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Abstract

The extrasolar planets in the vicinity of stars are expected to be bright enough
and are very difficult to be observed by direct detection. The problem is attributed to
the side loops of the star that created due to the telescope diffraction processing.
Several methods have been suggested in the literatures are being capable to detect
exoplanet at a separation angle of 4A/D and at a contrast ratio of 10™°. These
methods are more than one parameter function and imposing limitations on the inner
working distance. New simple method based on a circular aperture combined with a
third power Gaussian function is suggested. The parameters of this function are then
optimized based on obtaining a minimum inner working distance This method is
capable of detecting exoplanet with an angular separation of 4A/D and a contrast
ratio of 10™*° and it is much easier to be implemented practically.

Keywords: Mathematical modeling, optical imaging, Fourier optics, resolution,
exoplanets detection.
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1-Introduction

Extrasolar planets could be detected by two ways. The first is indirect detection which include
astrometery, radial velocity and microlensing. A large number of extrasolar planets have been
discovered in the last fifteen years through indirect methods. Since the first planet around a sun-like
star was discovered in 1995 [1], more than 1800 exoplanets in orbit around just over 1100 stars have
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been confirmed (for more details, see [2]). In this case, the planets are well separated from their parent
stars, for example, the Fomalhaut is located just inside a large dust ring that surrounds the central star
and is separated by 12.7 arcsecond [3].

The second is called direct imaging which involve observing the brightness distributions of an
extrasolar planet that is located very close to its parent star. Many high contrast imaging techniques
have been introduced during the last two decades. Apodized square aperture was suggested to detect a
planet with angular separation of 4A/D and at a contrast ratio ,C, of 10™° [4]. It has been shown that an
achromatic apodized pupil is suitable for imaging extrasolar planets could be obtained by reflection of
an unapodized flat wavefront on two mirrors [5]. Spiderweb masks have been used to produce point
spread function having annular dark zones [6]. Several different apodization approaches have been
examined to achieve high contrast imaging based on the characterization of the pupil transmission
function rather than masking the star in the image plane [7]. One-sided phase apodization technique
was introduced to achieve high contrast imaging [8, 9]. Two-dimensional pupil apodization using
arbitrary apertures to achieve high contrast detection was suggested by [10]. This optimized approach
produces a 2-D shaped pupil with no simplifying geometric assumptions. Super Gaussian apodization
functions in the telescope pupil plane or in the coronagraph Lyot plane has been introduced to improve
the imaging contrast [11]. IDL package code for adaptive optics simulations is used to prepare a series
of input point spread functions to achieve high contrast [12]. An apodized pupil lyot coronagraph in
the context of exoplanet imaging with ground based optical telescopes has been examined. This
combines an apodization in the pupil plane with a small lyot mask in the focal plane of the instrument
[13]. A hybrid coronagraph configuration that uses a shaped pupil as the apodizing mask in a Lyot-
style architecture is described [14]. This design is managed to surpasses 10 contrast starting from an
angular separation of 20/D. A new solution for a podized pupil lyot coronagraph with segmented
aperture telescopes to remove broadband diffraction light from a star with a contrast level 10"°[15]. It
is also important to see the review of small angle coronagraphs techniques by [16]. Despite the
discoveries of some objects with planetary mass in the past few years [17-20], and the existence of
many high contrast imaging techniques during the last two decade, observing exoplanet is still very
challenging task because of the planet-star luminosity contrast ratio (10 for young giant planets and
down to 10 to 10™ for old giant and rocky planets). In addition, the angular separation between a
planet and its parent star is quite small. Generally one needs a technique that is effective enough to
capture the weak light photons of a very faint planet and simple to be practically implemented. The
search for Earth-like planet requires a contrast level of ~ 10™° and a separation of a few A/D from the
center of star. Imaging with optical telescope is not offering such observations. This is due to the fact
that the aperture of the telescope creates a side loops attenuation pattern called Airy disc in which the
brightness distributions of the planets are totally attenuated. The methods that described in the
literatures that stated before are based on shaped pupil coronagraphs and apodization. They are more
that one input parameter requirement techniques and they need to be optimized based on the location
of the planet. The new simple technique offering circular aperture modified by third power Gaussian
function and the standard deviation of this function is optimized and it is not depending on the location
of the planet.
2-Mathematical Models:

The general complex pupil function of an optical telescope is given by [21]:

P(£.7) = A, 7)e"” (1)
where A(S, ), (&, y) are the amplitude and the phase aberration of an optical system and (&, %)
are coordinates in the pupil function.
The function i¢(<, 7) can be expanded using a Taylor series [22]:
e =14ig—¢*[2+...... )
If there is no atmospheric turbulence and the telescope is free from any aberration then equation (1)

becomes P(<,7) = A<, y) [23].
The pupil function of an optical telescope is a circular function of constant values, i.e.
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AC.7) = lif r<R 3
7771 0 otherwise
where R is the radius of the optical telescope and r is given by:
/2
r=l¢-c)2+-r0] )

(&, 7.) is the coordinates of the central point of an array. The design of the pupil function is a vital
element for direct imaging of extrasolar planets because it controls the amount of suppressing the
wings of the point spread function (psf) owing to reveal the planet that buried under the diffraction
rings of the star. We are looking for the requirements of an optical telescope that is being able to
cancel starlight up to a 10" factor and provide a good high angular resolution of the psf [24]. The
apodization techniques have been suggested in order to overcome this kind of problem that faced us in
direct imaging of extrasolar planets.

The new suggested approach is considering the pupil transmission function is obeying a Gaussian like
shape function as given by:

2\
G(.7) = [e"p('ﬁﬂ TrER ©)

0 elsewhere

where o is the standard deviation and p <=1. If p=1, then the function becomes a typical Gaussian
function.

To find the optical transfer function of an optical telescope, T (u,Vv), we must consider the

imaging of a point source (i.e. Dirac delta function point source). In this case, T (u,Vv) becomes the
autocorrelation of the pupil function,

o0 00

TV = [ [AC A ¢ -y -7)dddy (6)

—00—00

The psf of any optical imaging system is the image of a point source. The electric field, E(x, ¥), in the
image plane is the Fourier transform of the pupil function [25].

2 2
psf (x, y) =|E(x, y)|” =|FT (A, )| (7)
where FT denotes Fourier transform operator.
The optical transfer function of the extended object, T (u,V) is written as,

00 o

T.uV) = [ [AC A -y =PI (& -Sy—7)dddy )

where U (<, y) is a complex wavefron of an object.
The image of a point source through a telescope-atmosphere system becomes:

psf (x, y) =[IFT (T (u, ) (9)

3 - Numerical Simulations

Computer simulations are carried out to demonstrate the efficiency of this new technique. First of all,
let us start with a very simple example to identify the problem very clearly. A({, 7) is taken to be a 2-
D circular function of radius R, and of unity magnitude inside R and zero outside in an array of size N
by N pixels according to eq.(3). The psf is then computed via egs.(6 & 7) for different telescope
diameters as shown in Figure-1.
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Figure 1- Surface plots of psf at different telescope diameters. a-D=50 pixels, b-2D, c- ¢=3D,

d-5D.
These psfs are normalized to one at their maximum values, log10 (psf) are then computed and the
central regions of the corresponding surface plots are shown in Figure-2. The 1-D central plots (the
plot that started from the center of an array to its border) are also plotted and demonstrated in Figure-3

Figure 2- Surface plots of log10(psf) at different telescope diameters. a-D, b-2D, c- 3D,
d-5D.
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Figure 3- 1-D central plots through log10 (psf) for different aperture diameters.

The color labels on the x-axis indicating the values of angular distance in terms of A/D relative to
telescope diameter as shown in the legend box inside the figure.
The results indicate that as the radius of the telescope increases, the ripples beyond the central spike
becomes sharper and the inner working distance, IWD (the distance from the central spike to the point
at 1A/D) becomes smaller. It should be pointed out here that the x-axis of the plot of Figure-3
illustrate four text labels according to the corresponding color plots. The green circle is a planet that
located at 4)\/D (relative to scale D=50) for a black plot and 8A/D (relative to D=100) for red plot and
so on for the others. The green circle and blue square are at C=10" and 10™ respectively

It is now necessary to quantify the quality of these telescopes on observing a binary system with
relative magnitude. The binary system (star and planet) are generated as,
Binary(x, y) = psfn(x, y) + C* psfn(x —d, y —d) (10)

where psfn(x,y) is an image of a Dirac delta function observed by optical telescope and d is the
shifted distance in terms of A/D . psfn(x,y) and psfn(x-d,y-d) are normalized to one at their maximum
values. The results of implementing eq.10 using different aperture diameters with d=4\/D (relative to
D=50) are shown in Figs.4 &5. The planet is hardly seen with D=50 and as D increases, the planet
becomes clearly visible and wider and the star becomes sharper.
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Figure 4 - Central images of star and planet at 4./ D (scale D) and C=10" viewed through aperture
diameters a-D, b-2D, c-3D, d-5D.

Figure 5 - Surface plots of Fig.(4) respectively.

The star is now taken to be much wider than a Dirac delta function and it is assumed to be a
Gaussian function as given by:
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2 2

star(x,y) = oxp(- X)) (1)

o

o is set to 3 pixels which is reasonably wide compared with the planet that is taken as before as a
Dirac delta function. This binary system is then convolved with the images of the Dirac delta function
that observed by optical telescope of different diameters. The results are shown in Figures- 6 and 7.

a b
c d

Figure 6 - Central images of star and planet at 4 1 /D (scale D) and C=10* viewed through
a-D, b- 2D, c- 3D, d- 5D.
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Figure 7- Surface plot of Figure- 6 respectively.
The new approach is implemented by generating a 2-D Gaussian shape function as stated in eq.(5).
o of this function is taken relative the telescope radius. For example, we vary ¢ from 10 pixels to 20
pixels with step size of 0.1 and p from 0 to one with step size of 0.1. The optimization criterion is
based on obtaining a minimum IWD. The optimum values of ¢ and p are found to be 16.5 pixels and
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0.3 respectively. Then we use the measure o/D to be the controlling parameter for telescope diameter
(i.e 6/D=0.132).

The 1-D central plots through the aperture magnitudes at different value of p for ¢ /D=0.132 are
shown in Figure-8. For p=0, the aperture is a typical circular aperture with constant values as shown in
black. As p increases, the aperture becomes sharper and at p=1, the function becomes a typical
Gaussian function.
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Figure 8 - Horizontal plots through the aperture magnitude for different values of p.

The logl0(psfs) at a fixed 6/R=0.132 are then computed for different values of p and the

corresponding 1-D central plots are shown in Figure-9. log10(psf) for the typical circular aperture are
shown in black. The yellow circle is the location of the planet at 4A/D and C=10"".
The results indicate that the IWD is just drops below 4\/D at C=10"° for p=0.3. As p increases, the
IWD becomes wider and at p=1, the IWD approaches 200/D. The outer working distance (the distance
that started after IWD) dropping rapidly as p increases and reaches C=10 for p=1 but on the
expenses of IWD.
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Figure 9 - log10 (psfs) as a function of distance in A/D (relative to scale 5D) for different
values of p.
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The star and the planet are then generated via eq.(10). It should be pointed here that the

psfn(x,y) is taken to be an image of a Dirac delta function observed by an optical telescope using the
new aperture technique. The result using the optimized values of 6/R=0.132 and p=0.3 is shown in
Figure-10.

4 -

Figure 10 - Direct detection of a planet at d=4A/D ( scale 5D) and C=10"".

The new method is capable of detecting the planet as indicated in the arrow.
Conclusions:
The central plots of the log10(psfs) indicate that using aperture diameters of D and 5D (i.e., five

times bigger), there are no much declination in the side loops that created in the image of star
especially within the IWD (i.e., less than 4 A/D relative to the scale D). This demonstrates that using
a very large ground-based optical telescope is not a step forwards to achieve high contrast imaging.

The optimized values of o/D and p for the new approach that based on a minimum IWD criterion

make the approach to be independent and not need any parameter to be adjusted and it is easy to be
practically manufactured. For a planet that is located outside 4A/D, and even at C <10 it is
recommended to use higher p.
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