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Abstract

In this work, polynomials B,(a,b,c,d, f,x,y|q) and the finite g-exponential
operator ;&, are constructed. The operator ;&, is used to combine an operator
proof of the generating function with its extension, Mehler's formula with its
extension and Roger's formula for the polynomials B,(a,b,c,d, f,x,y|q). The
generating function with its extension, Mehler's formula with its extension and
Rogers formula for Al-Salam-Carlitz polynomials U, (x,y,a;q) are deduced by
giving special values to polynomials B, (a, b, c,d, f, x,y|q).

Keywords: Finite g-exponential operator, Generating function, Mehler’s formula,

Rogers formula, Al-Salam-Carlitz polynomials.
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1. Introduction

In this paper, we use the conventional notations for basic hypergeometric series from [1],
and we also suppose that |g| < 1.

Let a be a complex variable. The g-shifted factorial is described by the authors in [1] as
follows:
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if n=0,

1,
n—-1
(@ q)n = 1_[ (1- aqk)’ if n=12,...
k=0
We define

(@ 9w = 1_[ (1—aqh),
k=0

for multiple g-shifted factorials, we use the following notations:
Ay, Az, Am; Qn = (1 On(a2; On - (Ams D n=2012...
(@, @z, am Do = (A1 Q) 00 (A25 Qoo *** (An; §) oo

The basic hypergeometric series are defined by the formula

e,

n=0
with C"“/Cn is a rational function of g™ for a fixed parameter g, which is usually taken to
satisfy |q| < 1 [1].
The generalized basic hypergeometric series is stated by the authors in [1] as follows:

x™,

a, ..., ar _ - (all vy Q) Q)n
T¢S (bl""’ S’ q;x) - . (qlblF""bS; q)n
n=

where r,s €N; ay,...,a, € C; by, ...,bs € C\{q™%, k € N} are assumed to be none of the
denominator factors is evaluated to zero. This series converges absolutely for all x if rs and
for|x] <1lifr=s+1.

n ]1+s—r

|1 ¢

The most essential case of seriesisr = s + 1.

all ey a5+1' _ i (al' Yy aS+1; q)TL n
S+1¢S( by, ..., bs ,q,x) B (q,by,-+, bs; @)n X,

x| < 1.

n=0
For n € N, the g-binomial coefficient is stated by
(4 Dn .
, if0<k<n
[”] A CHOTACHAES d
k 0, otherwise.

In this paper, we use the following identities [1]:
n
(g™ @ = (-1 ¢~ @) "an (434) (11)

n

e (45 9)
-n. = (=1k (2) nk A0 Am ) 1.2
(@@= D g (12)
Euler identity is given in [1]:
[oe) n
(—1)" glo)xn
———— = (% q) - (1.3)
Z CHS (x:0)
n=0
In 2014, Abdlhusein [2] provided the following identity:
xt (Xt, Y5 @)oo Y 0
5 q, =— "7 q,xt ). 1.4
191 (yt q ys) Ot Do 21 <xys q,x (1.4)

Setting s = t and t = ¢*s in (1.4), we obtain
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Yy
=0 (@*ys; Qoo (q xs )
; — ;1 q, 1.5
z¢1(xyt qqy) @ x5y | 191 gys &Y (1.5)
Jackson’s transformation of ,¢, series is [1, Appendix Il1, equation (111.4)]
anb, _(az,9)w a,c/b.
201 (% a.2) =" a0 (00 02) (1.6)
Settinga = 0, b = y/x, ¢ = q¥ys and z = xt in (1.6), we get
Yy
Kxs =, 0k
191 <qk ;q,yt> =t P 201| X g xt . (1.7)
The Cauchy polynomials are defined by the following [3, 4, 5]
_ (=& —gx—q*y) - (x—q"y), if n>0;
P y) = {1, if n=0. (1.8)

Theorem 1.1 Let B,(x, y) be the polynomials that defined in (1.8), then
* The generating function for Cauchy polynomials P,(x,y) [6, 7, 8] is
N t" Ot Do
P,(x,vy) = , lxt| < 1. 1.9
kZO A CTT NI (49
* The Mehler’s formula for Cauchy polynomials B,(x,y) [9] is

t" (oWt @)oo w/z,
Zp(x DB W) s =S b (G yat),  (110)

provided |xzt| < 1.

The Al-Salam-Carlitz polynomials are first introduced in 1965 by Al-Salam and Carlitz
[10] as follows:

u® (x; q) —Z [*] ~0* q@atp, 1.

The operator 6 is defined in [11, 12] by
0{f (X)) = f@ " x) — f(x)

q'x
The 6 for is used for acting on the variable x. Otherwise, we use the operator 6, that acts on
the variable y.

Theorem 1.2 [11, 12]. The Leibniz rule for @ is
n

(1.11)

0"(F g0} = ) ] O*(F 10" g g™, (1.12)
Theorem 1.3 [11, 13]. Let 6 be defined’;_soin (1.11), then
ok {x"} = %x”—k gk, (1.13)
0" {(xt; @)oo} = (=1)*t*(xt; @) o- (1.14)
ok {o=) = g @k Di Goto=—, Ixt| < 1. (1.15)
BX(Pu(x, )} = (~1 )k(;f’ ‘)’)k Puck(X,). (1.16)
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In 2010, Chen et al. [14] extended the original definition of Al-Salam-Carlitz polynomials
as follows:

n

Uney,ai) = Y [1] D qlDda e,y ey (117)

k=0

Theorem 1.4 [14]. Let the polynomials U, (x, y, a; q) be defined as in (1.17), then
« The generating function for Al-Salam-Carlitz polynomials U,,(x,y, a; q) is

t" (Y5 Qe
U,(x,vy,a;q) |xt] < 1. 1.18
z Ty WA e (118)
. The Rogers formulafor Al-Salam-Carlitz polynomials U,,(x,y, a; q) is
‘I’l Sm
Unem(x, ¥, a5 9)
Z z mm Y G G D (@ D

n=0 m=

@5,y Do (<1 4@ (xs; @), (at)* ] (%0 . xt)
- . : . 2P1 3 4 )
O I CH A CER AT ysqk
provided that max{|xs|, |xt|} < 1.

(1.19)

In 2010, Zhang and Yang [15] considered the finite g-exponential operator

q",w -
2&1 [ v' i q, dH] with two parameters as follows:

L&, [q W, q,do] = z (( ;C;)q:”( ",

In 2016, inspired by the basic hypergeometrlc series ,¢, Li and Tan [16] introduced the
generalized g-exponential operator E [u vq; te] with three parameters as follows [16]:

uv :;q)n n
o] =3 G

Our paper is structured as follows: In sectlon 2, we define a finite g-exponential operator
1€, and then deduce some of its identities, which will be used in the next sections. In section
3, we introduce a new polynomials B,(a, b, c,d, f, x, y|q) and obtain the generating function
and its extension, after which we infer the generating function and its extension for Al-Salam-
Carlitz polynomials U, (x,y, a; q). Section 4 deduces Mehler’s formula and its extension for
B,(a,b,c,d, f,x,vy|q), it followed by the Mehler formula and its extension for U, (x, v, a; q).
Section 5 yields the Rogers formula for B, (a, b, c,d, f, x, y|q), from which we get the Rogers
formula for U, (x,y, a; q).

2. The Finite g-Exponential Operator and its Identities

-N
In this section, we construct the finite g-exponential operator 3&, (q c g b, fe) and
obtain some its identities based on the finite basic hypergeometric series 3;¢,.
-N
We define the finite g-exponential operator ;&, (q C’;’ b; q, —fe) as follows:
N a,b > (@0 b )
£ (q a0, —fe) - (—fO). 2.1)
T\ cd L (g0,
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-N
* The finite g-exponential operator ,&; [q v' Y.q, de] developed by Zhang and Yang [15]

‘Nab

can be regarded as special case of the operator 3&, (q . d

andb=d=0, f =—d.
* The generalized g-exponential operator [E [u‘:vvlq; t@] with three parameters proposed by
Li and Tan [16] can be thought as specific instance of the operator
-N
q",ab )
352( c.d ;q,—f0
Fora=u,b=v,c=w,d=qNand f = —t.

-N
C';' b; q, —f@) be the operator that defined in (2.1), then

) 2B (1 ),

provided that max{|yt|, |qf/y|} < 1.

f@)fora—w c=v

Theorem 2.1 Let &, (q

-N
Proof. By definition of the finite operator ;&, (q c':il’ b; q, —fey), we have

-N
qg",a,b, S;Doo
3€2 ( c,d ek ny) {(yt:q)oo}

N @D (05 @
s (@, ¢, d; ik (=/)"6 {(yt q)oo}
N @b () gy oy OS5 De |
(q,¢, d; Q) (=% q ‘2/t"(st; @)k 0ta " @)on (by using (1.15))

_ 059N @0 b
Ot Qe & (4,6,d; 9k

—pta Bek(s/t g,

x S: oo (by using (1.1))
ook E okt
_ S Qe ,a,b,s/t
05D 4¢3< c,d,q/yt ’q’qf/y>'
Theorem 2.2 Let 3&, <q_lcv 5 b, f9> be the operator that defined in (2.1), then
_N ’
& (7190 10y ) (Pate2y)
N n .
_ (@™ ab; Qiesi e @Dk, itk ik 22
2 Z H v vt A S 2 22)

3Es (q C,’g’ q,—f Hy) {P.(x,¥)y'}

N =N a, b; )
=N W Rab D g kp (x,)y7)

(q,¢d; Q)
N k
= @™ a,b; e k1, i Kk—i —ing
P SRR CAGICUEARCTRY
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(q b Qe k G ).
B =0 (q,¢,d; @k “@odia Z[ (q; q)n_ipn—z(x,Y)

X q_”( Dk-tyi~ktigk=t(q=I; q)r—;  (by using (1.13) and (1.16))

@abde, 1 @GDn ,
;kz ChDr | @O @D @ Dt Y

><q —ij+k— ly] k+1(q j. Q)k _
N n .
@M, a,b; Qrsi ey @7 Dre ik e
=2 2 g Sy Pty
0 ! ’

k=0 i=
qNab L

Theorem 2.3 Let 382 ( c’d’ ;q,—f6 y) be the operator that defined in (2.1), then

(T8

=t Do
k=0

—N

b fe){Pn(x,yth;q)oo}

)

(q_N, a,b; q)k « k1 . - .
m“ﬂ";[j]q’( (@™ @) jPn-j(,)

X (q/yt; q);y’. (2.3)
Proof.

_NJ Jb
&2 (7,09 0 —f8, ) B0t @)

N
_N’ , b;
=N Wb e oy kp () (8 0}

k=0 (q’ o d; q)k
= , (@™, b; q)x \ k ' k—j —i
=2 Geda, XLl Ee s o o.)
_ N M Kk k i @D CHN |
B k=0 (q.¢,d; @) =N Z [ ]( D (T Dnj Py_j(x,y)

X (=D (tq™ kI (ytq~ J,q)Oo (by using (1.13) and (1.16))

N k
. (@™, a,b; )i S IR ) P S
= 002 ) S, (ft)";[j]( 1ig & )P0

x g 1= (—1)] (yt)"q_(é)_j (q/yt;q); (by using (1.1) and (1.2))

N k

(qV,a,b; q) kKl . ~ .

= (¥t Qoo (T.)k(ft)kz [j]qj(” DG q) P (6, ¥) (/Y8 Q)Y
=0 q; ) ;q k j=0

3. The Generating Function for B,,(a, b, c,d, f,x,y|q)

In this section, the polynomials B,(a,b,c,d, f,x,y|q) are defined . We also use the
Noa,b
c,d
polynomials B,,. We give some special values for the parameters in the generating function as
well as its extension for B,, in order to recover the generating function and obtain its
extension for the polynomials U, (x, y, a; q). We define the following polynomials:

operator ;&, (q i q, —fe) to obtain the generating function and its extension for the

788



Jaber and Saad Iragi Journal of Science, 2023, Vol. 64, No. 2, pp: 783-797

N
n1(q",a,b;q)
Bn(a,b,c,d,f,x,ylq) = Z [k](cd—q)kk

k=0

f*Poi(x, ). (G.D

« Establishingc = ¢V, b =d =0, f - f/a, then a —» o and then f = a, we get
Al-Salam-Carlitz polynomials U, (x, y, a; q).

*Settingc =g ¥, a=b=d=0and f =1, so that we get the bivariate
Rogers-Szego
polynomials h, (x,y|q), see [16].

Theorem 3.1 Let 3&, (q . ; b, —f6 ) be the operator that defined in (2.1), then

qN,ab _
382 c d ;q' _fgy {Pn(x'y)} - Bn(a' br o d'f'x' qu) (32)

Proof.
N a,b
& (T ia-r6,) (Pace )

N
— (q—N’a’ b; q)k

_fykp k
(@, ¢, d; @ (=), (h(x,y)}

N
(@7, a,b; @) K _
;) ] @ d D —————f*Po_x(x,y)  (by using (1.16))

n(a; b: Cl d;f! x' qu)

Theorem 3.2 (The Generating Function for B, (a, b, c,d, f,x,y|q)). Let
B (a b,c,d, f,x,y|q) be the polynomials that defined in (3.1), then

t" WVt Qo qV,ab
EB(abcd x,y|q) = ( ”;,t), lxt] < 1. (3.3
frxyla (@G Dn Qo 392 c,d a2 (3.3)
Proof

EB(abcdfxym)

Tl

CHO
= et 0 -r6,) (i)

n=0

n

(@ Dn

= 352<q_:,§b fg){zp(”)m q)}

1 -N
S Gha) 3E2 (q c ; b, —f0 ){(yt; Qo) (by using (1.9))

1~ (@Mabiqk
(e (g0,d

1 o @ Nabiok
(el (q,6,d59)
_ 0t

(xt; Qoo

(by using (3.2))

(=*0,"{(yt; @) o}

(N0t P (by using (1.14))

—-N

,a,b,
3¢2( cd 'q'ft)-
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Settingc =q N,b=d =0, f - f/a and then a - o and then f = a in (3.3), then using
(1.3), so that we recover the generating function for Al-Salam-Carlitz polynomials
Un(x,y,a;q) (1.18).

Theorem 3.3 (Extention of the Generating Function for B,(a,b,cd,f,x,y|q)). Let
B,(a,b, ¢, d, f,x,y|q) be the polynomials that defined in (3 1), then

0tq"™ Do O @V, a,b; q)y
B ab,c,d,x, =
; e DG, Gh . L1 (q,¢,d;q)x

k
XZ [ ]q’(’” (@™ q) jPm—j(,¥) (@™ /¥t q) ;v (3.4)

j=0

n

(ftg™)*

Proof

z Buim(@ b,c,d, £,%,719)

n

(@ Dn

i & (T 8P0,-70, ) ()

n=0

n

(CI; Dn

= 382<q C}'g'b;%_fey){ (“’)ZP( o y)( ;)n}

1 -N
= ot . *© (q C’g’b:q,—fey){Pm(x,y)(q Yt; @)} (by using (1.9))

(by using (3.2))

_ 04" 9o N (47,0, b )
(Do £ (q,6,d5 )

(ftg™*
k
X jZO [Ij] qj(m—k) q™ q) jPm—j(x,y) (g~ ™ /yt; q)].yj_ (by using (2.3))

s Lettingc=qN,b=d =0, f - f/a, hence a > 0 and f = a in (3.4), by using (1.3),
we obtain an extension for the generating function for Al-Salam-Carlitz
polynomials

Un(x,y,a; q).

Corollary 3.3.1 (Extention of the Generating Function for U,(x,y, a; q)). Let U,(x,y, a; q) be
the polynomials that defined in (1.17), then

N t" ta™; Qoo O (— 1)" (atqm)"
z Un+m(x'y' a; q) = Z
n=0

@D 6 Pw CHO)

k

K] imetoyg - |

XZ [j]qf(m @ QP V)@ YE @)Y
j=0
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4. Mehler’s Formula for B,(a,b,c,d, f,x,y|q)

In this part, we propose an operator approach to Mehler’s formula and its extension for
polynomials B,(a,b,c,d, f,x,y|q). The Miller formula and its extension for Al-Salam-
Carlitz polynomials U, (x,y, a; q) are produced by providing specific values for variables in
the Mehler’s formula and its extension for B, (a, b, ¢, d, f, x,y|q).

Theorem 4.1 (The Mehler’s Formula for B, (a,b,c,d, f,x,y|q)). Let B,(a,b,c,d, f,x,y|q)
be the polynomials that defined in (3.1), then

> Bu(@h,c,d,f,x,y|0)Bu(a,bc.d, f,z,wlq)

n

n=0 (q; Q)n
_ (ewt; @) e C (@, a,b;q) K c w/z;q); PN (1) ‘g
(XZt q)oo L (q,¢,d; O (ft) - (q, xwt; q)i( 1)!q\2/(q"zt)

b;@)j+s L) it i
ZZ[k b Dine e O Dip, i pqrsiviyi. (a)

== ¢, d;q)j+s CHOT
Proof. By using (3.2), we get
ZBn(abcdfxykI)B 2(a,b,c.d,f,2,wl4) oo
ZO &, ( 40,4, ~£0, ) (P2, 9)) Bu(a,buc,d, £,2,w; ) ( qf:)n
_ . (aVab N 1 (a7, a,b; @)y £
= & (T 5 lia-re ){ZO Pulx, y)z =gy, Pz q)n}
_ qVab AV @ abiq) ot
A ey fey){;;Pn(x,y) e T Pz w) o q)n_k}
_ e (rMab oSS @™,a,b:4) e
= & (T 50 fey){;;Pn+k(x.y) oy U0 R w) o q)n}
N @Nabi,,
=2 Gedp, U9
X 1€, (q: “biq.-f0,) {Pk(x, ) ZO Pu(, 6Pz W) qf q)n}

_ oWt Qe N @7 0 b; i
(xzt; Qoo &= (g€, A5 Q)

w/z
X 3& (q & b —fo ){Pk(x,y) 191 (xwt:q,q"yzt>}

("

c,d
_wt9)0 N (07, 0, b5 i
(xzt; Qoo &=t (g€, A5 Q)

X 382 (q_lcvicclll b; q, —fey) {Pk (x, y) Z % (—1)lq(;)(ythk)z}
’ i=0 ’ i

("
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_ (xwt; @)oo (g7, a,b; q) (FO) w/z;q);
(xzt; Qoo &= (q,6,d; Q) (9, xwt; q);

N a, b ;
X 3&; (q o :q,—f9y> {Pe(x, y)y'}

-1y (agy

t e} c _N; ;b' c y i P i P
_ (xwt;q) (@7, a,b; Q) (FO) wW/z;q) (_qu(z)(qkzt)l
- (azts q)oo & (q,0,d;9) s (q,xwt; q);
Nab; Qs ., (@5 D) o
j+s P._.(x; St ylm)
]ZOZ CaD: | (@, DT

*Whenc=q™N,b=d=0,f - f/athena - wand f = ain (4.1), we get
Mehler’s formula for U,,(x,y, a; q).

Corollary 4.1.1 (The Mehler’s Formula for U, (x,y, a; q)). Let U, (x,y, a; q) be the
polynomials that defined in (1.17), then

D Un(%,3,a )Un(z,w,al0)
n=0

n

(@ Dn

_ vt o (1) gl o > W)z 4);
(xzt q)oo & (49 (Q:th'Q)i

j=0 s=0 q q

(-1 (gkz0)’

Theorem 4.2 (Extention of Mehler’s Formula for B, (a, b, c,d, f, x,y|q)). Let
B.(a,b,c,d, f,x,y|q) be the polynomials that defined in (3.1), then

n

CHAON

N _N 0o
_ (xwt; @) oo (q ", a,b;q)k (FO W/z;q);
(th; q)oo %=0 (ql (o8 d; q)k =0 (q' xwt; q)]

> Bum(@h,c,d,f,%,y10)Bu(a,b,c.d, f,2,wlq)

n=0

(qm+kzt)i (1)1 q’2

N m+k

m+k (@, a,b;@svi g, (@75 e
z Z[ g an, T a, e @)

Proof. By using (3.2), we get

n

z Bn+m(al b' o d,f,x, qu)Bn(a' b' o d'flszlq)

~ (@ Dn
2 (750,10, ) Pram e 90)Baa, b, £ 2, wla)
o ;3 ( ) B TN
w, ny (@Y, a,b; @i t"
20 & (7,05 Piaso, ){an(x y)}z [ s Pl w) s
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N oo
Nab n (@™, a, b; q)x "
- g(q 'a’;,—Q)P X, 22 PR fkp  (z,w
IZZ{ (T 01010 ) Pram G ] g s Pacir W) s
N oo
N b (q_N' a, b; q)k ntk
= €(q ’a';,—H)P X, —kPZ,W—
kZZ Y T L L T R e A e
- (@, a,b;q)
yuw, v, k
= ) ——————(fo)F
(@, ¢ d; Q)
x a8 (T80 g0, e D B a™ Rz w)
¢,d — (@ Dn
N
_ (xwt; @) oo (@, a,b; Q) (FO)k
(xzt; @)oo &4 (4, €, A5 Q)i
qgN,ab w/z X
X 382( C’d’ ;Q:_fey) Prik(,y) 191 | xwt; q, yztq™"
N o)
tl co _Nl )br W/Z; j : ()
(xzt; @)oo &=t (q,€,d5 Q)i — (@ xwt; q);
_N) Fb j
x 5&2 (1,090 10y ) (Prasr )
) N -N ) © N ;
_ (th; q)oo (q ,a, bl Q)k (ft)k (W/ZJ q)] (qm+kzt)](_1)]q(é)
(xzt; @)oo &4 (4,6, @) — (@ xwt; q);
N a, b ;
X 3&; (q ¢ d :q,—fo) {Prmsic(x, )y’ }
: N o-N o p. i DY, ;
— (th' q)OO (q , a, b' q)k (ft)k (W/Z' q)]_(qm+kzt)](—1)]q(é)
(xz2t; @) &=t (g, €, A5 Q) i (g xwt; q);
O R 4 k(@b ) (@7;q)
m + y A, D; S+ roti ) S . —ij+S,,J—S
<X 2 [ Gt s e ey

(by using (2.2))

cIfc=q N, b=d=0,f - f/athena - o and then f = a in (4.2), we acquire
an
extension of the Mehler’s formula for U,,(x,y, a; q).

Corollary 4.2.1 (Extention of Mehler’s Formula for U, (x,y, a; q)). Let U,(x,y, a; q) be the
polynomials that defined in (1.17), then

z Un+m (x, y' a; q)Un (Z' w,a, CI)

n

- CHON
n=0
Wt o o (—1)q(2) W)z ) j
XWL, [o) - wW/Z, i . .
= _q : 1= () —7 ! (q"”"zt)’(—l)’q(z)
(xzt; Q)0 &=t (45 D = (g xwt; q);
N m+k (—j. )
x> > [ cortgt e e gty
s=0 i=0

(CHAR
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5. The Rogers Formula for B,(a,b,c,d, f,x,y|q)

In this section, we plan to provide an operator approach to Rogers formula for the
polynomials B,(a,b,c,d,f,x,y|q). The Rogers formula for the polynomials
B,(a,b,c,d,f,x,y|q) leads to Rogers formula for Al-Salam-Carlitz polynomials by
including special values for variables in the Rogers formula for B,(a, b, ¢, d, f, x, y|q).

Theorem 5.1 (The Rogers Formula for B,,(a, b, c,d, f,x,y|q)). Let B,(a,b,c,d, f,x,y|q) be
the polynomials that defined in (3.1), then

> Bum(@b,cd, 5yl
n=0 m=0

TL m

S

(q Dn (G Pm

Ut Qe (q ,a,b; q)
= Z (")
(et; Qoo £o £ (q,¢,d5 Q)
[k (m—k) "
X .| gi(m—k M) iP,_i(x, tq™; q); —— 5.1
]Z; []]q @™ @) jPm-;(x, ¥)(q/ytq™; q) ;¥ @yt Dm (5.1)
Proof By using (3.2), we get
n m
B ab,cdf,x,
nZ) mz e fxyla) (@ D (G Dm
(o] (o] _N ¢ om
— E (q ,a, b ;q,—f0 ){P x, )}
T; ‘rnzzo 3C2 C,d q f y n+m( y) (q; q)n (q; q)m
(o] o] _N b n om
= E (q o 4, — 6){P x,Y) P (X, " }
0o N b o) tn m
- 3 (q &0 q,— 9) Z P
Tnzzo 3¢2 C,d q f y L ( »q y)( q)n m( y)(q q)m
N N,a,b (@"y6 Deo s™
3 (T Pggs,) P, |
;o 392" ¢ q 1 19y (xt; @)oo m(%) (@ Dm
__1 i (T o) _— "
S Ghow e 22\ G 54, —f0y | {Pn(x,¥)(q Y;Q)oo}(q;q)m
05D O S (M abig)
— t Ooz ) I') k(qut)k
(*t Qoo (q,¢.d; )k
k m
XZ [ ] jm—ie) (g=m. X, " S
2, q @™ Q) jPm-j (6, ¥)(q/ytq™; q)jy @yt D
«Settingc =q N, b=d =0, f > f/athena - oo and then f = a in (5.1), we regain
Rogers formula for U, (x, y,a;q) (1.19).
Proof. Settingc =q ¥, b=d =0, f > f/athena - o and then f = a in (5.1), we get
[ee] [ee] tn Sm
U. X,y a;
Z Z nam (.Y, 4) (@ Dn (@ Dm
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(q at)”
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k| im0 g=m. gy .p. . m. gy oyl — S
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) m
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O O e g, Y @ s D
(by usmg (1.2) and [Appendlx [, equation (L 13)]
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j=0 m=0 k=0
X yJsm+) (by using [1, Appendix I, equation (I.8)])
y g

T A S
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Gt e La @asa ) 2\ ’ |

_ @5y X 0 D@ (@ysi0 191 <qus yt>
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o K
_ @55 9s v (D42 s g)ar)t (10, ).

4, X
(xs; Qe & (q.05,YS Qe qrys’

Conclusions

1. The finite g-exponential operator ,&; [q U'W; q, d@] and the generalized g-exponential

-N
operator E [uv'vvq; te] are special cases of the operator &, (q C’g’ b; q, —f@) , See
[15,16].
2. The Al-Salam-Carlitz polynomials U,,(x, y, a; q) and the bivariate Rogers-Szego
polynomials h,,(x, y|q) are special cases of the polynomials
B,(a,b,c,d, f,x,y|q), see
[4,9,14,17].

3. The polynomials identities for B,,(a, b, c,d, f,x,y|q) are an extension of the polynomials
identities for the Al-Salam-Carlitz polynomials U, (x,y, a; q) and the bivariate
Rogers-
Szego polynomials h, (x, y|q).
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