts{ J

1

1
1
1

Putting Eq (6) in simple form gives:-

1
Bla(u) =t to ta)(Asu?i)| 1], Bis(uy) = (-1)(Asu’k)d O O{OJ

0

1
fk(tl,tz,t3)=—u{ [ Bo+B1+By+Bs] po+[ Ba+Bs+Be+B7] p1
k1 — Yk
+ [ Bg+Bo+Bio+Bu1]} p2 +[ Bio+Bis+Bis+Bis] pa. (7
Now we can put Eq (7) in the matrices form [1]:-
Bo(uy) By(ug) Bgluy) Bia(uy)
(1 111 Bi(ug) Bs(uy) Bg(u) Buys(u) | R ’ )
U4 — Uy Bo(uy) Bg(ux) Bio(Uuy) Bialuy) | P,
Bs(u) By(uy) Bia(ug) Bys(ue) ] Ps
Eq (8) is a formula of a modified mathematical modelling of B-spline curve in matrices form of degree
three.
3.2 Bi-cubic Spline in Matrix Form
Consider 16 points in the form f(Uy-o+i, Uct+i, Ukis Vica+j Viesjs Viej), (0 S1<3)(0 £j<3),kand |
are integers, suppose the bidegree is(3, 3 ) where u;and v;are real numbers taken from the knot
sequence. The same method in Eq (8) is used to find second parameters f (S, Sz, S3), in matrix form.
From using the following [1]:

T I

fi(ts,to,ts)=

U U
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1 1
= , E, =
(Viss = Vi) (Vo = Vi) Y (Vi V) (Vi Vi)

1E2

_ 1 B 1
- (V|+2 _VI)(VI+1 _Vl—l) e (V|+2 _V|—1)(V|+2 _V|) ’
1 1

= . E == 1
(V|+2 -V )(V|+3 _V|) ’ (V|+2 _V|)(V|+2 _Vl—l)
And in matrix form [1]:-

4

6

Zo(vi) Z,(v) Zg(v)  Z,(v) || R
Z,(v,) Zg(v Z,(v Z,.(v,) || P,
fl(Sl,Sz,Ss): 1 (1 1 1 l(l) S(I) 9(I) 13( I) 1
(V|+1 -V ) Zz (V| ) Z6 (V| ) ZlO (V| ) Z14 (V| ) Pz
ZS (VI ) Z7 (VI ) le(VI ) Z15 (VI ) P3
The above equation is a formula of a modified cubic spline curve in matrix form of second variable s.
The bi-polynomial surface, of degree(3, 3) mathematically comes from product of two matrices

defined as: See [1]
1
1

(U1 — U Vip2 —vy)

f(ti,t,t5;81,5,5) = @11 OMPMeT 1 ®)

where
Bo(uk) Ba(uk) Bgluk) Bro(uk) Zo(v)) Za(v) ZgMv)  Zio(v1)
—| Bi(uk) Bs(ug) Bo(uk) Bra(uy) =|aM) Zsv) Zo(v) Ziz(v1)
M, , and M
Bo(uk) Bg(uk) Bro(uk) Bra(uk) Zov) ZgM) ZyoMv)  Zaa(v)
Ba(uk) Bz(uk) Byi(uk) Bis(uk) Z3(v) Z7(v) Zyavi)  Zys(vy)

Poo Poi1 Poz Po3

P, = Pro P11 Pz P13| for i,j=0,1,2,3.
P20 P21 P22 P23

P30 P31 P32 P33
It is an easy method used to upgrade Eq (9) to 3D of degree (3, 3 ) by using the set of points such as,
[8], [9], [L0]. -
Pijz(xijsyiji Zij)forl,j20,1,2,3.
The coordinates of each point are treated as a three-component vector. That is

Pij= Vi .The set of points, in parametric form is

F.(t,s) X(t,s)
F(ts)= | F,(ts) [=]| y(t,9) u, <t<u,, andv, <s<v,,.

FS(t!S) Z(t,S)
Eq (9) i.e. is modified bi-cubic 3D B-spline in matrix form obtained by using blossoming. The surface
is defined by de Boor control points for the surface segment f(t; , t,, t3; S1, S2, S3) associated with
the middle intervals [ uy. Ugi]and[vi, vi+] -
4. Application

By using 3D bi-cubic B-spline surfaces in matrices form (Eq (9)), different applications can be

applied based on the proposed mathematical model in control and generating 3D surfaces by using

parameters t, and s with different values in increasing (i.e. positive) and decreasing (i.e. negative) on
different axes(X, y, z, and free axis) as follows:
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A. First application, controlling the generated surfaces based on tuning the values of the parameters t;
or sj (for i, j = 1or 2 or 3), at all parts of Eq (9). In fact, different surfaces will be produces based on
different x, vy, z, or free axes, as illustrated in the following sections:-

1. Using (t]_:tz:tg:t , 3125225325), and k=0,I=0 the sequence {Uk_z, Uy-1 , Uk, Uk+1, U2, Ugs3; Vi2, Vi, Vi,
Vi+1, Vie2 Vi+zpbecomes (U, U.g Ug, Ug Uy, Us; Vo, V1 Vo, V1 Vo, Va), Using uniform knot sequence. (U., U4
Ug, Uy Uy, U3)=(-2, -1, 0, 1, 2, 3), which implies ux= U, =0, and uy+; =u;=1, thent & [0,1], (V.», V1 Vo,
ViV V) =(-2, -1, 0, 1, 2, 3), implies v, = v, =0, and v+, = v;=1, then s & [0,1], and Eq (9) go to
original bi-cubic spline surface based on frame [0, 1]% It is identical to Eq (1). Figure-1 gives a clear
illustration to the original bi b- spline surface based on different coordinate axes.

2. By increasing the value of parameter t; (i.e. positive +t;) and decrease its value (i.e. negative — t;)
different surfaces will be generated based on different axes (X, y, z, and free axes). Figure-2 and
Figure-3. gives an example to the increasing and decreasing of the t; parameter. Fundamentally, the
surface direction moves exterior when increasing the t; and moves to the interior when decreasing the
tivalue.

3. By increasing the value of parameter s; (i.e. positive + s;) and decrease its value (i.e. negative —s;)
different surfaces will be generated based on different axes (X, y, z, and free axes). Figure-.4 and
Figure-5 gives an example to the increasing and decreasing of the s; parameter. Fundamentally, the
surface direction moves exterior when increasing the s; and moves to the interior when decreasing the
sj value.

B.

The second application is illustrated in this section. Fundamentally, controlling the generated
surfaces based on tuning the values of the parameters t; and s; at the same time (for i, j = 1or 2 or 3), at
all parts of Eq (9). Mainly, various models of bi b-spline design will be generated based on different
axes (x,y,z, and free axes). In fact, the parameters tjand s; values are increased (i.e. positive + t;, and +
s;) at the same time or decreased (i.e - tj, and - s;) at the same time will generate different surfaces
model as shown in Figure-6 and 7.

C.

The third application, different models of bi b- spline surface, in different directions based on
different coordinates is generated. In fact, in this case the t; value is increased and s; value is decreased
at the same time (i.e. + t; and - s;) or decrease the t; and increase the s; at the same time (i.e. - t; and +
s)). Fundamentally, various surfaces modelling will be generated based on the increasing and
decreasing of the t;and sj parameters on different coordinates (X, X, z, and free axes). Figure-8 and 9,
gives an example to this case.

D.

Different surfaces will be generated based on quadrants of free axes coordinate with parameters t
and/or s in different values when increases or decreases their values. Figure- 10 and 11 have shown a
clear example to this case.

E.
All the above effects on the designs take place without changing the control points.
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d

Figure- 1 Different models, of original Bib- spline design. (a) Direction of x- axis. (b) Direction of y-
axis. (c) Direction of z- axis. (d) Direction of free- axis.

Figure 2-Different models of modified bi-polynomial B-Spline (3D) designs. The parameters t; is
taken to be increased ('use t; is to be increased i.e. + t;) and is taken in, (a) direction of x- axis, (b)
direction of y- axis, (c) direction of z- axis ( d) direction of free- axis.
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Figure 3- Different models of modified bi-polynomial B-Spline (3D) designs. T he parameters t; is
taken to be decreased (by use t; is to be decreased i.e. - t;) is taken in, (a) direction of x- axis,( b)
direction of y- axis, (c) direction of z- axis, (d) direction of free- axis.

Figure 4- Different models of modified bi-polynomial B-Spline (3D) designs. The parameters s; is
taken to be increased (by use s; is to be increased i.e. + s;) is taken in, (a) Direction of x- axis, (b)
direction of y- axis. (c) Direction of z- axis, (d) direction of free- axis.
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Figurej 5- Different models of modified bi-polynomial B-Spline (3D) designs. The parameters s; is
taken to be decreased (by use s; is to be decreased i.e. + s;) is taken in, (a) direction of x- axis (b)
direction of y- axis. (c) Direction of z- axis. (d) Direction of free- axis.

Figure 6- The parameters t and s are taken to be increased at the same time (i.e.+ t;and +s;at the
same time ) are taken in (a) Direction of x- axis, (b) direction of y- axis, (c) direction of z- axis, (d)
direction of free- axis.
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Figure7- The parameters tand s are taken to be decreased at the same time (i.e.- t;and - s; at the
same time ) and are taken in, (a) direction of x- axis,( b) direction of y- axis, (c) direction of z- axis,
(d) Design in direction of free- axis.

Figure 8- The parameters t increase and s decrease and are waxen at the same time (i.e.+ t;and - s;at
the same time) are taken in, (a) direction of x- axis, ('b) direction of y- axis, (c) direction of z- axis,
(d) direction of free- axis.
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Figure 9- The parameters t decrease and s increase taken at the same time (i.e.- t;and + s; at the
same time) taken in, (a) direction of x- axis,( b) direction of y- axis, (c) direction of z- axis, (d)
Design in direction of free- axis.

—_——
SR
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e
(8

/ ////;;///;f n’b’,ﬁ'
(e

/( (\’
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/ A

v

Figure 10- Different models by using original Bib- spline design. Dependents on coordinate axes by
using free- axis.

2944



Abdul-Hossen Iraqi Journal of Science, 2016, Vol. 57, No.4C, pp: 2932-2946

Figure 11-.Different models, and directions depending on coordinate axes by using free- axis,
dependent on the values of parameters t and s to increase (i.e. + t;, S; and s,) taken at the same time.

5. Conclusions

The proposed mathematical model has been successfully controlling and generating different
modelling surfaces by using 3D bi-cubic B-spline surfaces in matrices form (Eq (9)). In other words,
by using parameters t, and s with different values in increasing (i.e. positive), and decreasing (i.e.
negative) on different axes(x, y, z, and free axis). When applied this work the result that appeared may
discuss in the following points:-
1. Different surfaces based on different values in parameters t, and s coefficient of control points with
different axes.
2. The effects on the surfaces are clear in using the parameters t; t, and t; when increasing or
decreasing their values. Basically, same as t parameter, the s parameter has direct effect on the
generated surfaces when increasing or decreasing (s1, S, and s3).
3. Different cases of the surface based on different axes(x, or y, or z, or free axes).
4. When using free axis, different surfaces based on quadrants of coordinates and on parameters ft,
and/or s in different values, either increasing and/or decreasing.
5. Different surfaces depend on bi-cubic 3D B-spline surface in matrix form, based on 16 control
points, if we change this surface, all the above designs change with new surface also.
6. One can use 2D for another aim of this work.
7. All changes in designs are made without any changing the control points.
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