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Abstract

In this paper, we introduce the notion of Jordan generalizedl" —
(o,t) —Derivation on prime I' — near ring and then some related concepts are
discussed. We also verify that every Jordan generalized I' — (o, 7) —Derivation is
generalizedl’ — (o,7) —Derivation when N is a 2-torsionfree prime I —
near ring.

Keywords:  T-near- ring , generalized I —Derivation, (o, 7) — Derivationonl” —
ring, Jordan derivation on prime I’ — near ring.
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1. Introduction

A I —ring was initially known in 1964 by Nobusawa [1] to achieve a part of
generalizations on the theory of rings. In 1966, a weak version of I' — ringwas completed by
Barnes [2] to add some new generalizations. Thereafter, a number of algebraists[ 3,4] have
studied the structure of I' — rings and obtained various generalizations that are analogous to
corresponding parts in ring theory. A I' — near ring is a generalization of I' — ring. This
concept was studied by[5, 6, 7, 8].A I' — near ringN is said to be prime if alNI'b = {0}
implies that a = 0 or b = 0 and semiprime if al’'NI'a = {0} implies that a = 0. For any
a,b € N, we have [a,b]la = aab - baa. A I' —prime near ringN is said to be2-torsion
free if 2a = Othen a = 0. Hvala [9] first introduced the generalized Derivations in rings
and obtained some remarkable results in classic rings .Dey, Paul and Rakhimov[10] proved D

*Email: alikkadhim@uomustansiriyah.edu.ig

4937


mailto:alikkadhim@uomustansiriyah.edu.iq

Kadhim Iragi Journal of Science, 2022, Vol. 63, No. 11, pp: 4937-4943

is a generalized Derivation in semiprimel” — ring. Dey and Paul [11 Jstudied some properties
that related to generalizedDerivation in prime I' —ring. Mamouni and Tamekkante[12]
investigate identities with two generalized Derivations in prime rings. Ceven and Ozturk[13]
calculated the Jordan generalized” — Derivations in I' — rings and they proved that every

Jordan generalized Derivation on some I' -rings are a generalized Derivation. Wang [14],
Bell [15], Majeed and Adhab[16] introduced the Derivation in prime near ring.
(a, B)reverse derivations is defined by Alhaidary and Majeed [ 17] and studied some results
that related to it in prime ring. Ashraf and Shakir [18] studied a new concept (o,7) —
Derivation on prime near ring.Sogutcu and Golbasi[19] introduced the comparison between
Jordan (o,7) — Derivation and Jordan Triple (o,7) — Derivations in semiprime rings. The

concept of I - Derivation in I’ — near ring was introduced by [20]. The main purpose of this
paper is to define generalizedI" — (o, t) — Derivation and Jordan generalizedl" — (o, 7) —
Derivationon I' — near ring and study the interrelatedness between them.

2.Jordan generalizedI" — (o, 1) —Derivation.
Definition2.1.[8]

Suppose Nbe an additive group ( not necessary Abelian) whose elements take the symbol
a,b,c...and I' an additive group whose elements take the symbole, 8, y, ... .Suppose that aab
is defined to be an element of N for every a,b,c € Nand «a € I'. If the product satisfies the
following conditions.

1- (a+bB)ac = aac + bac,a(a + B)b = aab + affb,aa(b + ¢) = aab + aac
2- (aab)Bc = aa (bBc),
thenNis saidto b al' — near ring.

Definition 2.2.[21]
SupposeNis a I' — near ring and §is an additive mapping on ,gand t are endomorphism
on N, then é is called I' — (o, ) —Derivation if
6(aab) =6(a) aa(®d) +t(a)a 5(b)foreacha,b € N and a € T.

Definition 2.3

SupposeNis al' —near ringand f:N — Nisan additive mapping on N, gandt are
endomorphism on N, then f is called ageneralizedl” — (o, t) —Derivation associated with
I' — (o,7) —Derivation on N if f(aab) = f(a) ao(b) + t(a) a §(b)for eacha,b € N
anda € TI.
The following is an example of the generalizedl" — (o, ) —derivation.

Example 2.4
. . _ a b
LetRbe aring. Define N = N2x2(R) = {[0 o|ian € R}
_ ([0 D47, - _ ;
and T = { 0 O],b1 EZ}. Then NisaTl — near ring.

_ o , . a bly_[0 b
Let :N — N be an additive mapping defined by 6([0 O]) =lo 0] and

f: N = Nbe an additive mapping defined by f([g g]) = [g 3 .
Leto,7: N = N be two endomorphisms which are defined as follows:

@5 b =[o Gy ob =[5 ol then
FXay) = 00 ao(Y) + () as(Y).
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Definition 2.5.[21]

Suppose Nis a I'—nearringand &is an additive mapping on N, gand rare
endomorphisms on N, then & is called a Jordan I' — (g,7) — Derivation if§(aaa) =
6(a)ao(a) + t(a)ad(a) foreacha € Nanda € T.

Definition 2.6

SupposeN is al' — near ringand f:N — N is an additive mapping on N,cand T are
endomorphisms on N, then f is called a Jordan generalized" — (o,7) —Derivation
associated with JordanI” — (o,t) —Derivation on N if f(aaa) = f(a)ao(a) +
T(a) ad(a) foralla e Nanda € T.

Remark 2.7
Every generalizedl" — (o,7) —Derivation IS Jordan generalizedl" —
(o, ) —Derivation.But, the converse is not true in general.

Example 2.8
AssumeNis a commutative I' — near ringand supposea € N such that
ocx)Fal'c(x) =t(x)l'alt(x) =ocx)al't(x) = 0foreachx € N,but
o) larlt(x) # 0 for some x and y such that x + y.
Define a map f:N - Nbyf(x) = o(x)aa + aat(x) and §:N — Nas follows
6 (x) = o(x)aawhere og,7 are two endomorphism mappings, then f is a Jordan
generalizedI’ — (o, t) —Derivation, but it does not generalizedI" — (o, ) —Derivation.

Definition 2.9

SupposeNis a TI' —nearringand § be an additive mapping on N, candt are
endomorphismson N, then f is called a Jordan generalized triple
I' — (0,7) — Derivation if §(aabfc) = 6(a)ao(®)f alc)+ 1(a)ad(®d)B a(c) +
t(a)a 7(b)B 6(c),for eacha,b,c € Nand o, 8 € T.
To investigate the main theorem, The following Lemmas are needed.

Lemma 2.10
Letf be a Jordan generalized I' — (o, t) —Derivationon I' — near ring N, then for each
o, beENanda €.
1-flaab + baa )= f(a)ac(®)+ t(a)ad(®) + f(b)ac(a) + t(b)ad(a).
2- f(aabBc)= f(a)ao(®)Ba(c) + t(a)ad(®d) L o(c)+ t(a)at(d)B 6(c).

Proof
1-f((a +B)a(a +b)) = f(a +b)aoc(a +b) + 7(a +b)ad(a +Db)
= (fla)+ f(b)ao(a) + a(®)) + (r(a + 7(b) aé(a) + (b))
=f(a)ao(a) + fla)aa®) + f(B)aa(a) + f(b)a a(b)
+ (@) ad(a) + t(a) a6(b) + t(b) a b(a)
+ t(®)ad®d) .1
on the other hand
f((a+b)a(a+b)) = f (aaa + aab + baa + bab)
= f(aaa) + f (bab) + f (aab + baa)
= f(a)ao(a) + t(a)ad(a) + f(b)ao(b)
+ T(b)ad(d) + f (aab
+ baa) ...(2).
From eq. (1)and eq. ( 2), we get
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f(aab + baa) = f(a)ac(d) + t(a)ad(d) + f(D)ao(a) + t(b)ad(a)
2- Replace a for g in Definition (2.9), and we get the required result.

Remark 2.11
Supposef be a Jordan generalized" — (o, 7) —Derivation onl' — near ring N, then we
define Y{a, b)aas follows
Y(a,b)a = f(aab) — f (a)ac(b) — t(a)ad(b)foreach a,b € Nanda € I.
Now, we present the properties of Y (a,b)a

Lemma 2.12
Letf be a Jordan generalizedI" — (o, 7) —Derivation onl' — near ring N, then
1-7Y(a,ba = —-Y(aa.

2—Y(@+bc)a = Y(agc)a + r,ca.
3— Y(a,b+ c)a = Y(a,b)a + Y (a,0)c.
4— Y(a,b)a +p = Y(ab)a + Y(a,b)S.

Proof
1- From Lemma 2.10,
f(aab + baa) = f(a)ac(b) + t(a)ad(d) + f(b)ac(a) + t(b)ad(a)
f(aab) + f (baa) = f(a)ac(b) + t(a)ad(b) + f(b)ao(a) + t(b)ad(a)
f(aab) — f(a)ac(d) — t(a)ad(d) = — f (baa) + f(b)ao(a) + t(b)ad(a)
f(aab) = f(a)ao(b) — t())ad(d) = — (f (baa) — f(b)ao(a) — v(b)ad(a))
Y(a,b)a = —Y(b,a)x.
2-Y(a+b,c)a = f((a+ b)ac) — f(a+Db)ac(c) — t(a+Db)ad(c)
= f(aac + bac) - (f(a) + f(B))ac(c) — (7(a) — 7 (b)) ad(c)
= f(aac) + f(bac) - f())ao(c) — f(b)ao(c) — (t(a) ad(c) — 7 (b) ad(c)
= flaac) - f()ao(c) — (7(a) ad(c) + f(bac) - f(b)ao(c) — 7 (b) ad(c)
= Y(a,c)a + Y(b, o).
3- Y(a,b+ c)a = f(aa(b+c)) — f(a)ac(b+c¢c) — t(a)ad(b+c)
= f(aab+aac)) — f(a) a(c(®) +o(c) — t(a)a(6(b) + 6(c)
= f(aab + aac) - f(a)ac(d) — f(a)ac(c) —t(a) ad(b) — T (a) ad(c)
= f(aab) + f(aac) - f(a)ao(b) — f(a)ac(c) — 7(a) ad(b) — 7 (a) ad(c)
= f(aab) - f(a)ac(b) — t(a) ad(b) + f(aac)- f(a)ac(c) — 7 (a) ad(c)
= Y(a,b)a + Y(a,c)a.
4- Y(a,b)a +p = f(a(a+ B)b) — f(a)(a+B)a(d) — (a)(a + B)5(b)
= f(aab+apb) - (f(Wao(d) + f(0) fa(b)) - (t(a)as(d) + (a)B 5(b))
= f(aab) + f(apb) - (f(a)aa(b) + f(a) B a(b))-(r(a)ad(d)+ 7(a)B (b))
= f(aab)- f(D)a o(d) — 1(a)a §(b) + f(apb) — f(a) B o(b) -7(a)B 6(b)
= Y(a,b)a + Y(a,b)f.
Remark 2.13
IfN is a I' — near ring, then f is a generalized I' — (o, t) —Derivation on N if and only
if Y(a,b)a =0

Lemma 2.14

Supposefbe a JordangeneralizedI" — (o,7) — Derivationof a 2-torsion free prime I' —
near ring Nand suppose that a,b € Nand o, € T.
Then Y(a,b)a g m B[a,bla + [a,b]la B m B Y(a,b)a = 0.
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Proof
Initially, we compute the value of f(aa(bfmpb)aa) + ba(afmfa)ab)

Applying Lemma3.3 (iii)[22], then we get f((aab)pmpB(baa) +
(baa)pmp (aab)).Now, by applying Lemma 3.3 (iv) [22] and Lemma 3.8(i) [22] with
some simple calculations, we get the proof.

Lemma 2.15.[22]
LetNbe a 2-torsion free semiprimel’ — near ring and suppose thata,b € N. If al'mI'd +
bI'mla = 0 for eache€ N, then aI'mI'db = bI'mla = 0.

Lemma 2.16
If N is a 2-torsion free semiprimel’ — near ring, then for each a,b € N and a,f € T,
Y(a,b)a f m Bla,b]la = [a,bla f m B Y(a,b)a = 0.

Proof
By Lemma (2.14), Y(a,b)a f m f[a,bla + [a,b]la B m B Y(a,b)a = 0.
By Lemma(2.15), we get Y(a,b)a f m Bla,bla = [a,bla f m B Y(a,b)a = 0.

Lemma 2.17
Supposefis a Jordan generalized” — (o,7) — Derivation of a 2-torsionfree prime
I' — near ringNand suppose that a,b € Nand a, 8 € I". Then Y(a,b)a 8 mf][c,d]a = 0.

Proof
By Lemma 2.16, Y(a,b)a f m B[a,bla = 0...(1)
Replace a + ¢ for ain (1), we get
Y(a+c¢,b)afmpBla+ ¢,bla = Y(a,b)a fmpPB[a,bla + Y(a,b)a f mpf]c,bla +
Y(c,b)a f m B[a,bla + Y(c,b)a fmBc,bla =
Y(a,b)a f mB[c,bla + Y(c,b)a B m f[a,bla = 0, which implies that
—Y(a,b)a f m B[c,bla = Y(c,b)a f m B[a,bla
Now, we have, Y(a,b)afm Blc,blay my Y(a,b)a f m S[c,bla = 0, so
— Y(a,b)a pmBlc,blaymy Y(¢,b)a f m fa,bla = 0
By primness, we get
Y(a,b)a f mB[c,bla = 0 ...(2)
Replace b + d for b in (1)
Y(a,b+ d)a fmpfBla,b+d]a
= Y(a,d)a B mBla,bla + Y(a,d)a f m B[a,d]a
+ Y(a,b)a f mpBa,bla + Y(a,b)a ff mp[ad]a
= Y(a,d)af mpla,bla + Y(a,b)afmpBla,d]la = 0
Y(a,d)a f mBla,bla = —Y(a,b)a B mpla,d]a
We have, Y(a,b)a f m B[a,d]a ymy Y(a,b)a f m fla,d]a = 0, S0
—Y(a,D)afmpBla,dlaymy Y(a,d)a f mB[a,bla = 0
By primness, we get
Y(a,D)a B mpBla,d]la = 0 ... (3).
Now, replace a + cfora and b + d for b in (1)
Y(a,D)afmpBla+c,b+ d]a
= Y(a,b)a B mB[a,bla+ Y(a,b)a f mB[c,bla + Y(a,b)a f mfB[a,d]a
+ Y(a,0)a B mB[c,d]a
From(1), (2) and(3), we get Y(a,b)a f m B[c,d]a = 0.
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Theorem 2.18

Suppose that N is a commutative2-torsionfree prime ' —near ring, then every
Jordangeneralizedl” — (o, t) — Derivation is a generalizedI" — (o, ) —Derivation.
Proof

SinceN is primel' — near ringand by Lemma 2.17, we get either Y(a,b)a =
Oor[c,d]a = 0. If Y(a,b)a # 0, then |[c,d]a = 0and N is commutative I" - near —
ring,
fQaab) = 2 (f(a)aa(d) + t(a)ad(b)), since N is 2 — torsion free,
then we obtain the required result.
f(aab) = f(a)ac(d) + t(a)ad(b),implies that f is a generalizedl" — (o,7) —
Derivation.
If Y(a,b)a = 0, then by Remark 2.13, we get f is generalizedl" — (o, t) —Derivation.

Conclusion

In this paper, the notion of Jordan generalized I' — (o, 7) —Derivation on prime I' —
near ring is introduced. We also discuss some related concepts. Also, every Jordan
generalized I' — (o, t) —Derivation is generalized I — (o,t) —Derivation when N is a 2-
torsion free prime I' — near ring
is verified. Some of the important properties are also given.
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