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Abstract

An adaptive fuzzy weighted linear regression model in which the output is based
on the position and entropy of quadruple fuzzy numbers had dealt with. The solution
of the adaptive models is established in terms of the iterative fuzzy least squares by
introducing a new suitable metric which takes into account the types of the influence
of different imprecisions. Furthermore, the applicability of the model is made by
attempting to estimate the fuzzy infant mortality rate in Iraq using a selective set of
inputs.
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1. Introduction

Regression analysis is an important mathematical tool used in wide range of sciences to investigate
the relationship between a certain phenomenon (output) and a set of arbitrary inputs under the frame of
uncertainty. The uncertainty of classical techniques in estimation and analysis of the unknown
parameters attributed to the randomness of the relationship between output and inputs. Recently many
studies began to take into account other types of uncertainty sources like vagueness, ambiguity, and
imprecision whom affect statistical reasoning in regression models and perhaps not surprisingly to
adopt the fuzzy theory to treat these types of uncertainty in what so called fuzzy regression models.

Based on the literature of fuzzy regression modeling, we can roughly categorize it into two kinds.
One is the mathematical programming methods and the other one is the least squares methods.
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Although the least squares methods are more complex computationally but it gives a better-estimated
output compared to mathematical programming methods [1]. The first adaptive fuzzy linear regression
model (AFLRM) was proposed by D'Urso and Gastaldi [2] and later extended by Coppi et.al [3]
became one of the classical fuzzy linear regression models where the estimation procedure is the using
of least squares methods. Usually, fuzzy numbers are used to present fuzzy data in fuzzy regression
models where they are often determined by the core set, the left spread and the right spread values, as
for the current study we used a different approach to determining fuzzy numbers by position and
entropy (left entropy and right entropy). Based on the idea similar to that of AFLRM we construct the
model by means of the position and entropy of quadruple fuzzy number with adding some weights to
reduce the variation. The rest of the paper is organized as follows. In Section 2 we start with the
definitions of various terms relating to fuzzy sets and numbers which they will be used later in the
context of this paper. In Section 3 the adaptive fuzzy weighted linear regression model is introduced.
Finally, we present some numerical application to estimate the fuzzy infant mortality rate in Iragq and
make conclusions in Section 4 and 5 respectively.

2. Mathematical Preliminaries

2.1 Fuzzy Sets and Numbers

Definition (2.1.1) [4, 5]: Let X (™) = @ be the universe of discourse of fuzzy sets, then a fuzzy set

# is a subset of the m-dimensional real space R™ characterized by the mapping
u_4(x): B™ — [0,1], so called the membership function which describes the membership degree of x
in<A, and <A is defined as a set of ordered pairs: <4 = {(x, x4(x)}|x € ™ — [0,1]}.

In the following some basic properties of fuzzy set <4 which defined as crisp sets:

1. a—Level: A*={x e R™|us(x) =a} vae[01]

2. Support :§(cd) = {x € B™|u_4(x) > 0}

3. Core (sometimes called as Kernel ): C(c4) = {x € B™ |pu_q(x) = 1}

Definition (2.1.2) [6]: Let F{R™) = @ be the universe of discourse of fuzzy numbers then a fuzzy
number <4 € F(R™) which identify with the membership function p_q(x): B™ — [0,1], must satisfy
the following:

1. Normal: 3x,3 us(x,) ={x, E R™|u(x,) =11}

2. a —Level of fuzzy set <4 with a u_s(x) is a compact set: ps{a) = {x ER™ |y (x) = a }ifa >0

and pq(e) = cl{fx e R™|u4(x) =0} ifa =0 VYa € [0,1].

Upper semicontinuous: lim, . sup(p4(x)) = p4(r), —co <1 < 0.
Quasi-Convex: g5 (px; + (1 — p)xy) = min(p4(xy),u.4(x)) ¥p € [01].

As a special case of fuzzy numbers, namely what called LR-fuzzy numbers (LR-FN's) which
defined by two functions L: R¥ — [0,1] and R: B* — [0,1], where L(x) and R{x) are monotonic
non increasing functions satisfies: L(x) = R(x) =0 ,if x =1 and L(x) =R(x) =1 ,ifx =0 [5].
In general the membership function of a LR-FN can be represented as follows:

L(x) if x < ml
alx) 2 1 if x € [m!,m"] (1)
Rix) if m™>x

where both of m!,m" represent the core set and L(x),R(x) € [0,1]. Many special cases can be
raised from LR-FN's above where one/both of the left or/and right functions are equal to zero
L(x),R(x) = 0. Moreover, the left and right points of the core set could be equal m! = m".
Definition (2.1.3) [4]: A fuzzy number Y= = (w;v,y,8)z € F(RE*) is defined as Quadruple-FN
(QFN) with a R order of curved shape of membership function if its membership function is given by:
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ri—(%‘f ifx € [(ew —v) —, (w —v))

R (x) 2 5 . if x € [(w—v), (w+v]] .

— K
1— (xTM] if x € ((w +v),(w +v) + 5]

- 0 Otherwise

where @ represent mean value of core points,v,4,& € BT represent the spread values
and R € (0, 2). Obviously QFN is totally identified by its core set C(Y*®) = {{w —v), (w +v)} and
support set $(Y&) = {{w —v) — ¢, (w +v) + &3, and for any R € (0,c0) the left and right functions
can be defined as; L(x) = R(x) = 1 — |x|®,0 = x = 1. Choosing the right R order is really important
in some applications especially the ones that utilize from the influence of imprecision in fuzzy
numbers. In particular, if R € (0,1) then imprecision is decreasing aggressively and if R =1 then
imprecision is decreasing linearly while if B € (1, co) then imprecision decreasing slowly [7].
Proposition (2.1.1): Whether if R — 0 or R — co the QFN still at its simplest an interval number.
Proof: assuming v, ¥, & # 0 the proof is explicit as follows

. 1 ifx € [{eo—v) {w+wv

11?1—% “yR(X} = { 0 Gt.igz(erwisg { }]

And
. 1 if x €Elw—v)—y{w—v)lw+v)lw+v)+8

éﬂ pyR() 2 {{] [ ) ﬁtﬁmq;e( ), ( )+ 8] O

The above proposition (2.1.1) stated that if & — 0 the QFN will reduced to an interval over core
set, while if R — == the QFN will reduced to an interval over support set and this can be generalized
to complex cases when the left L{x) and right R{(x) functions of membership function have different
orders of curved shapes.
Remark (2.1.1): If 1 # w then the QFN is called Asymmetric QFN (LR-QFN), but when ¢! = w the
QFN is called Symmetric QFN (LL-QFN) and denoted by U#® = (ew;v,¥).; , this can be represented

geometrically as illustrated in Figure -1.

(w—v) =y

Figure 1- Geometric representation of (a) Symmetric QFN (b) Asymmetric QFN, with the different &
order.

Although the fuzziness of fuzzy numbers described by the membership functions. But, Kao and Lin
[8] proposed a different approach using simple indices for fuzziness instead of using membership
functions. The idea was fair since the fuzzy numbers describes as a subsets of real line whose highest
membership function clustered around given real points and the membership functions which
represent the fuzziness are monotonic on both sides of these given points, they replaced these points
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by position of fuzzy number and the fuzziness interpreted by applying fuzzy entropy where fuzzy
entropy functions are also monotonic on both sides of any fuzzy numbers.
Definition (2.1.4) [8, 9]: Fuzzy entropy is a measure of fuzziness represent the average of vagueness
and ambiguity in making any decisions within the fuzzy environment, also it is defined as the amount
of information that lost in the process of transformation from crisp set to fuzzy set. Any fuzzy entropy
function should satisfy the following conditions:
1. Certainty: E(Y) =0, if py(x)=0or1.
2. Maximality: E(Y) =1, if py(x) = 0.5.
3. Resolution: E(Y) = E(2),if pz(x) = py(x) = 0.5 and pz(x) = py(x) =05,
4. symmetry: E(Y) = E(Y) = pye(x) = 1 — pgy(x).

Let s(,u.y(x}): [0,1] — [0,1] be a fuzzy entropy of a fuzzy number Y that is at fixed x, the

entropy e is monotonically increasing on the interval [0, 1,/2] and monotonically decreasing on the

other interval [1/2,1], the functions & could take several forms but the most fundamental ones are
given below[10]:

£ (,u.y(x}) s .u..y(x} In (1,"}*1;(36}:] +(1- Hy(ﬂ} 5“(12'& — .My(x}) ©)

e (,uy(x}) £ 4y (x) — 4py(x)? 4)

where (3) defined as Shannon function and (4) represent the Logistic differential equation. To
determine a global entropy whose independent of x values the above functions has to be integrated
over the entire space of x (assuming the integration does make sense).This yields

E (yR-:x}) = J;E etwm) (“ﬁu:x.r ) Plx) dx (5)

where P{x) denotes a probability density function of the available data set defined over (E™) .
Usually, P(x) assumed to be uniform distribution (constant over given interval i.e P(x) = k).
Depending on (5) fuzzy entropy of QFN will be partitioned into two components one for the
increasing part [(w —v) —, (@ —v)) and the other for the decreasing part ({w + v), (& + v) + 4].

This yields

J.;: [':m—v]—?,b,':m—v}]g(#.yR(x}) dx

- (6)
+ j e (,u.yR(x}) dx

e lw+v), () +8]

k

E(Y )

The first term in (6) is defined as left fuzzy entropy while the second term is defined as right fuzzy
entropy. In a simple way we can rewrite (6) as E (‘yR,:x}] £ egr+ex  where
er 2 [ e(L(x))dx < +o0 and ez = [ e(R(x)) dx < +w, here m denote the interval where
_uyR(x} = 1. Also It should be pointed out that the entropy function is completely depends on the
spread of fuzzy number and if we use LL-QFN then the left and right entropy will be equal &; = ex.
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—

gy (x)

Figure 2- Geometric representation of QFN by means of the position and the entropies.

Ignoring the probability distribution P{x) the QFN's can be characterized uniquely by four crisp
attributes (as shown in Figure-2): the position where 4" () = 1 whose represented by the length and

the mean value of the interval [(«w — v), (@ + v)] and by its fuzziness whose represented by the left
entropy e and right entropy eg. That's itY® = {#s5,ec,ex), where:& = mean =
((w—v)+ (w+1))/2 =w and s =length = (w +v) — (w —v) = 2v [8].

1.2 Scalar Metric

Definition (2.2.1): A positive map A:B™ x R™ — R* s called a scalar metric (in short just a
metric) in B™ and (R™,A) is called a metric space, if A satisfies the following conditions for all
YUYy e R™:

1. Non-negativity (and Uniqueness): A(Y, Y*) = 0 (0 if Y = Y*).

2. Symmetry: A(Y, Y*) =AY+ T).

3. Triangular inequality: ACY, U*) = ACY, Y + ACY", Y.

Remark (2.2.1): If uniqueness condition did not satisfy then the metric is called a Pseudometric,
while if triangular inequality did not satisfy then the metric is called a Semimetric.

Metrics are used as a measure of the degree of closeness between two points or in general between
two sets whether it is crisp or fuzzy, driving appropriate metric for fuzzy sets consider the key for
better performance in many application like regression, clustering, ranking etc. The metrics for fuzzy
sets usually represent a generalization of the classical metrics, these kind of metrics are tolerable in
data analysis. However, what worth to be mentioned that the problem of defining a satisfactory metric

for any purpose in fuzzy data did not solved yet. In the literature, various metrics have been defined by
different aspect, but the most popular of them are a generalization of two classical metrics between

compact and convex set and this generalization made using @ —Level which in turn represent a
compact and convex sets [11]. First let start with the Hausdorff metric

| it i
i Jr (B (M% ND)) der, RE[1,00)
Ag(M Ny 2 {N°°

(7

Sup .I':I.H{J'ch._ul'lrcj N h = o
ae[0.1)

where M® and N* are the @ —Level sets of fuzzy sets M and N respectively. The second metric is
defined in L? space in terms of support function s as follows

I
| 1
Ags |p j v (550w, @) — 5y (1, a}}zdu da 8)
'\i , V5
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where sylwa) = sup (m%u) YVae[0,1]; ues?1 5771 js the (p —1)-dimensional unit
TS ES

sphere in BPand v is Lebesgue measure. Although previous metrics are defined in general for fuzzy
sets but also can be simplified using specific kind of fuzzy number. However, the Hausdorff metric
give to each points in fuzzy sets the same weight and there is no presence for any influence of
imprecision type while the latter one solved this problem but defined in term of support function this
make both metrics are inadequate in case of fuzzy numbers being characterized by position and
entropy functions. Thus we introduced a new type of weighted metric defined in L* space between two
fuzzy numbers, specifically between two QFN's which take into consideration the shape of the
membership curve of QFN in being linear, quadratic, exponential or any other else, as well it is easy in
computation.

Proposition (2.2.1): Given YF = {£,5,e., ez}, YT = {£%, 5% 6,5, ez*} € F(R*) as observed in a set

of n units, a new weighted metric A: F(R*) x F(R*) = R is defined as follows:

f ,. ” = -
A= *J’Wg”f_ E)I2 + awlls — 5% + wzll(Teg — Teg*)I? + 1w |[(Meg + Meg*)||2 ©)

where g, 1y, e,y € BRY represent an arbitrary weights, T = diag(Jz) and Il = diag(J.)
are . by n positive definite matrices and J5 = fﬂlR‘ll[m} dw and J. = J"Dl L™(w) dw are denote

the impact of the order of curve shape of the membership function on the metric, the type of
imprecision depending on membership function. Specifically, the imprecision of QFN's is represent
linearly, quadratic and square root when B=1,2 and 0.5 respectively.

Proof:It is easy to check conditions 1 — 2 in definition (2.2.1), now let Y* = {&',5',ez",e."} be a 3"

QFN, for the triangular inequality we have

A (s YR, YR = awglllE — &1+ [ — E117 +wr.llls — 5']+ [s" — &*]117

+uwrzl[Tex —Tex']l + [Tex’ —Tex*lll? + .| [Me, — e ']+ [Me," — Mec 112

o A2 (o YR, YR) = A2 (s YR YED + A% (ur; YR, YR + 200 (8 — 8D —87)

+2ur, (8 — 8" )a" —58*) + 2wy (Tegy — Tex' )(Teg' — Tex*) + 2ur (Me, — Me,)(Ile," — e *)

by Cauchy-Schwarz inequality

ﬁz("“-f"’? 'URJ yR$} = ﬁz("w"F 'URJ .ny} + ﬁz("“—""? 'URFJ'UR*} + Eﬁ(WFyRJ ny}ﬁ(wFinyi 'UR*‘}
A2 (s YR, YR) = [Alar; YEYF) + Aas YR, YR
Thus
Al YR, YF) = Alaer; YR, YR + Awr; YR, YR) =

Theorem (2.2.1): (F(R*),A) is a complete metric space
Proof. Let {UF},..x be a Cauchy sequence in R where UYF={f,5,€cnexnl and

vy, Wy, e,y € BF(constants). Then all of {&,} .o £6n) nen 160n) new @ND L€xn) ey Must be
Cauchy sequences in R, lete = 0 3 n, 3 AMYEYE) <€ v
n,m>n, = \,.’Fg;-l.fﬂ— Eml =MUSUm) <€ ={&},u is a Cauchy sequance in R and
w8, — 8| = A(YE,YR) < € ~ {8,),,a is a Cauchy sequance in K.

Since T' and II are positive definite diagonal matrices, then similarly to above
Jig|Ter, — Tegy | = AYE,YR) <€ ~f{egn},ey IS a Cauchy sequance in R and
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JwrelHee, —Mep, | = AYE,YE) < €~ {eculnen is a Cauchy sequance in R. Now to prove
[YE} & is convergent in F(R*) (e lim,—..YF=1{fserezx)), let e>0 3Ing 3

JwelEn—Eml =€,3n33 Jurlsy—spl =€, Ing3  Jwg|lTeg, —Tezyl<e and Ing3

Jwelleg, —Teg,| <€, ¥V n>ng,ngngny. Set n, =max{ng,nyna,ngd ~3 n>n, 3

ﬁz{ﬂf:y'&} = \.'wé"l'fn - i:ml2 + il¥, |“5rz - “Smlz +WR|FI€RH - rﬂﬁnlz +W£|H3£n - H8£n|2 = E:.
Thus lim, ... YX = Y& o

Remark (2.2.2): The reason behind adding the arbitrary weights was to reduce the dominance of
measurements difference and lessen the variations between the points in QFN data in calculating the
metric for providing more accuracy. This would be useful especially if we use the metric in
economical or biological modeling. Notice if we set tz = 1+, = 1y = 1wz = 1 then we cancel any

effect of the weights while in case of LL-TFN the weights of left and right entropies must be equal
W = g,

Remark (2.2.3): If the spreads of QFN's equal to zero ie. YF=(&000),z and
Y& = (#£%;0,0,0).¢, then the QFN's become crisp numbers and the metric (9) reduced to the
Manhattan ~ distance  (setting —wrf =, =w= g =1 without loss of generality)
A(YE, YR*) = |£ — &*|, which indicates that the new metric is a generalization of the Euclidean
distance.

Remark (2.2.4): There exist some points when the left and/or right curve shape of the membership
function of Y&, Y"* are different but Alwr; YR, Y") =0, this makes A a Pseudometric since

YR = Y& so a prerequisite to the metric (9) is that I/* and Y#* should have exactly the same curve

shape.
3. Adaptive Fuzzy Linear Regression Model (AFLRM)
Let the input variables fi1,fiz..... fize be crisp and the output variable yf‘ = (&;v;, ;.8 ) g be

QFN's observed on a sample of size n (i.e. i = 1,2, ...,n), the usual (non adaptive FLR) method to
estimate the fuzzy regression line is to construct four lines for each of the core set and the two spreads:

Y=6,8(6f) & (6:/2) D ... ® (Bfi) (10)

The above model consist that there is no influence of relation between the four models, under some
constraints of fuzzy arithmetic operations each line can be estimated by finding the estimation of
ordinary least squares method, D'Urso and Glatdsui [3] proposed another type of fuzzy regression
model which they considered that the dynamic of left and right spreads depends in somehow on the
estimated core, this model is so-called adaptive fuzzy linear regression model (AFLRM), later this
were developed by D'Urso [12] and Coppi et.al [4], the method can be summarized by building four
linear models two for the core set ¢( Y*) = {C; = (w —v),C; = (w + v)} by means of a classical
regression models and simultaneously modeling the two others for spreads by the linear relation

between spreads and core set, in other words build the spreads as a regression models of core set as
follows:

Ci=F.0

C:=F.0,

Pe*=C5A4 + C34; +14,

8% =Ciay + Crop + 1a, (11)

where C5,C3,4% 8% are n component vectors represent the estimated outputs of the spreads and
core set, F. is the design matrix, f4,{l; are p component vectors of core set parameters,
(8y,84,8,,a1, o, @) are scalars represent the parameters between the observation of spreads and the
estimated core and 1 is a m component vector of ones. In the same manner we use the AFLRM but
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instead we used QFN as described by position and entropy. Thus (11) can be parameterized as linear
regression models by using the outputs as *yf = {&,8;,€r;,€x: 1. as follows:

{*=F.6

5° = F,.6,

e, =& +a'r; + 11,

ex =& + 87+ 1, (12)

where £&%,s%e;,ex are m component vectors represent the estimated outputs of
YR ={&,5,,e0,6%), 6.6, are p component vectors of position parameters and
(T4, T2, 75,04, @2, ®,) are scalars represent the parameters between the observation of entropy and the

estimated position. Despite this model is capable to incorporate the effect of the core on the spreads or
in our case the effect of the position on the entropy but what worth mentioning as an advantage, is this
AFLRM have smaller variance compared to the non adaptive fuzzy linear regression.

To estimate this model which consist of four sub-models the fuzzy least squares approach were
applied. The objective of the fuzzy least squares estimation method is to estimate the parameters of the
fuzzy regression model with least difference by minimizing the squared metric A% between

observations Y = {£,4;,€.;,€x:} and interpolated observations Y™ = {&7,57,¢5.,e4.1.

Theorem (3.1): The problem of . min A (w; 81,689,702, 7,9, 95,9, ) admits a relative
l 91.5'2.'31.'32.%.?1.?2.?:,] )

minimum which can be improved using an iterative algorithm.
Proof: Using the matrix form of the squared metric in (9)

A s YR YR) = wp(E — ) - &) +w, (s — 5*) (5 — 5)
+urg(Teg —Teg*) (Teg — Teg®) + arp (e, + Me ) (M, + Meg*) (13)

Substituting the equations (12) in (13) and addressing the minimum problem we get:

min }a‘ =wi(¢' &E— 28" Foby +6,F, Fofy) +wr.(s' 5 — 25" o6y + 6, F, Fo.6,)

(81827172008 0,40,
e M%e, — 2e,'TI* (F.B1y + FBrr; + 17,)
+11rp +1,%8, ' E'TI2 E.6, + 1,28, F.'I? .68, + 1,21'T1* 1
+21y 1,8, F, I* F.8, + 21, 6, 'F.'TI*11, + 21,8, F.'I*11,
ex' T2 ex — 2ex'T2 (FBy ) + Fera + 1g,)
+iry +@,28, " F. T2 F.8 + 0,26, F, T* F8, +p,21'T2 1 (14)
+2¢y @28 ' FTEF,0,+ 2¢, 8, F, T 1@, + 29,8, F. T?1¢,

In order to minimize A™, the parameter estimates are obtained from the partial derivatives with
respect to each 8y, 8;. Ty, T2, , @2,71,72 associated with (14) being set equal to zero.

dA” —e, M2 1y + 1,2, T2 F, 6 +1,F, T2 1«..rﬂ]
a8, +1y T,F, TI? E.6, + 1, F.'TI* 11,
+twgl—ex' T2 Fopo + @R T2 Ry + 02F T 19, + @1 92 F. T2 Foy + @, F.'T?1g,] = 0ps1

"

aA

= wil[—¢' F + F Foby] +

—e' M 1y + 1,2 R M2 R6, + 1,7 T2 1
=wg[_»ﬁffx+f‘x|’fx€2]+wg = xfT2 T 12 Vx x02 T Taly T::-]

+1y T,F. T2 F.8 +1, F.'TI*11,
+twgl—ex' T2 Fopo + @R T2 Ry + @2 F, T 19, + @1 02 F T2 Fey + @, F.'T?1g,] = 0ps1
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2
[ Ja
a_=ﬂj";|:[ E_crHETEE'i‘TEEZ:F I :FEE+92-T ].-.[2 1t +T192:F ].-.[2 Bl]_[]
T2
2
dA
_—’I'U':E[ ER'FETB‘i+¢Jlﬂ'1T T2T|9‘1+|?1T F21$D+¢J2|91:F r:F Ez]—ﬂ
dgq
2
dA
_=".I'.:U"'[ ERP2T€2+¢JEEET F2T€2+32TP21¢]0+@1€2:F 1"'2:]:‘31]_{]
@,
2
dA
3. = We [—e, /T2 1+ 7,121+ 1, & F.'T*1+ 1,8, F.'T*1] =0
o
2
oA — 2 2 fem P2 feo Im247 —
20 —".I'..U"'R[_ERF 1+ 1T 1+ & F, M1+ @8 F. T 1]=0
o

Thus, an iterative general solution of the above system can be represented by the following set of

equations:
_—1

wiF,' Fy
(%) (k} (%) (%)
JCSE I (T(k})E:F g | (@Rt wer BT e — o0 60 - 1]
1 = 1 , * = +wxfpl:k}f' 1—-2[ {P(k} (k}_ '-*P(k}'l]
+ws (0) 7T2 7, ’ ’ ’
wF E "
- k P 5 g _
504D _ | 410, (T;Ek}) FI2 F, w, T s+t B2 [e, — F.8, 1]
2 - ) +{.L?_R{pl:k} 1—-2[ fﬂm Ek} 1]
[+ (03°) :.Lj,ﬁ'r2 7, | : 1 O
(ke+1) () (73] (k} (k} §73)
., = (6" £'1?7.0 ) (e, - -7,71)
)
Tik+1} _ ( Ek} F'T2F, Etk}) E,Ek} - 12 ( Ek}T Eik} :E-k}l)
Ek+1} (Eik} F,'T2F, Eik}) ErIiki'.' F Pg( Ek} , Eik} Ek}l)
(1) _ [ (%) Y\t R B )
P = (32 F,'T2F,.6, ) 32 E ’rﬂ(ex—fpl 7.6, — o, 1)
5 _ tr(diag(gr2) 1T [ —rFg g"}:@eé"}]
0, = tr(diag (G NIT? [ex— 0" R0 — 0 %6, | (15)

To solve the iterative equations (15) many algorithms can be adopted. In this paper, we used a
simple one at certain threshold € = 10, with two stages one for estimation and the other to test the

stabilization of the local minimum optimization problem (the estimates). The algorithm can be
illustrated as shown below:

Simple algorithm of iterative solution for AFLRM

Inputs: F, e R**", FeR", s.e;.e5 € (R*)"

2
Outputs: 8,.8;.7,.73.T,. 91.92. ¢, = arg inf (5 (er; 6y, 6, 74,72, To, @1. @2, fPo])
Initialization: * = {8.%.6,". 7.5 5, % 0,5, 9, %. @.%. 9,5} 2 0 pFeR:1 =k =N
Iterations:

. First stage (Estimation procedure)
— First step: Use p* to estimate p*+*

— Second step: Update p® to p*+*
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— Third step: ¢ = p*+* — p¥
— Fourth step: a. If ¢ = & stop the loop, the estimates are p*+*
b. If £ £ £ return to second step and proceed until convergence is done in (a)
o Second stage (Checking stabilization)
— First step: Choose different sets of p*

— Second step: Repeat the first stage until convergence criteria are met
— Fourth step: If the estimates of the first stage equals the estimates of the second stage then the
solution is stable else wise replace x* until first and second stages are achieved

Obviously, the adaptive model (12) provides crisp parameters. But, since the outputs are fuzzy
while the inputs are crisp, the fuzzy linear regression model involves an implicit fuzzy regression
model in terms of fuzzy regression parameters. Thus, the crisp parameters of the adaptive model (12)
it might involve a certain degree of impreciseness. In particular, we can extend the assessment of
imprecision in [3] to our proposed model (12) to evaluate the imprecision due to the crisp parameters
of the adaptive model. Following a similar procedure to the case with Y* = {£,5,e.,e} output and
crisp inputs we can express the implicit model in the following way:

§ = Feb:
& =TF.p:
Ep = |:Fx|ﬁ£
ex = |Fy |Jgﬁ (16)
where |F,| is represent the design matrix of the absolute crisp inputs | fi.|. The system of equations

(16) may not verify the iterative solutions in (15), but can be utilized in order to get estimates of
Bt B B, Bz Which are compatible with the parameters ;. 8:. 71,72 7., ¢1. 92, 9, in (12). That is

§" =Fefr + e

S*=F f.+¢=,

er = |FelBe+ 2¢

ey = |FlBz + 2 (17)

where £g,£,,5¢,£, denote the vectors of residuals. Employing ordinary Least Squares, we can obtain

compatible estimate of (12). For instance, the OLS estimates of 5 and S5, are:

B; = RE)IFE = (FIR)EF6 = 6

B. = (FIF)\Fle* = (FF)\FF6,=6, (18)
This indicates that Sz and 5. match the estimates of iterative solution of & and &, as for the

estimates of the parameters of entropy sub-models 5 and Sz in (17) we need a positive estimates so

that the multiplying of a positive matrix with a positive vector reduced to a positive vector (because
er.ez € (R*)"), one can adopt a constrained least squares problem due to avoid negative estimates.

Namely, the non-negative Least Squares (NNLS) algorithm [13] under the Karush-Kuhn-Tucker
(KKT) conditions to find an optimal solution in nonlinear (quadratic) programming. Given a design
matrix F, € BF*" and output ¥ € RB", the problem to find a nonnegative vector g € (E*)* to minimize

the squared norm between observationsy and estimated observation F.£ can be represented as
follows:

¥ 1 En ]
mina2(g) =3 I8~y
subjecttof =0 (19)

Lawson and Hanson give the standard algorithm for the non-negative Least Squares (NNLS) which is
an active set method whose based on only a small subset of active constraints i.e. satisfied the solution
exactly. Assuming there are n inequality constraints in NNLS optimization problem. If the ith
estimated parameter is negative, then the ith constraint is said to be active. Otherwise, the constraint is

506



Abbas and Mohammed Iraqi Journal of Science, 2017, Vol. 58, No.1C, pp: 497-514

passive. The NNLS algorithm is given below, where F.° is a matrix associated with only the inputs
currently in the passive set P.

Lawson and Hanson’s algorithm for NNLS

Inputs: F, e BF*", y e B"

Outputs: g = 0, where g £ arg min F,8 —vl*

Initialization: P2 3, @ ={12,...n}, B=0, w=F'(y - Fp)
Iterations:

— First step: Progress if ¢ = @ A [max[EQ{w[] = g

— Second step: j £ arg maxzq(w;)

— Third step: Include the index j in P and remove it from ¢
nl n -1 nl

— Fourth step: s* = (FI’ F;) F oy

. Continue if min (s¥) = 0
i o = —min; p(b;/b; — 57)
° BE2f+ols—f)

o Update @ and P

° P = {‘I‘FIF rFxF)_lTxF ’Y

° s2=0

— Fifthstep: g ==
— Sixth step: w = F'(y — F.8)

The performance of the AFLRM's in (12) has been evaluated using four goodness of fit indices to
tell how well the fit of the model was. First, % to measure the proportion of the variation of output

variable explained by the inputs and Réd}-mﬂd is also the same but based on the sample size and the
number of inputs, where both of them defined as R?2 = AZ(uwr; YR, YE)/A2(w; YE, UYE) and
REijustea = 1— (1= RE)((n — 1)/(n — p))respectively, where:# is the number of estimated

parameters. Second, the average level set difference «AL&D index is used to measure the mean

difference between output and estimated output. Moreover, we proposed a new measure to obtain the
reliability of prediction as follows:
T

AR = n_lz E_E‘E (20)
i=1
where:
1
A, = H{Wﬂfe — &5+, ls; — 5% | + wglTex; — Tex:*| + wp |Meg; + HBJ:E$|:I

Since A € [0,00) then AR € [0,1], the closer AR values get to one the more high accuracy in

model's prediction. A graphical analysis is also provided using Taylor diagram [14] which is used for
summarizing how a set of patterns is close to match the reference pattern (observations) this quantified
between any test pattern and the reference pattern by their correlation, their centered root mean
squared difference and their standard deviations. The diagram can be visualized as a series of points
on a polar coordinate system where the azimuth angle ¢, which related to each point is such that

cos(¢) is equal to the correlation coefficient between the test pattern and reference pattern while the
radius from the origin in the Taylor diagram represents the standard deviation of the test pattern, and
the correlation between test pattern and reference pattern is given by the azimuthal position. The best
test pattern to match the reference perfectly is the one whom had a radius equal to one and azimuth
angle equal to zero. Taylor diagram can be described using the cosine law as follows:

E'? =077+ 0,% — 20;0,co5(¢) (21)
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where gy and @, represent the standard devation of reference and test patterns respectively; cos(g)

represents the correlation coefficient between the test and reference patterns; E' is the centered root
mean squared difference, E" is given for a reference f and a test £ each one with n unit as below:

T
T

| )
B'= |nt) (- )~ (-]
\| i=1

4. Practical Application: Infant Mortality Rate

The investigation for estimating infant mortality rate (IMR) models is not a new problem because
of the interest in many disciplines like healthcare, demography and economics to name a few. In
general mortality rate considered as one of the important indicators since most health measures that
refer to incidence and/or prevalence of diseases are not available especially in countries with weak
database they used to compare the economic and social development between countries. The high rate
of mortality indicates a presence of danger to the population.

Attention was increased about IMR and even became the fourth-millennium development goals of
the UN in an attempt to reduce it. A population with unhealthy infants harms the next generation in
too many levels and it is natural to think that any factors that affect human development also affect
IMR in the same country, and vice versa [15]. Infant mortality rate is mathematically defined as the
number of infants dying before reaching one year of age, per 1,000 live births in a given year as
follows [16]:

M., (#) = (D_,(#) /N, (#)) x 1000 (22)
where D_ () represents number of deaths of children before reaching one year of age at year #;
N, (#) represents risk exposure which estimated as an average population size of children before

reaching one year of age in the middle of year #. Infant mortality rate models take many forms
depending on the researchers, in this paper we chose to link regression mortality rate model that take
into account the imprecision of the data with a set of relevant inputs. This can be represented by:

M_, (£)~FPI+ W5 + GDPppp + TFR (23)

where FPI represent food production index which covers all the edible food crops that food crops that
contain nutrients; WS represent the percentage of the population with access to improved water
source; TFR represent the total fertility rate (number of births per woman); GDPppp represent the.
gross domestic product converted to international dollars using purchasing power parity (PPP) rates
method. The data of fuzzy IMR and the crisp set of inputs are given in Table-1 for the period 1990-
2013. Note these inputs are affecting both of the infants and their mothers and we expected that FPI,
WS and GDPgpp will have a negative impact on IMR while TFR will have a positive impact on IMR.
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Table 1- Input and outputs data of the infant mortality rate model .

Year Fuzzy output Crisp inputs

(#) yﬂ f‘éfi P FPI WS TFR GDPppp
1990 (42.3;1.6,12.1) 117.7 78.3 5.8 7442.8
1991 (41.6;1.6,11.9) 78.8 78.2 5.7 2691.9
1992 (40.8;1.6,11.7) 85.5 78.1 5.7 3548.7
1993 (40.2;1.6,11.5) 102.6 78.0 5.6 4595.8
1994 (39.5;1.5,11.3) 101.1 77.9 55 4729.1
1995 (38.9;1.5,11.2) 101.6 78.2 5.4 4781.2
1996 (38.3;1.5,11.0) 104.3 78.6 5.3 5239.7
1997 (37.6;1.5,10.8) 100.0 78.9 5.2 6261.9
1998 (37.0;1.4,10.5) 109.4 79.4 5.1 8274.3
1999 (36.4;1.4,10.4) 103.9 79.9 4.9 9581.2
2000 (35.8;1.4,10.3) 100.4 80.4 4.8 9647.8
2001 (35.2;1.4,10.1) 1154 80.8 4.7 9810.5
2002 (34.6;1.3,9.9) 128.6 81.3 4.7 9019.1
2003 (34.1;1.3,9.8) 94.3 81.8 4.6 5989.1
2004 (33.5;1.3,9.6) 91.2 82.3 4.6 9237.9
2005 (33.0;1.3,9.5) 105.8 82.8 4.6 9697.9
2006 (32.4;1.2,9.3) 102.9 83.2 4.6 10733.4
2007 (31.8;1.2,9.1) 102.7 83.7 4.6 10893.2
2008 (31.2;1.2,8.9) 93.5 84.2 4.6 11715.8
2009 (30.6;1.2,8.8) 91.9 84.7 4.6 11875.0
2010 (30.0;1.2,8.6) 105.4 85.1 4.6 12417.7
2011 (29.3;1.1,8.4) 114.9 85.6 4.6 13203.0
2012 (28.7;1.1,8.2) 113.5 86.1 4.6 14813.5
2013 (27.9; 1.1,8.0) 126.0 86.5 4.6 15503.6

“The data sources of those shown in Table-1 are from the World Bank "http://data.worldbank.org/".
" Focusing our interest in symmetric QFN's the M_, () was fuzzified by researchers.

Often there is a problem to compare the effects of the inputs in which is the most influential for
determining the output since the regression parameters depend on the units of measurement of the
inputs as well as the dominance of their sizes. For this purpose, we need to get rid of units of
measurements and the sizes of the inputs to make the comparison between them more meaningful.
This can be done by standardizing the inputs in Table-1 using the equation
[(inputi —input)/ crmwr], that mean we will measure the change of M-4(#) by the change of the

standard deviation (o) in €ach inputs. Comparison between the performances of the (12) and the

method proposed by D’Urso [12] of the model (11) was made to know the difference when we use the
position and entropy instead of membership function. Almost all the studies have been suggested so
far using only triangular fuzzy numbers (i.e. R=1), but in this study we extended the AFLRM by using
QFN  with  two  orders (R=1,2) and  three  different  sets of  weights
Wy =(we=1lLw,=1Lw,=wg=1), W;=(wr=04w,=01w;=wz=025) and
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Wy = (wg = 0.6, ur, = 0.04, vy = wg = 0.18). The results have been tabulated below and the
computing was all done using Matlab software.

Table 2- The estimates of parameters in models (11) and (12).

Membership R=1/Entropy R=2/Entropy R=1/Entropy R=2/Entropy
function %) 5) (6) (6)
M(1) M(2) M(3) M(4) M(5)
33.6280 35.0291 35.0291 35.0291 35.0291
—0.0708 —-0.0738 —0.0738 —0.0738 —-0.0738
0, =|-2.7689 8, =|-2.8843 8, =|—2.8843 8, =|-2.8843 8, =|—2.8843
—0.1162 -0.1211 —0.1211 —-0.1211 -0.1211
1.3180 1.3729 1.3729 1.3729 1.3729
36.4303 2.8023 2.8023 2.8023 2.8023
—0.07a7 —0.0059 —0.0059 —0.0059 —0.0059
n, =(-29996| &,=|-0.2307 8, =|-0.2307| 8,=|-0.2307 8, =|-0.2307
—0.1259 —0.0096 —0.0096 —0.0096 —0.0096
1.4278 0.1093 0.1098 0.1093 0.1098
A== g=T= p=T1= p=T= p=T=
1.1408e — 4 1.1238¢ — 4 1.4677e — 4 1.1174e — 4 1.4460e — 4
—0.2384 ] 0.1300 ] 0.0896 ] 0.1147 ] 0.0740 ]
W, 0.4969 1.0788 1.0924 1.0661 1.0741
33.6280 35.0291 35.0291 35.0291 35.0291
—0.0708 —0.0738 —0.0738 —0.0738 —-0.0738
N, =|-2.7689 8, =|—2.8843 8, =|—2.8843 8, =|—2.8843 8, =|—2.8843
—0.1182 —-0.1211 —0.1211 —-0.1211 —-0.1211
1.3180 1.3729 1.3729 1.3729 1.3729
36.4303 2.8023 2.8023 2.8023 2.8023
—0.0767 —0.0059 —0.0059 —0.0059 —0.0059
N, =|-2999% g8, =|-0.2307 8, =|-0.2307 g, =|-0.2307 8, =|-0.2307
—0.1259 —0.0096 —0.0096 —0.0096 —0.0096
1.4278 0.1098 0.1098 0.1098 0.1098
A== w=T1T= w=T= @=T= w=T=
2.2523¢ — 4 1.7541¢ — 4 2.5904e — 4 1.7328: — 4 2.5952¢ — 4
—0.3810 ] 0.1297 ] 0.0900 ] 0.1141 ] 0.0729 ]
W, 0.6286 1.0830 1.0878 1.0726 1.0878
33.6280 35.0291 35.0291 35.0291 35.0291
—0.0708 —0.0738 —0.0738 —0.0738 —-0.0738
N, =|-2.7689 8, =|—2.8843 8, =|—2.8843 8, =|—2.8843 8, =|—2.8843
—0.1182 —-0.1211 —0.1211 —-0.1211 —-0.1211
1.3180 1.3729 1.3729 1.3729 1.3729
36.4303 2.8023 2.8023 2.8023 2.8023
—0.0767 —0.0059 —0.0059 —0.0059 —0.0059
N, =|-2999% g8, =|-0.2307 8, =|-0.2307 g, =|-0.2307 8, =|-0.2307
—0.1259 —0.0096 —0.0096 —0.0096 —0.0096
1.4278 0.1098 0.1098 0.1098 0.1098
A=g= @ =T= @ =T= @=T= @ =T=
6.9295¢ — 4 2.5322¢ — 4 5.5212¢ — 4 2.5418¢ — 4 5.0195¢ — 4
—0.7435 ] 0.1312 ] 0.0733 ] 0.1146 ] 0.0618 ]
W, 0.9632 1.0642 1.2962 1.0667 1.2266

We can see from the estimated parameters in all models shown in Table-2 were achieved the
expected relations between the inputs and the output, the estimated parameters of model (11) are
shown in column M(1) where the fuzzification method was depending on membership function of the
QFN while the others columns M(2), M(3), M(4) and M(5) are representing the estimated parameters
of model (12) by the means of entropy function (3) and (4) with two different type of imprecision
(R=1,2) respectively. The estimated parameters of {4 and {1; give an interval of the estimated
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parameters without fuzzification that interval represented by core but the estimated parameters of &;
represented the estimated parameters of data without fuzzification and &z represented the length of
uncertainty for each estimated parameter in & . Notice the estimated parameters in 4 (z) gave unusual
relation between C; and the spread ¥ because it seem little bit odd to have a negative relation between
core and spread this was not an issue by the model we proposed, in particular in ¢ (z), last but not
least we can conclude that the weights were affecting the spreads and entropy only which is logically
correct.

Moreover, as it turns out from the results reported in Table-2 we observe M.4(#) is strongly
influenced by the access to improved water sources and the total fertility rate followed by the gross
domestic product and least influenced by food production index.

Table 3- Evaluation Measures for Models (11) and (12)

Comparison Methods Weights
W, W, W,

R’ 0.9843 0.9843 0.9843

<) (Ridpustea) (0.9788) (0.9788) (0.9788)
= AS 0.9563 0.9890 0.9874
ALSD 1.0850 0.2035 0.2793

R? 0.9843 0.9843 0.9843

< (R djustea) (0.9788) (0.9788) (0.9788)
S AS 0.9776 0.9919 0.9888
ALSD 0.6372 0.1880 0.2732

R’ 0.9843 0.9843 0.9843

D (R2dpustea) (0.9788) (0.9788) (0.9788)
= AS 0.9773 0.9918 0.9887
ALSD 0.6041 0.1847 0.2696

R? 0.9843 0.9843 0.9843

S (R dsusted) (0.9788) (0.9788) (0.9788)
2 AS 0.9779 0.9920 0.9888
ALSD 0.6234 0.1866 0.2717

R’ 0.9843 0.9843 0.9843

%) (R2djusted) (0.9788) (0.9788) (0.9788)
= AS 0.9776 0.9919 0.9888
ALSD 0.5897 0.1833 0.2681

From Tabel 3- above we can see the using of the position and entropy of QFN did not change the
statistical fit of models R%(R2 jusesa) at all, also the two different entropy function (3) and (4) almost
gave an identical results in each type of imprecision (i.e. when R=1 or 2) but were superior the using
of membership in model (11) as obvious from A& and ALSD measures.

In order to visualize how well each estimated sub-models in models (11) and (14) fits the fuzzy
observations we use Taylor diagram as showing in Figure-3 below the proposed model (14) was
performs better by each sub-models except the position model and the €3 model were have almost the

same results (albeit it was slightly different).
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Figure 3- Taylor diagrams for sub-models in (11) represented by a;,b; and ¢, (€4, €; and ) and sub-
models in (12) represented by a,b, and ¢, (£, - and &), red triangular represented the observation
while the blue circle represented the estimated observation from the sub-models.

For completeness, we augment the estimation procedure by finding the estimated parameters of the

implicit entropy model of the sub-models in (17), by applying the NNLS algorithm we obtained the
following results as shown in Table-4 below:
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Table 4- Estimated parameters of the implicit entropy model in (17).

M(2) M(3) M(4) M(5)
6.7978 D.0624 6.2825 5.0260
0 0 0 0
Be=Bz=| 0 Be=Pzr=| 0 Br=PBr=| 0 Be=Pzr=| 0
0 0 0 0
0.9030 0.7389 0.8346 0.6677

Notice that in general the estimated intercept parameter shows a high degree of fuzziness
(uncertainty) and the estimated parameter relative to fertility shows a low degree of fuzziness
(uncertainty) whereas the estimated parameter relative to food production index, access to improved
water sources and gross domestic product are null (there is no imprecision), maybe this procedure does
not give a 100% certain estimates but exhibits the values of degree of fuzziness in model (12).
However, the entropy functions M(5) had the least degree of fuzziness in estimate the parameters of
entropy sub-model in model (17) comparing with the others.

5. Results Discussion

1. From Tables- 1, 2, 3 and Figure-3 we can conclude using the position with entropy function to
describe fuzzy numbers is an efficient way and the model (12) was fitted pretty well whether using
entropy (3) or (4) of QFN's and it superior the performance of model (11) with all sets of weights.
However, The sets of arbitrary weights had affected and improved the performance of the
estimation method especially the second one T?; which gave the highest 45 with smallest ALSD.

2. Although the application in this paper was limited to some selective inputs which affect both of
infant and their mothers, but one can draw to a close that to reduce infant mortality rate in Iraq we
need to control women's fertility and increase the FP1, WS, GDPgpp t0 each capita.
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