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Abstract

In this paper, we will study a concepts of sectional intuitionistic fuzzy continuous
and prove the schauder fixed point theorem in intuitionistic fuzzy metric space as a
generalization of fuzzy metric space and prove a nother version of schauder fixed
point theorem in intuitionistic fuzzy metric space as a generalization to the other
types of fixed point theorems in intuitionistic fuzzy metric space considered by other
researchers, as well as, to the usual intuitionistic fuzzy metric space.
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Introduction

The idea of fuzzy set was first offered in 1965 by Iranian Mathematician Prof. L. A. Zadeh
[1].Fuzzy set is characterized by membership function which assigns each object to a grade of
membership between zero and one. Following the concept of fuzzy set Kramosil and Michalek [2]
introduced the concept of fuzzy metric space. Many authors extend their views. Grorge and
Veermanyam [3]. Modified the notion of fuzzy metric spaces with the help of continuous t-norms
Grabiec [4].

Atanassove[5] introduced and studied the concept of intuitionistic fuzzy sets as a generalization of
fuzzy sets. In 2004, park [6] defined the notion of intuitionistic fuzzy metric space with the help of
continuous t-norm and continuous t-conorms. Recently, in 2006, Alaca et al. [7] defined the notion of
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intuitionistic fuzzy metric space by making use of Intuitionistic fuzzy sets, with the help of continuous
t-norm and continuous t-conorms as a generalization of fuzzy metric space due to Kramosil and
Michalek [8].In 2006, Turkoglu [9] et al. proved Jungck's common fixed point theorem in the setting
of intuitionistic fuzzy metric spaces for commuting mappings [10]. For more details on intuitionistic
fuzzy metric space, one can refer to the papers [11-13].

In this paper, we introduce the a definition of sectional intuitionistic fuzzy continuous and prove
schauder fixed point theorems in Intuitionistic fuzzy metric space as a generalization of fuzzy metric
space and prove another version of schauder fixed point theorem in intuitionistic fuzzy metric space.
Preliminaries

Some basic concepts of fuzzy metric spaces and intuitionistic fuzzy metric spaces are given in this
section.

Definition (2.1), [14]:

A binary operation *: [0, 1]x [0, 1] — [0, 1] is a continuous t-norm if * satisfies the following

conditions:

1)* is commutative and associative.

2)* is continuous.

3) a* 1=afor all a€ [0, 1]

4)a*b< c*d whenevera <cand b< dforalla,b,c,d€e [0,1]
Definition (2.2), [15]:

Let X be a nonempty set. A generalized metric (or D-metric) on X is a function D: X*X*X—R™,

that satisfies the following conditions for each x, y, z, a €X:

1) D(x,y,z)>0.

2) D(x, Y, z) = 0 if and only if x=y=z.

3) D(x, Y, z) = D (p{x, Y, z}), where p is the permutation function.
4) D(x,y,z)<D(x,y,a) D (a, z, ).

The pair (X, D) is called the generalized metric or D-metric space.
Definition (2.3), [16]:

A 3 —tuple (X, Mg, *) is said to be M-fuzzy metric space if X is an arbitrary set, * is a continuous
T-norm and M is a fuzzy subset of X* X*(0,00), satisfying the following conditions for all x, y, z€ X
andt,s>0:

1) My(x, y, t) > 0.

2) My(x, y, t) =1 if and only if x =y.

3) Md(x! Y, t) = Md(yr X, t)

4) My(X, Y, t) *Mqy(y, z, ) <My(X, z, t +5).
5) My(x, v, *): (0, ) — [0, 1] is continuous.
Definition (2.4), [15]

A 4 —tuple (X,Mp, *) is called M — fuzzy metric space if X is an arbitrary (nonempty) set, * is M —
continuous T-norm and M is a fuzzy subset of X* X* X* (0,00), satisfying the following conditions for
eachx,y,z,a€ Xandt, s> 0:

DM, (X, y,2,1)>0.

2) Mp(x,y,z,t)=1ifandonly ifx =y =2z.

3) Mp(X,Y, z,t) = Mp (p{X, Y, z},t),where p is a permutation function of x, y and z.
HMp (X, Y, a, )* Mp(a, z,z,8) < Mp (X, Y, Z, 1+3).

5)Mp (x,y, z,*): (0, 0) — [0, 1] is a continuous.

Example (2.1), [17]:

Let X=R and let:

Mpy (X, y,2,t)=
Where:
D(X,y,2)=max{|x—y| |y - Z| |Z — xl}VX,y,ZE X
Then(X,Mp, *) is M — fuzzy metric space.
Definition (2.5), [14]:

A binary operation¢: [0, 1] x [0, 1] — [0, 1] is a continuous t- conorm if ¢ satisfies the following
conditions:

1) ¢ is commutative and associative.

t

t+D(x,y,z) ' t>0
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2) ¢is continuous.

3)ad0=aforallae [0,1]

4)adb<c Odwhenevera<cand b <d foralla,b,c,d €[0,1].
Lemma (2.1), [6]:

If * is a continuous t-norm and continuous t-conorm, then:

1) Forevery a, be [0, 1], ifa>b, there are ¢, d € [0, 1] such thata* ¢ = banda = bdd.
2) Ifa € [0, 1], there are b, c € [0, 1] such that b*b>aanda>c ¢ c.
Definition (2.6), [7]:

A 5 —tuple (X, M, N, *,0 ) is said to be an intuitionistic fuzzy metric space (i. f. m. s) if X is an
arbitrary set, * is a continuous t-norm, ¢ is a continuous t- conorm and M, N are fuzzy sets on sz[O,
o) satisfying the conditions:

M (X, y,t) + N(x,y,t) <1forallx,ye Xandt>0.

M(x,y, 0)=0forall X,y € X.

My, t)=1forall x,y € Xandt>0ifandonlyifx=y;

M (x,y, t) = M(y, x, t) forall x, y € X andt >0,

M(X, y, t)* M(y, z, 8) <M(x, z, t +s) forall x, y, z € X and s, t >0;
M(x,y, .): [0, ) — [0, 1] is left continuous, for all x,y € X.
lim,_ M(x,y,t) =1 Forall x,y € Xand t>0.
N(x,y,.)=1forall x,y € X.

N(x,y,t)=0forall x,y e Xandt>0ifand only ifx = y.

10 N(X, Y, t) = N(y, x, t) forall x,y € X and t > 0.

11. N(x, ¥, t) O N(y, z, 8) > N(x, z, t + s) for all X, y, z € X and s, t>0.
12. N(x, Y, .) :[0, ©) — [0, 1] is right continuous for all x,y € X forall X,y € X
13. lim;Le N(x,y,t) =0

An alternative definition of convergent and Cauchy sequence in intuitionistic fuzzy metric space is
given next.
Remark (2.1), [18]:

In intuitionistic fuzzy metric space (X, M, N, *, 0), M(x, y,*) is non-decreasing and N(x, y, Q) is
non-increasing for all x, y, € X.

Definition (2.7), [7]:

Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space .then

A sequence { X} in x is said to be Cauchy sequence if ,for all t > 0 and p >0.
(1) limy 0 M(Xp4p, X, £) = 01imy00 M (Xp4p, ) =1 and

A sequence X,in X is said to be convergent to a point x € X if, for all t > 0,
(2) lim,e M(x,, ,x,t) = 0.1lim,_,, M(x,, X, t) and

CoNoO~wWNE

Definition (2.8), [19]:

A quasi- metric on a set X is a function d: X> —»R" Satisfying the following conditions for every
X, Y, ze€ X.
1) d(x,x)=0
(2) d(x,y)=d(y,x)
() d(x,2) <d(x,y) +d(y, 2)
Proposition (2.1), [20]:

Let (X, M, N, *, 0) be the intuitionistic fuzzy metric space, for any re [0, 1], we define d,: X*— R"
as follows:
di(%, y) = Inf{t> 0 | M(X, y, £) ST, NG Yo £) STt (1)
(1) (X, di:re (0, 1] is a generating space of a quasi- metric family.
(2) The topology Tyon (X, d; :r € (0, 1]) coincides with the (M, N)- Topology on (X, M, N, *,0)
(i.e, diis a compatible symmetric for T o, ny).
Example (2.2):

Let (X, d) be a metric space. Define t-norm a * b = min {a, b} and t-co-norm a 0b = max {a, b} and
for all a, be Xand t > 0. Let us define M (x, y, t) =t/ (t + d(x, y)) and N (x, y, t) = d (x, y)/ (t +d(x, y)).
Then (X, M, N, *, 0) is an intuitionistic fuzzy metric space.
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Schauder Fixed Point Theorem

We give a definition for an intuitionistic schauder fixed point theorem in intuitionistic fuzzy metric
(X, M, N,*, 0).the notion of intuitionistic fuzzy metric spaces was introduced and studied by park.
saadati and park, further developed the theory of intuitionistic fuzzy topology(both in metric and
normed)spaces. We introduce an intuitionistic fuzzy contraction mapping and prove a fixed point
theorem in intuitionistic fuzzy metric space. For the basic notions and concepts, we refer to [6], [21],
[22], [23], [24].

Definition (3.1), [25]

Let (X, A) be an intuitionistic fuzzy metric space, is said to be a bounded set in (X, A) if for any r
€(0, 1) there exist t > 0 such that N (X, y, t) <rand M(x, y, t) > 1-r forall x,y € X.

Definition (3.2), [26]

Let (X, A) be an (I.LF.M.S) and B < X is said to be a closed set in (X, A) if for each re (0, 1) if and
only if for any sequence {X,} in B convergesto x € X i.e., lim,, o, M(x,,x,t) > 1—1r and
lim, o N(x,,x,t) <rforallt>0 = x €B
Definition (3.3), [25]

Let (X, A) be an intuitionistic fuzzy metric space is said to be compact if every sequence in X
contains a convergent subsequence.

In what follows A = (X, N, My,*, 0) and B = (Y, N,, M,,%,0) will denote two intuitionistic
fuzzy metric spaces, where X and Y are metric spaces.
Definition (3.4):

Let A and B be two intuitionistic fuzzy metric space. A mapping T: A — B is said to be sectional
intuitionistic fuzzy continuous at X, = (Xo1, Xo2, ..., Xon) € X", if 3 1 € (0, 1) such that for each €> 0,
there exist §>0 such that, Ny (X, Xo,8 ) <r and M (X, Xo,6 ) > 1-r then N, (T(X ), T(Xg),€) <r and
Ma(T(X), T(Xo),€ ) > 1-r for every X = (X1, X2,...,X5)€ X".

Example:
Let(X, d(X, Xo)) is a metric space. Define
5

N1 (X, Xo, 8) ={ 8+d(x.xo) , When 6>0, 6€ R. X, Xg€X
0 ,whenéd <0.

d(x,xq)
Mi(X, X, 6) ={ S+d(x,x9) ,when 6>0, §€ R. X, X,€X
1 ,whené <0.

€

N, (T(X), T(Xo), €) ={ e+ d(T(x).T(x0)) |, when €>0, €€ R. X, XoEX
0 ,when €<0.

a(T (x),T(xo))
M, (T(X), T(Xo), €) :{ e+ d(T(x).T(x0)) , when €>0, e€E R. X, Xo€X
0 ,when €<0.

Then A={X, Ni(X, Xo, 8), M1(X, Xo, 8)I X,X0€ X } and B={X, Na(X, X, €), Ma(X, Xo, €) | X,Xo€ X}is
sectional intuitionistic fuzzy continuous.
Remark (3.1):

If (X, M) is a fuzzy metric space and K c X, then k is closed in (X, d, (x, y)) and k"ckV r € (0,
1), where k™ denotes the closure of K in (X, d.(X, y)).

Theorem (3.1)

Let K be a non- empty convex, intuitionistic fuzzy compact subset of an intuitionistic fuzzy metric
space satisfying (proposition (2.1)) and T: K—K be sectional intuitionistic fuzzy continuous. Then T
has a fixed point.

Proof

Since satisfies (proposition (2.1)) then (X, d.(X, ¥)) is a metric space. As K is an intuitionistic fuzzy

compact subset of X, K is a compact subset of (X, di(X, y)) by definition of (3.3) for each re (0, 1).
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Where d,(x, y) denotes the r-metric space of X. First suppose that X is intuitionistic fuzzy bounded

then for each re (0, 1) t > 0 such that
NE,y,t)<rand M(X, ¥, t) > 1-r forall X, Yy € Xooooioiiiiiii e, 2

Now from the definition of bounded we have
[di(x, Y)]=inf {t>0: N(x,y,t) <rand M (X, y, t) > 1-r} re (0, 1)....... by (1)
From (2) we have di(x, y) <t for all x, y € X = X is bounded with respect to d.(X, y)
Conversely, suppose that X is bounded with respect to d,(x, y),0<r<1,
Then for each re (0, 1) there exist t such that
di(x,y) <tforall x,y €Xthatis, d;(x,y)<t<t+l forall x,y € X.
N(x,y, t+1) <r
M(x,y, t+1)>1-rforall x,y € X= Xis | .f. b.
Second there exist subsequence {x,, } and x in B (both depending on ro) such that lim,,_,, d; (x, , X)
= 0. Then for a given €> 0, there exist a positive integer N (€) such that
dyy (Xn,, X)<€= N (xy,, %, €)<ry foralln=N (€)
limy, 00 N(xp,, %, €)<ro forallt>0,

Since € is arbitrary and by condition (1) of definition (2.6) it follows that lim,, M(xnk,x ,€)>1
—ro=>XEB
=B is closed with respect to d,, (xp,, X) since 0 <ro <1 is arbitrary, it follows that B is closed with
respect to d(x,,, X), 0 <r <1

Converse follows by condition (1), (6) and (12) of definition (2.6 ) for a given €> 0 with ry- €> 0
and for at>0 3 a positive integer K(g, t) such that N(x,,,,x,t) <r1o- € and M (xy,, x,t) = 1-rp + €V
k>K(e t) =d,,__ (xnk, x) <t, Vk=K(€, 1) =limy_, dy,__ (%n,,x) =0
=B is compact with respect to dro_e(xnk,x) for since ry € (0, 1) and > 0 are arbitrary it follows that
B is compact with respect to d,(x, y) for each r € (0, 1).

A gain since T: K—K is sectional intuitionistic fuzzy continuous 3 rp € (0, 1) such that T: K—K is
continuous with respect to (X, dy, (x,y)) it follows A = (x, Ny, My, *, 0) and B = (y, N, My, %, §)
Will denote two intuitionistic fuzzy metric spaces, where x and y are metric spaces.
If and only if T: (X, di(x, y))—(y, di(X, y)?)is continuous for some r € (0, 1).
First suppose that T: A—B is sectional intuitionistic fuzzy continuous. Thus V ye X", 3 r, € (0, 1)
such that for each €>0, 36> 0, N; (X, ¥, § ) <r1o and My (X, y, &) > 1-ro = Ny (T(X), T(y), €) <roand
M2 (T(X), T(y), E) > 1-rov x e X",
Choose npsuch that §,= 8 — 1> 0, let
[d(x, y)]},< 6-10=0; then
[d(x, Y)]7,< 6Mo= 6
Ni(X, y,0 ) <rpand My (X, y,6 ) > 1-ro
N2 (T(X), T(y), €) <rpand M, (T(X), T(y), € )> 1-rg
[d(T (), T(y))]3, <€

Thus T is continuous with respect to [d(x, y)]}0 and [d(x, y)]%O Next let T be continuous with
respect to [d(x, y)]7, and [d(x,¥)]Z thus vV y € X"and €> 0 36> 0 such that

[dCx, )1, < 8=[d(TC, T(N)]; <5
Let N1(X, y,5 ) <1y and Ml(X, y,6 )2 1-rg
Then [d(x, y)]7,< &

Hence it follows that K is a non-empty convex and compact subset of the metric space (X, d,, (X,
y)) and T: k —K is a continuous mapping. So by Schauder fixed point theorem [27] (let A be a closed
convex subset of a banach space and a assume there exists a continuous map T sending A to a
countablycompact subset T(A) of A then T has fixed points) it follows that T has a fixed point.

We also give another version of schauder fixed point theorem in intuitionistic fuzzy metric space.
Theorem (3.2):

Let K be a non-empty, I-f- closed, convex subset of an intuitionistic fuzzy metric space satisfying
(proposition (2.1)) and let T: K—K be sectional intuitionistic fuzzy continuous with T(K) being
intuitionistic fuzzy compact. Then T has a fixed point in K.
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Proof: Since satisfies ((proposition (2.1)), then from theorem (3.1) that (X, d.(X, y)) is a metric space.
Again since K is i-f-closed, K is closed with respect to d,(x, y) for each re (0, 1). Now T: K- K'is
sectional intuitionistic fuzzy continuous.
Thus 3 1o (say) € (0, 1) such that T: K — K is continuous with respect to d,. (X, )).
Also since T(K) is intuitionistic fuzzy compact by theorem (3.1) T(K) is compact with respect to d(X,
y) foreachr € (0, 1).
In particular T(K) is compact an X,dy, (X, ¥))-
Also from Remark (3.2) T(K) is closed in (X, d(x, y),,) and T(k)"c
T(K) Where T(k)™ is the closure of T (K) in (X, d(x, y),). SOT (k)™ is compact in (X, d(x,¥)y,).
Thus K is a non-empty closed, convex subset of a fuzzy metric space (X,d(x,y),) and T: K - K is
continuous with T(k)™ compact.
Therefore by Schauder fixed point theorem [27] it follows that T has a fixed point.
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