Kadem Iragi Journal of Science, 2017, Vol. 58, No0.2B, pp: 917-919
DOI:10.24996.ijs.2017.58.2B.15

e

A‘.'nh‘l"
fournal of

Ncwence

S ———
ISSN: 0067-2904

Centralizers on Prime and Semiprime I'-rings

Sameer Kadem
Department of Computer Techniques Engineering , Dijlah University College, Baghdad , Irag.

Abstract

In this paper, we will generalized some results related to centralizer concept on
prime and semiprime I'-rings of characteristic different from 2 .These results
relating to some results concerning left centralizer on I'-rings.
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1. Introduction

Nobusawa in [1] presented the idea of a I'-ring , the concept of T'-ring is more general of the Ring
Barnes in [2] the definition of the I'-ring with less conditions . On the basis of these two definitions
many researchers in pure mathematics have made working on I'-ring sense Barnes and Nobusawa see
[3-6] , which parallel results in the Ring theory, Barnes in [2] defined it as following : suppose N and
I' be an additive abelaine groups , if there exists a map from NXI'xN to N, for all a, b, ¢ €N and v, §
€l satisfying the following conditions :

1. aypbeN.
2. (atb)yc=ayctbyc , a(y+d)b=ayb+adb and ay(b+c)=ayb+ayc
3. (ayb)oc=ay(bdc) .

Then N is called I'-ring.

Some preliminaries of I'-rings was given by S.Kyuno [7] as following : "Let | be a non-zero subset
of a T'-ring N, then | is called a left (right) ideal , if | be an additive subgroup of N and NT'TCI
(ICNCI), if I be a left and right ideal then I is called an ideal of N . N is called 2-torsion free if 2a=0
obtain a=0 , a€N . A I'-ring N is said to be prime if al NI'b=(0) with a,b €N , obtain a=0 or b=0 and it
simeprime if al'NI'a=(0) with a€EN, obtain a=0 . A I'-ring N is called commutative if ayb=bya, for all
a,b €I’ and yeT" . The subset Z(N)={aeN| ayb=bya, for-
all aeN and yeI' } of a T'-ring N is called center of N ". An additive mapping T:N—N is called left
(right) centralizer if T(ayb)=T(a)yb (T(ayb)=ayT(b)) for all a,b €N and y€eI’, and T is called Jordan
left (right) centralizer if T(aya)=T(a)ya (T(aya)=ayT(a)) for all a €N and y€I'. If T are both left and
right centralizer then T is called centralizer . Also the element (ayb-bya) € N is called the commutater

Email: sameer.kadem@duc.edu.iq
917



Kadem Iragi Journal of Science, 2017, Vol. 58, No.2B, pp: 917-919

of aand b with respect to y which is denoted by [a,b], . In [8] S. Chakraboty and A.C. Paul show that
if N is a I'-ring for all a ,b, c EN and v,8€T", then
i' [a+b1C]Y=[aic]‘/+[b1C]Y

ii.  [ab+c],=[a,b],*[ac],
iii.  [adb,c], =ad[b,c], +[a,c],d b+adcyb-aycsb

In this paper we assume that adcyb=aycdb which represent by (*) then from equation (iii) , we get
[adb,c], =ad[b,c], +[a,c],0 b .In [9] M.F. Hoque and A.C.Paul proved that if N be a semiprime I'-ring
of characteristic different from 2 with condition(x) then the Jordan left centralizer is left centralizer on
N and they proved if N be a semi-prime T-ring of characteristic different from 2 with condition(x)
then the Jordan centralizer is a centralizer on N In this paper we show that if N be a 2-torsion free
semi-prime I'-ring with condition (), | be an ideal of N and T:N—N be a Jordan left centralizer on I,
then N contains a central ideal ideal. and if is a prime I'-ring of characteristic different from 2 with the
same above hypotheses then N is commutative I'-ring.
2. The Results

To prove the main result , we begin with some lemmas:
Lemma 2.1. [9] Suppose N be a semi-prime T'-ring, if a,b, EN and v,6€l’, such that aycdb=0 for all
CEN , then ayb=bya=0.
Lemma 2.2. [9] Suppose N be a semi-prime I'-ring and F:NxN—N , bi-additive mapping. If
F(a,b)ycoF(a,b)=0 for all a,b,c EN and v,6€l" , then F(a,b)ycdF(u,v)=0, a,b,c,u,v EN.
Lemma 2.3.[9] Suppose N be a semi-prime I'-ring with condition (*) and x be a fixed element in N. If
x9[a,b],=0, for all 8, b €N and 3 , y €I, then N have central ideal I, such that x€IcN.
Theorem 2.4. Suppose N be a 2-torsion free semi-prime I'-ring with condition (*),l be an ideal of N
and T:N—N be a Jordan left centralizer on I, then N contains a central ideal.

Proof:

for all a€l and y€eT’, then T(aya)=T(a)ya (1)
ifwe replace a by (a+b) in (1), we get for

for all yeI" T(ayb+bya)=T(a)yb+T(b)ya (2)

in (2) replace b by ayb+bya and y by & , for all bel and 6€I" , we obtain
T(ad(ayb+bya)+(ayb+bya)da)

=T(a)dayb+T(a)dbya+T (a)dayb+T(b)yada= T(a)dayb+2T(a)dbya+ T(b)yada 3
Calculate (3) By deferent way then

T(ad(aybtbya)+(aybtbya)da) =T(adayb+byada)+2T(adbya) = T(a)dayb+ T(b)yada+2T(adbya) 4
By subtracting Eq.3 from Eq. 4 resulting in

T(adbya)=T(a)dbya 5)

In Eq. 5 replace a by a+c for all cel , we obtain

T((at+c)dby(a+c))=T((a+c))dby(at+c) =(T(a)+T(c)) Sby(atc)

=T(a) dby(at+c)+T(c)dby(a+c)= T(a) dbya+ T(a) dbyct T(c)dbya+ T(c)dbyc ()
And we can show that

T((atc)dby(atc))=T(adbyat+adbyc+cdbya+cdbyc)

T((atc)dby(a+c))=T(a)dbya+T(adbyc+cdbya)+T(c)dbyc (i)
From (i) and (ii) , we get
T(adbyc+cdbya)= T(a)dbya+ T(c)dbya (6)

Suppose that J=T(aybdcabBat+byadcoafb) , for all a,b,c€l and v,5,0,p€ ' , and calculate J by two
deferent way as follows:
By using Eg. 5 resulting in

J=T(a)ybdcabpa+T(b)yadcaafb @)

And by Eqg. 6 resulting in

J=T(ayb)dcabpa+T(bya)dcaafb (8)

By subtracting Eq.8 from Eq. 7 resulting in

0=(T(ayb)— T(a)yb)dcabPa + (T(bya)— T(b)ya)dcaapb 9)

Suppose the following bi-additive map F(a,b)= T(ayb)— T(a)yb, and we can show that
F(a,b)= —F(b,a). So Eq. 9 become 0= F(a,b) dcabfa+ F(b,a) dcaapb and
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F(a,b) dcafa,b]s=0, using Lemma 2.2. we have F(a,b) éca[u,v]z=0 in this equation fix some a,b €l
and let F= F(a,b) , then Fdca[u,v]s=0 , for all u,v €l that mean by lemma 2.1.F5 [u,v]z=0 and by
lemma 2.3. we get N have central ideal.

From Theorem 2.4. and using some lemmas in I'-rings corresponding to lemmas in the Rings
Theory we can prove some results.
Lemma 2.5. Suppose N be a semi-prime T'-ring with condition () and I be a left ideal of N then

Z(N<Z(N) .

Proof : if a€ Z(I) , since | is left ideal then xya€l , for all XN and y€I also 0=[a,xya], , that lead to
0=[a,x],ya (1)

By Eqg. 1 for all yeN , then

0=[a,x],yady , for all 6€I 2
In Eq. 1 replace x by x3y we obtain

0=[a,x],dyya (3)

From Eg. 2 and Eqg. 3 we obtain

0=[a.x],3[a.yl, (@)

In Eq.4 replace y by yox , for all a€l", we get

0=[a,x],dya[a,x], . By the sime-primeness of N , [a,x],=0 .

Lemma 2.6. Suppose N be a semi-prime I'-ring with condition (*) and let | be a non-zero left ideal of
N . if I be a commutative as a I'-ring, then 1ISZ(N), if in addition N is a prime T"-ring, then N must be
commutative.

Proof:

By Lemma 2.5. , we get our first desired.

IcZ(1)SZ(N) (1)
For all XxeN and a€l, then xI'aCl and by Eq. 1, xI'acZ(N) , also for all a€l’ and yEN

Then (0)=[y, xI'a ],=[y,X].['a , in general

[y X].I'1=(0) )
Since | is left idea and by Eq. 2, then [y,x],I'NI'I=(0), but N is prime I'-ring and | non-zero ideal that
means [y,x],=0, for all X,yeN and a€T.

Corollary 2.7. Suppose N be a prime T-ring of characteristic different from 2, with condition (x), | be
an ideal of N and T:N—N be a Jordan left centralizer on | , then N is commutative.

Proof: by Theorem 2.4. , then N contains a central ideal and by Lemma 2.6. then N is commutative I'-
ring.

Corollary 2.8. Suppose N be a prime I'-ring of characteristic different from 2, with condition (x), if
T:N—N be a left centralizer on N, then T is centralizer on N .

Proof: for all aeN and yerl', T(aya)=T(a)ya , by corollary 2.7. then N is commutative, for all a,pEN
and y€I' ,T(ayb)=T(bya)=T(b)ya=ayT(b) , that is T also right centralizer.
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