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Abstract

In this paper ,we introduce hollow modules with respect to an arbitrary submodule
.Let M be a non-zero module and T be a submodule of M .We say that M isaT-
hollow module if every proper submodule K of M suchthatT € K isa T-small
submodule of M .We investigate the basic properties of a T-hollow module .
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1-Introduction

Throughout this paper , rings are associative with identity and modules are unital left R-modules.
Recall that a submodule N of an R-module M is small, denoted by N <«M ,if for any submodule X
of M, N+X =M implies that X = M .More detailes about small submodules can be found in [1-3].
The concept of small submodule has been generalized by some researchers , for this see [4,5]. In [6],
the authors introduced the concept of small submodule with respect to an arbitrary submodul .Recall
that a submodule N of M s called T-small in M , denoted by N <+ M , in case for any submodule X
<M, TEN+X implies that TEX .In this paper ,we develop the properties of T-maximal submodules
and introduce the concept of T-hollow module .Recall that a submodule K of M is called T-maximal
in M if (T+K) / K is simple R-module ,see[6].Recall that the intersection of all T-maximal submodule
in M is denoted by Rad+M ,see[6].

In section 2,we develop the properties of T- maximal submodule and the T-radical submodule of a
module M ,We show that if T is a finitely generated submodule of a module M and N be submodule
of M such that TEN ,then there is a T-maximal submodule of M containing N ,see Theorem 2.2.Also
we prove that Ra is not T-small submodule of a module M ,where ae M if and only if thereisaT-
maximal submodule N in M such that a¢ Nand T < Ra + N ,see Theorem 2.9.

In section 3, we study the class of T-hollow module .We prove that if N isa non-zero submodule
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of T-hollow module M such that TEN ,then N is T-hollow module ,see proposition 3.5.Also we prove
that if T is finitely generated submodule of T-hollow module M ,then T is cyclic ,see proposition 3.10.
We investigate the basic properties of T-hollow module .

Let Rbearingand M be a left R-module .If XSM ,then X <M, XM, X KM, X &1 M and
RadtM denote X is a submodule of M, X is a proper submodule of M, X is a small submodule of
M, X is a T-small submodule of M and the T-radical of M, respectively .
2-The T-Radical of a module

In this section ,we develop the basic properties of the T-maximal submodules and the T-Radical
of a module M .Following [6] ,let T, K be submodules of a module M .K is T-maximal submodule of
M if (T+K)/ K is simple .The intersection of all T-maximal submodules of M is denoted by Rad:M.
Proposition 2.1. Let M be a module and A, T be submodules of M suchthat AZ T . Then AisT-
maximal submodule of M if and only if A+T = A+ Rx ,forevery xe A+ Tand x¢& A.

Proof .—) Suppose that A is T-maximal submodule of M .Let Xxe A+T and x & A .Then A & A+ RX
C A+T .But A+T/Ais simple, then A+T = A+ Rx..

<) Suppose that A+T = A+ Rx ,for every xe A+T and x¢ A .To show that A+T / A'is simple .Let N
be submodule of A+T such that A & N .Then there is x€ N and x¢ A .Therefore A A+ RXS N S
A+T .Thus N=A+T.

Theorem 2.2. Let N and T be submodules of a module M such that T is finitely generated and
TEZN Then there is a T-maximal submodule of M containing N .

Proof. Let Nand T be a submodules of M such that T is finitely generated and T £ N .Consider the
set S={ K|K isasubmodule of M such that TEK and NESK }. Since TZN ,then Ne S .Thus S+#e.
Let {C,}qen be achainin S .To show that U,e,C, € S .Clearly U,eaC,, is submodule of M and N&
UqeaCq . To show that TZ U,exCq .Assume that T € UgeaC, .Let T = Rmy+Rmy+.. . 4Rm, € U enCy ,
my,M,,....m, € T .Hence there exists oy,0y,...,0, EA such that m; € C,;,my € Cyy,....mE C,, .Let
Coj = Max{Cu1Cas...,Con}.Thus TS C,; which is a contradiction . ThusU,exC,€S .By Zorn’s Lemma
S has maximal element , say H .

Claim that H is a T-maximal submodule of M .To show that .Since HES ,then TZH and hence
H+T /H#0 .Now let W < H+T such that H £ W < H+T .Then by maximality of H W & S and
hence T € W. So W =W + T and hence W = H + T .Thus H is a T-maximal submodue of M
containing N .

Proposition 2.3. Let T, K be submodules of a module M .If K is a T-maximal submodule of M,
then K is A-maximal submodule of M, for all submodule A of T such that AZK .

Proof . Let K be a T-maximal submodule of M and let A be a submodule of T such that AZK .Since
ACT ,then (K+A/K)S(K+T/K) .But K+T /K is simple .Therefore either K+ A /K =0 and hence
A < K which is a contradiction. or ( K+A / K) = ( K+T / K) .Since K is T-maximal ,then K+A / K is
simple .Thus K is A-maximal submodule of M.

Proposition 2.4. Let Aand B be submodules of a module M such that M = A+ B .Then A isaB-
maximal submodule of M if and only if A is a maximal submodule of M.

Proof . —) Let A be a B-maximal submodule of M .Then A+B/A is simple and hence M/A is simple.
Thus A is a maximal submodule of M.

<) Let A be maximal submodule of M, then( M/A) = ( A+B/A) is simple .Thus A is a B-maximal
submodule of M.

Proposition 2.5. Let A and B be submodules of a module M such that M = A@B and B is
simple .Then A is a B-maximal submodule of M .

Proof . Let M = A@B where B is simple .By the second isomorphism theorem ,(A+B /A)=( B /ANB)
=B .But B issimple ,therefore A+B /A is simple .Thus A is a B-maximal submodule of M .
Proposition 2.6. Let T, K be submodules of a module M .Then TNK is a T-maximal submodule of
M if and only if K is a T-maximal submodule of M.

Proof.—)Suppose that TNK is a T-maximal submodule of M .Then (T + (TNK))/(TNK ) = T/TNK is
simple .By the second isomorphism theorem ( T/TNK )=( T+K/K ) .Hence T+K/K is simple .Thus K
is a T-maximal submodule of M.

<) Suppose that K is T-maximal submodule of M.Then T+K/K is simple.By the second isomorphism
theorem ,(T+K / K) =(T / TNK) = ( TH(TNK) / TNK) .Hence T+(TNK) /( TNK) is simple .Thus
TNK is a T-maximal submodule of M .
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Proposition 2.7. Let T be a finitely generated submodule of a module M and a M .Then T € Ra if
and only if a belong to no T-maximal submodule of M.

Proof .—) Assume that there exists a T-maximal submodule K of M such that a € K. Then Ra €K
.But T € Ra ,therefore T € Ra € K .Thus T+K/K = 0 which is a contradiction .

<) Suppose that aeM and a belong to no T-maximal submodule of M .To show that TESRa .Assume
not .By Theorem 2.2, there exists a T-maximal submodule K of M such that RacK .Thus aeK which
is a contradiction .

Proposition 2.8. Let 0#T be a finitely generated ideal of a ring R and let a be an idempotent element
of R .Theneither a or 1-a belongto a T-maximal ideal of R.

Proof . Assume not .Then for all T-maximal ideal M of R ,a €M and 1-a €M .By proposition 2.7, T €
Raand T € R(1-a) .Hence T < Ra N R(1-a) .But a is an idempotent element ,therefore Ra N R(1-a)
=0. So T = 0 which is a contradiction .

Theorem 2.9. Let T be a finitely generated submodule of a module M and acM .Then Ra isnot T-
small submodule of M if and only if there is a T-maximal submodule N of M such that agN and
TcRa+N.

Proof.—) Suppose that Ra is not T-small submodule of M ,then there exists K <M such that TS Ra
+Kand TZK .Now Let F={N|N<M and T < Ra+N, TZN }.Clearly that Ke F and hence F#2.
Let {C.}.ca be achaininF .To show that U,eaC.€ F .Clearly U,exC,, is submodule of M and TS
Ra + UyenC, .To show that T £U,exC,, . Assume that T CU,exC,, . Since T is finitely generated ,then
T =Rmy+ Rmy+...+ Rm, , m;m,,....m,€ T and hence there exists oy,ay,...,a,EA such that m,€
Cor,M € Cp,....m € Cyp .Let Cyyj= max{Cus Co2 ,...,Con}.Thus T € C,; which is a contradiction .
By Zorn’s lemma F has a maximal element, say H .
Claim that H is a T-maximal submodule of M .Since HeF , then TZH and hence H+T/H # 0.Now,
let W<M suchthat H< W< H+T .Since T € Ra+ H € Ra+ W and H is the maximal element of
F ,then WgF and hence T € W implies WE H+T € W+T =W .So W=H+T .Thus H is a T-maximal
submodule of M .Since T€ Ra+ H and T¢H .,then Rat+ H#H and hence a¢ H .
<) Suppose that there exists a T-maximal submodule N of M with agN and TERa+ N .Since T+N/N
is simple ,then TEN .Thus Ra is not T-small submodule of M.

Before we give our next result ,we need the following theorem .

Theorem 2.10.[6] Let M be a right R-module and 0£T be a proper finitely generated submodule of
M .Then X eal = N ke K ,where A = {L <M | L&KM and L+K<T+K ,for all T-maximal submodule
Kof M }and B = {K < M| K is an T-maximal submodule of M }.

Theorem 2.11. Let T be a submodule of a module M .Then X eal. = 2 easl,where A={L<M | L«<tM
and L+K < T+K ,for all T-maximal submodule K of M} and A;={L <M |L«+M and either L € K
or L+K = T+K ,for all T-maximal submodule K of M} .

Proof. Let LEA .Then L&t M and L+K cT+K for all T-maximal submodule K of M .Then L+K/ K
cT+K/ K .Since K is a T-maximal submodule of M ,then T+K/ K is simple and hence either L+K/ K
= 0 implies that LEK or L+K/K = T+K/ K implies that L+K = T+K .Therefore LEA;.

Now , let LEA;.Then L« M .Let K be a T-maximal submodule of M .Then either LEK and hence
L+K =K € T+K or L+K = T+K .Therefore LEA .

Proposition 2.12. Let T be a finitely generated submodule of a module M and meM such that Rm
+KcT+K ,for all T-maximal submodule K of M .Then Rm «tM if and only if me Rad+M .
Proof.—) Suppose that Rm«+M and Rm+K < T+K for all K is a T-maximal submodule of M . By
Theorem 2.9.[6] , RmMSA and hence RmcRadM .

<) Let meRadtM .To show that Rm<«M .Assume that Rm is not T-small submodule of M . By
Theorem 2.9., then there exists a T-maximal submodule K of M with mé& K which is a contradiction
.Thus Rm is a T-small submodue of M.

Proposition 2.13. Let M be a module .Then RadtM «+M if and only if The sum of any family of
submodules of M {C, ; Where C,«tM and C,+K < T+K ,for all T-maximal submodule K of M }is
T-small in M .

Proof.—) Assume that Rad:M «tM .Let {C,}.ex be a family of T-small submodules of M with C,+
K < T+ K ,for all T-maximal submodule K of M .Since > ,eAC.E Rad:M and RadtM «tM ,then
ZQEACQ<<T M.
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<) Clear by Theorem 2.9.[6] .
3- The T-hollow module .

In this section , we develop the basic properties of the T-hollow module .
Definition 3.1.

Let M be a non-zero module and T be a submodule of M .We say that M is a T-hollow module if
every submodule K of M such that TZK isa T-small submodule of M.
Remarks 3.2. (a)

Let M be a non-zero module .Then M is M-hollow module if and only if M is hollow module
Proof. Clear .
It is known that Z as Z-module is not hollow module .Then Z is not Z-hollow module .
(b) A T-hollow module need not to be hollow module as the following example shows :
Consider the module Zg as Z-module .If T = {0,3},then one can easily show Zg is T-hollow module .
But Zs is not hollow module .
Proposition 3.3. Let M be a module with submodules K<T<L<M .If KKt M, thenK &7 L.
Proof. Suppose that K<+M .To show that K<t L .Let TEK+X for some X < L .Since K«tM, then
T < X.Thus K« L.
Proposition 3.4. Let M be a T-hollow module and let N be a non-zero submodule of M such that
TSN . Then N is a T-hollow module .
Proof.Let M be a T-hollow module .To show that N is T-hollow module ,let L be a proper Submodule
of N such that TZL .Since M be a T-hollow module ,then L« M .By proposition 3.4., then Lt N
Thus N is T-hollow module .
Proposition 3.5 Let M be a T-hollow module and let f:M — M be an epimorphism ,where M is
a non -zero module .Then M is f(T)-hollow module .
Proof . Suppose that M is a T-hollow module and let f:M — M" be an epimorphism .To show that M"
is f(T)-hollow .Let N M’ such that f(T)€ N".To show that N'<«<¢pM" .Let f(T)S N+ X ,for some
X <M. Then f (f(T)) < f *(N'+X) .Therefore T+ Ker f € f (N") + f *(X) .Thus TS f }(N") + f }(X)
.To show that TZf *(N").Assume T<f }(N°) .Then f(T)SN’ which is a contradiction .Thus TZf (N")
.Since M is T-hollow module then f *(N") <M and hence T < f *(X).Therefore f(T)SX .Thus M
is f(T)-hollow module .
Proposition 3.6. Let T and K be submodules of a module M such that K< T . If K is T-small
submodule of M and M/K is T/K-hollow module ,then M is T-hollow .
Proof . Assume that K <M and M/K is T/K-hollow module .We want to show that M is T-hollow.
Let N< M such that TEN and let T € N+X for some X <M .Then T/K € (N+X)/K and hence T/K €
(N+K)/K + ( X+K)/K .To show that T/K € N+K/K .Assume that T/K = N+K/K .Then T = N+K and
hence TEN+K .Since K«tM ,then TEN which is a contradiction .Thus T/K € N+K/ K .Since M/K is
a T/K-hollow module, then N+K/K<«<+xM/K .Therefore T/K € X+K/K .Thus T €X+K .Since KM
then T € X .Thus M is T-hollow module .
Before we give our next result ,we need the following proposition .
Proposition 3.7 [6]. Let M be an R-module with submodules N<K <M and T <K .If N& K,
then N «tM.
Proposition 3.8. Let L and T be asubmodules of a module M with TSL .If L is T-hollow module ,
then either L is a T-small submodule of M or whenever L/IK<x M /K, for some submodule K<L
with T#K ,then L=K .But not both .
Proof. Suppose that there exists KEL with T#K and L/K<KL1xM/K .To show that L«M .Let TSL+
X for some X < M .Since L is T-hollow and TZK ,then K« L .By proposition 3.8.[6] ,then K&t M
.By Theorem 2.16.[6] ,therefore L&KM .
Now, let L be a T-hollow module and satisfies the condition 1 and 2.Assume L#0.Since L«<tM ,then
L/0 <+ M/0 .By condition 2 ,L =0 which is a contradiction .
Proposition 3.9. Let T be a finitely generated submodule of a module M .If M is a T-hollow
module ,then T is cyclic.
Proof. Let T = Rx;+RX,+...+Rx, , for x; €M |V i=1,...,n .Then TERxXx;+Rx,+...+Rx, .If T # Rx,, then
TZRX, .Since M is a T-hollow module ,then Rx;<<tM and hence T S Rx,+Rxs+...+Rx, .Therefore T
= RXp+RXs+...+Rx, .S0,we delete the component one by one until we have T = Rx;, for some i .Thus
T iscyclic.
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Proposition 3.10. Let M be a module with unique T-maximal submodule H ,where T is a finitely
generated submodule of M .Then M is T-hollow .

Proof.Suppose that M has aunique T-maximal submodule H,where T is afinitely generated submodule
of M .Toshow that M is T-hollow module .Let L be a proper submodule of M suchthat T £ L .To
show that L«tM ,let TEL+K , for some K <M .If TZK ,then there is a T-maximal containing K .By
Theorem 2.2 .But H is the unique T-maximal in M , then KEH .Since T £ L ,then by the same way
LSH and hence L+KcH .Therefore TEL+K<H and hence T+H/H is simple .This is a contradiction
.So T€K and L«tM .Thus M is T-hollow module .

Proposition 3.11. Let T be a non-zero submodule of a module M .If M is T-hollow module .Then T
is indecomposable .

Proof. Suppose that there are proper submodules K and L of T such that T = K@L .Therefore TZK
.Since M is T-hollow module ,then K«t+M .But T € K@L ,therefore TSL and hence T =L .This is
a contradiction .Thus T is indecomposable .

Proposition 3.12. Let N and T be submodules of a module M such that N<T .If M is T-hollow
module andT/N is finitely generated ,then T is finitely generated .

Proof. Let T/N = R(X;+N)+R(Xo+N)+...+R(x,+N) x; €T ,Vi=l,...,n .Clearly Rx; € T ,Vi=l,...,n and
hence RX;+ RX,+...+ RX, €T .To show that T € RX;+RX,+...+ RX,.Let t €T .Since T/N is finitely
generated ,then t+ N =r; (Xg+N) + ry (Xo+N) +...+ 1y (XgtN ) = (X + X +...+ 1%, ) + N and hence
t=(rXg+ X +...+rX,) + n for some ne N .Therefore T = (Rx;+ Rxp+...+ RX,) + N .Since N T
then T € N .But M is T-hollow module ,so N <M .Therefore T € Rx;+ Rx,+...+ Rx,.Thus T =
Rx;+ RXo+...+ RX, .
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