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Abstract

The main purpose from this paper is to introduce a new kind of soft open sets in soft
topological spaces called soft omega open sets and we show that the collection of
every soft omega open sets in a soft topological space (X, T, E) forms a soft topology

T, on X which is soft finer than T . Moreover we use soft omega open sets to define

and study new classes of soft functions called weakly soft omega open functions and
weakly soft omega closed functions which are weaker than weakly soft open functions
and weakly soft closed functions respectively. We obtain their basic properties, their
characterizations, and their relationships with other kinds of soft functions between
soft topological spaces.
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Introduction

Molodtsov [1] introduced and studied the concept of soft set theorem to solve complicated
problems in the economics, environment and engineering. Shabir and Naz [2] introduced the concept
of soft topological spaces which are defined over a universe set with a fixed set of parameters. Akdag
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and Ozkan [3], Arockiarani and Arokia Lancy [4], Yuksel and et al. [5], and Georgiou and Megaritis
[6] defined and study soft a-open sets, soft pre-open sets, soft regular open sets, soft ©-interior points
and soft ©-cluster points in soft topological spaces respectively. Also, soft open functions and soft
closed functions were first introduced by Nazmul and Samanta [7]. In the present paper, we define and
study a new type of soft open sets in soft topological spaces called soft omega open sets and we prove

that the set of all soft omega open sets in a soft topological space (X, T, E) forms a soft topology T,

on X which is soft finer than T . Moreover we use soft omega open sets to define and study new
classes of soft functions called weakly soft omega open functions and weakly soft omega closed
functions as generalization of weakly soft open functions and weakly soft closed functions
respectively. We obtain their basic properties, their characterizations, and their relationships with other
types of soft functions between soft topological spaces.
1. Preliminaries

In this paper, X refers to an initial universe set, P(X)is the power set of X and E is the set of

parameters for X. Now, we recall the following definitions.
Definition (1.1) [1]: A soft set over X is an ordered pair (S,E), where S is a function given by

S:E — P(X)and E is the set of parameters for X.
Definition (1.2)[7]: If (S,E) is a soft set over X, then s =(e,{s}) is called a soft point of (S,E) if
ecE and seS(e), and is denoted by s € (S,E).

Definition (1.3) [2]: If T is a family of soft sets over X. Then 7 is called a soft topology over X if T
has the following properties:

()XE7 and 7.
(ii) If (S,,E),(S,,E) €7, then (S,,E)N(S,,E)E7.
(iii) If (S,,E)€T,VaeA,then [ J(S,,E)eT.

aeA

The triple (X, 7,E)is called a soft topological space over X. Any members of 7 is called a soft

open setin X The complement of a soft open set is called soft closed.

Definition (1.4)[8]: If (S,E) is a soft subset of a soft topological space (X,z,E). Then:

(i) The soft closure of (S, E) is the intersection of all soft closed sets in X which contains (S,E)and is
denoted by cl(S,E).

(it) The soft interior of (S, E) is the union of all soft open sets in X which are contained in (S,E)and is
denoted by int(S, E)

Definitions (1.5): A soft subset (S, E) of a soft topological space (X, 7, E)is called:

(i) Soft a-open [3] if (S,E) cint(cl(intS,E))).

(ii) Soft pre-open [4] if (S,E) cint(l(S,E)).

(iii) soft regular open [5] if (S,E)=int(CI(S,E)).

Definition (1.6)[6]: Let (S,E) be a soft subset of a soft topological space (X,7,E). A soft point
X € (S,E) is called a soft ©-interior point of (S,E), if there exists a soft open set (O, E) of X such
that cl(O,E) = (S,E) . The soft set of all soft ©-interior point of (S, E) is denoted by int, (S,E) .
Definition (1.7)[6]: Let (S,E) be a soft subset of a soft topological space (X,7,E). A soft point

X € Xis called a soft ©-cluster point of (S,E) if cl(O,E) N (S,E)= ¢ for every soft open set (O,E)
containing X . The soft set of all soft ©-cluster point of (S, E) is denoted by cl, (S, E).

2. Soft Omega Open Sets
In this section we introduce new type of soft open sets in soft topological spaces called soft
omega open sets, and we show that the collection of every soft omega open sets in (X, 7, E) forms

a soft topology 7, 0n X which is soft finer than T . Also, we study the basic properties of soft omega
open sets.
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Definition (2.1): A soft set (S, E) is called a countable soft set if the set S(e) is countable VecE.
Definition (2.2): A soft subset (W, E) of a soft topological space (X,7,E) is called soft omega open
(briefly soft w-open) if for each X € (W,E), there exists (O,E)et such that X< (O,E) and
(O,E) - (W, E) is a countable soft set. The complement of a soft w-open set is called soft omega
closed (briefly soft @-closed). The collection of every soft m-open sets in (X, 7, E) is denoted by 7, .

Clearly, every soft open set is soft omega open, but the converse is not true in general we can see in
the following example:

Example (2.3): Let X={a,b,c,d},E={e,,e,}, and %={>~(,$}be a soft topology over X. Then
(W,E) ={(e;, W(e,)),(e,, W(e,))}={(e,.{a,b,c}),(e,,{a,b,c})}is a soft m-open set in X , but is not

soft open.
Theorem (2.4): The collection of every soft omega open sets in (X, 7,E) forms a soft topology T,

over ;( o L

Proof: (i) Since ¢, XeT = ¢,XeT,.

(ii) Suppose that (W,,E),(W,,E) € 7,, . To show that (W,,E) N (W,,E)eT,.

Let i’é(Wl,E)ﬁ(Wz,E) = X e(W,,E) and X € (W,,E) . Since (W,,E) is soft m-open =

3 (0,,E) € T suchthat x € (O,,E) and (O,,E) — (W,,E) is countable. Since (W,,E) is soft m-open
= 3 (0,,E) € T such that X € (O,,E) and (O,,E) —(W,,E) is countable.

Since X € (O,,E) and X € (0,,E) = i'é(Ol,E)ﬁ(OZ,E) and (Ol,E)ﬁ(OZ,E) is soft open.

To show that ((O,,E) N (0,,E))-((W,,E) N (W,,E))is countable.

((01.E) N (0, E)) ~ (W, E) N (W, E)) =((Oy,E) N (0, E)) N (W, E) N (W, E))°

=((01.E) N (0, E) N ((W,, E)° U(W,,E)°)

=[((0;.E) N (0, ) N(W,, E)*1UL(0;. E) N (O, E)) N(W,, E)°)]

=[(©O,,E) h~(Oz,E))—(W1, E)JULO,,E) ﬁ(cisz))_(Wz-E))]

But ((O,,E)N(0,,E))-(W,,E) and ((O,,E)N(0,,E))—(W,,E) are countable soft sets, then so is
[(©1.E) N(0,.E)) — (W, E)]U[(O;,E) N (O, E)) - (W, E))]. Therefore

((0,,E) N (0,,E)) — ((W,,E) N (W,,E)) is a countable soft set. Thus (W,,E) (| (W,,E) <, .

(iii) Let (W,,E)€7,,VaeA. Toshowthat | J(W,,E)ET,.

aeA

Let X& | J(W,,E) = X&(W,,,E) for some a,, € A. Since (W, ,E)&T, = 3(O,E)ET such

acA

that X & (O, E) and (O,E) — (W, ,E) is countable. But (W, ,E) & J(W,.E) = (| JW,.E))° &

aeA aeA

(W,,.E)* = (0,B)N(JW,.E)° E(.E)NW,, .E)F = (0.B)-(JW, .E)E

aeA aeA

(0,E) - (W,,,E). But (O,E) - (W,, ,E) is acountable soft set, then so is (O, E) — (U(W(x ,E))

aeA

= U(WQ,E) et, = (X,1,,E) is asoft topological space.

aeA
Definition (2.5): If (X,%,E) is a soft topological space and (S, E) & X .Then:
(i) The soft omega closure (briefly soft w-closure) of (S, E) is the intersection of all soft o-closed sets
in X which contains (S,E) and is denoted by cl  (S,E).
(i) The soft omega interior (briefly soft w-interior) of (S, E) is the union of all soft ®-open sets

in X which are contained in (S,E) and is denoted by int_ (S, E).
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Theorem (2.6): Let (X, T, E) be a soft topological space and (S,E),(T,E) = X . Then:
(i) (SE)ccl, (S,E)=cl(S,E) and int@S,E)cint,, (S,E) = (S,E).
(it) If (S, ,E) is soft w-open set in X foreach o.e A, then U(Sa ,E) is also soft m-open set in X

aeA

(iii) If (S,,E) is soft w-closed set in X foreach a.e A, then ﬂ(Sa ,E) is also soft w-closed set in X.

(iv) cl (S E)is a soft ®-closed set in X and int,, (S, E) is a soft w-open set in X.

(V) (S,E)is soft w-closed iff cl (S,E)=(S,E) and (S, E) is soft w-open iff int (S,E)=(S,E).

(vi) cl(cl (S,E))=cl, (S E) and int_(int, (S E))=int, (S E).

(vii) X—cl_(G,E) =int, (X —(G,E)) and X —int,(G,E) =cl_(X—(G,E)).

(viii) If (S,E) = (T,E), then cl (S,E)ccl (T,E) and int_(S,E)cint (T,E).

(iX) cl_ (S, E)U(T,E)=cl,(S.E)Ucl,(T.E) and int,((S,E)N(T,E))=int, (S,E)Nint,(T,E).
(X) X €int, (S,E) iff there is a soft w-open set (O,E) in X st X E(0,E)E(S,E).

(xi) X ecl(S,E) iff for every soft ®-open set (O, E) containing X, (O,E) N (SE)=¢.

i) (Jel,(S,.B) Ecl, (| (S,.E)) and [ Jint,(S,.E)Eint, (| (S, .E)).

Proof:(ix) Since (S,E) & (S,E) U(T,E) and (T,E) & (S,E)U(T,E)

= ¢l (S,E)Ecl, (S E)U(T,E)) and cl (T,E)Ecl, (S E)U(T,E))

= cl (S,E)Ucl, (T,E)Scl, (S E)Ucl, (T,E)). To show that

cl, ((S,E)U(T,E))Ecl, (S E)Ucl, (T,E). Since (S,E)Ecl, (S,E) and (T,E)Ecl, (T,E)

= (S,E)U(T,E)&cl,(S,E)Ucl, (T,E). Since cl (S, E)and cl_(T,E) are soft -closed sets in X ,
then so is cl_(S,E)Ucl, (T,E). But cl ((S,E)U(T,E)) is the smalles soft m-closed set which
contains (S,E) U (T,E) ,therefore cl, (S E) U (T,E))ccl, (S E) U cl,(T,E) . Hence
cl, (S E) U (T,E))=cl,(S,E) U cl,(T,E). From theorem (2.4) and definition (2.5), it is easy to
prove other cases.
3. Weakly Soft Omega Open Functions

In this section we introduce and study new kinds of soft functions in soft topological spaces called
weakly soft omega open functions, soft omega open functions, almost soft omega open functions, and
weakly soft open functions which are weaker than soft open functions. Further, we study the
characteristics and basic properties of weakly soft omega open functions.
Definition (3.1): A soft function f : (X, t,E) —(Y,c,E') is called:
(i) Weakly soft omega open (briefly weakly soft w-open) if f((O, E)) cint_ (f(cl(O, E))) for every
soft open set (O,E) in X.
(i) Soft omega open (briefly soft w-open) if f((O,E)) is soft w-open set in Y for every soft open set
(O,E) inX.

(iii) Weakly soft open if f((O,E))Zint(f(cl(O,E))) for every soft open set (O,E) in X.

Clearly, every weakly soft open function as well as soft ®w-open function is weakly soft ®-open
function, but the converse is not generally true we can see in the following examples:.

Examples (3.2):(i): Let X=Y =N, E={¢e}, %':{N,&(Ol, E),(O,,E)}be a soft topology over X
and & ={N, ﬂ; (O,,E)}be a soft topology overY, where (O,,E)={(e,{})}and (O,,E)={(e,

N —{D)}. Let f: (X, 7, E) — (Y, 5,E) be a soft function defined by: f(X) =X,V X € X . Then f is

a weakly soft ®w-open function, but is not weakly soft open, since (O,,E) is a soft open set in X , but
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(0,,E) = f((0,,E)) Zint(f(cl(O,, E))) =int(©O;,E)) = ¢ .
(ii): Let X=Y =R,E={e}, 1 ={R, $,(0,,E),(O,, E)}be a soft topology over X and c ={Y, ¢,
(O,,E)}be a soft topology over Y, where (O,E)={(e,{})}and (O,,E)={(e,R—{2})}. Let
f:(X,T,E) > (Y, 5,E) be a soft function defined by: f(X) =X,VX & X. Then f is a weakly soft w-
open function, but is not soft w-open, since (O,,E) is a soft open set inX , but f((O,,E))=(0,,E)is
not soft w-open in Y.
Remarks (3.3): (i): Every soft open function is weakly soft open function and weakly soft m-open
function, but the converse is not true in general. In example (3.2), no. (ii), f is weakly soft open
function as well as weakly soft w-open function, but is not soft open function.
(if): Every soft open function is soft m-open function, but the converse is not true in general. In
example (3.2), no. (i), f is soft w-open function, but is not soft open function.
Theorem (3.4): For a soft function f: (X, T,E) — (Y, 5, E') the following statements are equivalent:
(i) fis weakly soft w-open. _
(ii) f(inty (A E)) cint, (f((A E))) for every soft subset (A,E) of X.
(iii) inty (F *((B,E")) & f *(int, (B,E")) for every soft subset (B,E") of Y.
(iv) f71(cl, (B,E") Scl, (f *((B,E"))) for every soft subset (B,E’) of Y.
(v) Foreach X € X and each soft open set (O,E)in X containing X , there exists a soft m-open set
(W, E’) inY containing f(X) such that (W,E’) & f(cl(O,E)).
(vi) f(int(F,E))cint, (f((F,E))) for every soft closed set (F,E) in X.
(vii) f(intcl(O,E)))cint,_ (f(cl(O, E))) for every soft open set (O, E) inX.
(viii) f((O,E)) cint, (f(cl(O,E))) for every soft pre-open set (O, E) inX.
(ix) f((O,E))cint, (f(cl(O,E))) for every soft a-open set (O,E) in X.
Proof: (i) = (ii). Let (A,E) be any soft subset of Xand X & inty(A,E) . Then, there exists a soft
open set (O, E)in X such that X & (O, E) Ecl(O,E) & (A, E) . Hence f(X) €f((O,E)) & f(cl(O, E))
c f((A,E)). Since f is weakly soft w-open, then f((O,E))Zint, (f(cl(O,E)))< int, (f((AE))). It
implies that f(X) €int_ (f((A,E))). This shows that X € *(int, (f((A, E)))). Therefore int, (A E) S
f 7 (int, (f((A,E)))), and so, f(int,(A,E))Zint (f((A, E))) for every soft subset (A,E) of X.
(ii) = (iii) . Let (B, E") be any soft subset of Y . Then by (ii), we get f(int, (f *((B,E"))))S
int, (F(F (B, E')))). Thus int, (f *((B, E))) = (int, (B, E’)) for every soft subset (B,E’) of Y .
(iii) = (iv) . Let (B,E") be any soft subset of Y. By (iii), we have >~<—cI9(f’l((B,E')))=
int, (X —f (B, E")) =int, (f (Y — (B,E"))) S f (int, (Y — (B,E")) =f (Y —cl_(B,E")) =
X —f7(cl, (B,E"). Therefore, we obtain f*(cl_ (B, E")Ecl, (f ((B,E’))) for every soft subset
(B,E") of Y.
(iv)= (i) . Let (O, E) be any soft open setin X and (B,E’)=Y —f(cl(O, E)). By (iv), we have
f(cl, (Y —f(cl(O,E)))) S cly(fF* (Y —f(cl(O, E)))). Thus we obtain f (Y — int, (f(cl(O, E))))
Scly (X —f1(f(cl(O,E)))) Ecly (X —cl(O,E)) =X —inty (cl(O,E)).  Therefore  (O,E) &
int, (cl(O,E)) < f *(int,, (f(cl(O, E)))), and hence f((O,E)) Zint, (f(cl(O,E))). Thus f is weakly
soft w-open function.
(i)=(v). Let x € X and (O, E)be a soft open set in X such that X € (O,E). Since f is weakly soft
o-open, then f(X) € f((O,E))cint, (f(cl(O,E)). Let (W,E")=int_(f(cl(O,E)). Hence (W,E’) is a
soft w-open set in Y containing f(X) such that (W,E") =f(cl(O,E)).
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(V)= (i) . Let (O, E) be any soft open set in X and let ¥ € f((O, E)). Then there is X € (O, E) such
that f(X) =Y. By (v), there exists a soft w-open set (W,E’) inY containing f(X) such that

(W,E)c f(cl(O,E)). Hence we have ye(W,E")cint, f(cl(O,E)). This shows that

f((O,E)) < int, (f(cl(O,E))), i.e., fis a weakly soft m-open function.

(i) = (vi). Let (F,E) be any soft closed set in X , then int(F, E) is a soft open set in X. By (i), we get

f(int(F E)) cint  (f(cl(int(F, E)))) cint, (f(cl(F,E))) =int_ (f((F, E))). Hence  f(int(F E))c

int, (f((F, E))) for every soft closed set (F,E) in X.

(vi) = (vii) . This is obvious.

(vii) = (viii) . Since (O, E)is a soft pre-open set in X , then (O,E) cint(cl(O,E)). Since int(cl(O,E))

is a soft open set inX , then by (vii), we get f(intCl(intCl(O, E)))))< int, (f(cl(intcl(O, E))))). But

intcl(O,E)) is a soft regular open set in X, then f(intcl(O, E))) = f(intcl(intcl(O, E)))))=

int, (f (cl(intcl(O, E))))) cint,, (f(cl(O,E))). Thus f((O,E))c f(intcl(O,E))) cint (f(cl(O,E))).
Therefore f((O,E))cint, (f(cl(O,E))) for every soft pre-open set (O, E) inX.

(viii) = (ix) = (i) . This is obvious.

Theorem (3.5): Let (X, T, E) be a soft regular space. Then for a soft function f : (X, t,E) - (Y,c,E’)

the following statements are equivalent:

(i) f is weakly soft m-open.

(i) f is soft w-open.

(iii) For any soft subset (B,E') of Y and any soft closed set (F,E) in X containing f*((B,E")), there
exists a soft w-closed set (W, E") inY containing (B, E’) such that f *((W,E"))Z (F,E).

Proof: (i) = (ii) . Let (O, E) be any non-null soft open set in X . Since (X, 7, E) is soft regular, then for
each X € (O,E), there exists a soft open set (O, E); in X such that X (O, E); < cl((O,E);) = (O,E).
Hence we obtain that (O, E) = J{(O,E); : X & (O,E)}=Ucl((0,E)y): X & (O,E)}, and f((O,E))=
D{f((O, E)z):X€(0,E)}c O{intm(f (cl((O,E)g))): X €(O,E)} c int_ (f (Dcl((o, E)z)): X €(O,E)}
=int, (f((O,E))). Thus fis soft w-open.

(i) = (iii). Let (B,E') be any soft subset of Y and (F,E) be any soft closed set inX such that
fHB,ENE(FE) = X—(FE)SX-F(BE)=F (Y- (BE)) = f(X-(FE)E

Y —(B,E") = (B,E")& Y —f(X - (F,E))=(W,E’). Hence (W,E’) is a soft o-closed set in Y
containing (B, E’) such that f *((W,E")Z (F,E).

(iii) = (i). Let (B,E’)be any soft set inY, and let (F,E) =cl(f ((B,E"))). Then (F,E)is a soft
closed set inX, and f((B,E")) S (F,E). By (iii) , there exists a soft o-closed set (W, E") inY
containing (B,E") such that f*((W,E"))Z (F,E). Since (W,E’) is a soft o-closed set in \? then
f*(cl, (B,E)) Sf*((W,E") S (F,E)=cl(f *((B,E"))Ccl,(f *((B,E))) for every soft subset
(B,E") of Y . Therefore by theorem (3.4), no. (iv), f is weakly soft m-open.

Theorem (3.6): Let f:(X,7,E)—(Y,c,E’)be a bijective soft function. Then the following

statements are equivalent:
(i) fis weakly soft w-open.

(ii) cl (f(int(F, E))) = f((F,E)) for every soft closed set (F,E) in X.
(iii) cl (f((O,E)))=f(cl(O,E)) for every soft open set (O, E) inX.
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Proof: (i) = (ii) . Let (F, E) be a soft closed set in X . Since fisa bijective soft function, then we have
Y —f((F,E)) =f(X - (F,E)) Zint, (f(cl(X — (F, E))) =int, (fF(X — int(F, E))) =int, (Y — f(intEF, E)))
=Y —cl, (f(intF, E))). Thus cl_(f(int(F E))) < f((F,E)) for every soft closed set (F,E)inX.

(if) = (iii). Let (O,E) be a soft open set in X . Since cl(O,E) is a soft closed set in X and (O,E)c
int(cl(O, E)), then by (ii) , we have, cl (f((O,E)))=cl,, (f(intcl(O,E))))< f(cl(O,E)).

(iii) = (i). Let (O,E) be a soft open set in X . Then by (iii), we have ?—intw(f(cl(o, E)))=

cl, (Y —f(cl(O, E)))= cl,, (f (X — cl(O, E))) & f(cl(X — cl(O, E))) =f (X — intCl(O, E))) <

f(>~<—(o, E))= \7—f((0, E)). Therefore, we have f((O,E))Zint, (f(cl(O,E))) for every soft open
set (O,E) in X . Thus f s weakly soft w-open.

Definition (3.7): A soft functionf:(X,7,E)—(Y,c,E")is called strongly soft continuous if
f(cI(S,E)) = f((S,E)) for every soft subset (S, E) of X.

Theorem (3.8): If f:(X,7,E) —(Y,c,E’)is weakly soft w-open and strongly soft continuous, then f
is soft m-open. _

Proof: Let (O,E) be a soft open set in X. Since f is weakly soft m-open, then f((O,E))c
int, (f(cl(O,E)). But f is strongly soft continuous, then f((O,E))Z int, (f((O,E))) and therefore
f((O,E))is soft w-open.

A soft m-open function need not be strongly soft continuous in general we can see in the following
example:

Example (3.9): Let X=%R,E={e},T={R, &;} be a soft topology over X . Then the identity soft
function of (X, t,E) onto (X, 7,E) is a soft ®-open function, but is not strongly soft continuous, since
if ¢ (S,E)S X, then f(cl(S,E))=F(X) =X ZF((S,E))=(S,E).

Definition (3.10): A soft function f: (X, t,E) — (Y, o, E’) is called relatively weakly soft open if
f((O,E)) is soft openin f(cl(O,E)) for every soft open set (O,E) in X.

Theorem (3.11): A soft function f:(X,t,E)— (Y,c,E')is soft w-open if, f is weakly soft w-open
and relatively weakly soft open.

Proof: Assume that f is weakly soft w-open and relatively weakly soft open. Let (O, E) be a soft open
setin X and let y € f((O,E)). Since f is relatively weakly soft open, there is a soft open set (V,E’) in
Y such that f((O,E))=f(cl(O,E)) N (V,E"). Because f is weakly soft m-open, it follows that
f((O,E)) cint,, (f(cl(O,E))). Then yeint_(f(cl(O,E))) N (V,E") cf(cl(O,E)) N (V,E"=f((O,E))
and therefore by theorem (2.6), no. (x), f((O, E)) is soft w-open.

Definition (3.12): A soft function f:(X,7,E) - (Y,c,E')is called:

(i) Contra soft closed if f((O,E)) is soft open in Y for every soft closed set (O, E) in X.

(ii) Contra soft omega closed (briefly contra soft w-closed) if f((O,E)) is soft m-open in Y for every

soft closed set (O,E) in X.

Remark (3.13): Every Contra soft closed function is contra soft w-closed function, but the converse is
not true in general. In examples (3.2), no. (i), f is contra soft m-closed function, but is not contra soft

closed function, since (O, E) = {(e,{1})} is a soft closed set in X , but f((0,,E))=(0,,E) s not soft
open in Y.

Theorem (3.14):

(i): If f:(X,7,E) > (Y,0,E’) is a contra soft w-closed function, then f is weakly soft w-open.

(ii): If f:(X,7,E) > (Y,c,E') is a contra soft closed function, then f is weakly soft open.
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Proof: (i): Let (O,E)be a  soft open set inX, then we have
f((O,E)) = f(cl(O,E))=int, (f(cl(O,E))).

(ii): It is obvious.

Remark (3.15): The converse of theorem (3.14) , no. (i), (ii) may not be true in general. In examples
(3.2), no. (ii), f is weakly soft m-open function (resp. weakly soft open function), but is not contra soft

w-closed function, since (F,E)={(e,{2})} is a soft closed set in X , but f((F,E)) = (F,E) is not soft -
openin .

Definition (3.16): A soft function f:(X,t,E)—(Y,s,E") is called complementary weakly soft
omega open (briefly complementary weakly soft w-open or c.w.s.w.0) if for each soft open set (O, E)
inX ,f(b(O,E)) is asoft o-closed set in Y , where b(O,E), denotes the boundary of (O,E).

Weakly soft m-open functions and complementary weakly soft m-open functions are independent
we can see in the following examples:
Examples (3.17):(i): In examples (3.2), no. (ii), f is a weakly soft w-open function, but is not c.w.s.®.0

, since (O,,E)={(e,{})} is a soft open set inXand b(O,,E) ={(e, R—{1})}, but f(b(O,,E))=
{(e, R —{I)}is not sot w-closed inR .

(ii): Let X=Y =R, E ={e}, 7 ={N, 5 (O,,E),(0,,E)}be a soft topology over X and ={v, $
(O,,E)}be a soft topology over Y, where (O,,E)={(e,{})} and (O,,E)={(e, R—{1})}. Let
f:(X,7,E) > (Y,c,E) be a soft function defined by: f(X)=X,V XEX.Then f isa cws.m0
function, but is not weakly soft m-open, since (O,, E) is soft open in X , but f((0,,E))=(0,,E)

z int (f(cl(O,,E)))=int,, (f((O,,E)))=int,(O,,E) = 5 :

Theorem (3.18): If f:(X,7,E)—(Y,o,E')is bijective weakly soft m-open and complementary
weakly soft w-open, then f is soft w-open.

Proof: Let (O,E) be a soft open set in X with X € (O,E). Since f is weakly soft w-open, then by
theorem (3.4 ), no. (v), there exists a soft m-open set (W, E’) containing f(X) =y such that (W,E’)
cf(cl(O,E)). Now, b(O,E)=cl(O,E)—(O,E) and hence X &b(O,E). Thus y &f(b(O,E)), and
therefore 'y € (W,E") —f(b(O,E)). Put (W,E"); =(W,E")—f(b(O,E)). Since f is complementary
weakly soft m-open, then (W,E’); is a soft o-open set. Since y € (W, E’);, then y e f(cl(O, E)). But
y ¢ f(b(O,E))= f(cl(O, E)) — f((O, E)) which implies that ¥ € f((O, E)). Therefore f((O,E)) =
O{(W, E; : (W,E); €7,, Y €f((O,E))}. Thus f is soft w-open.

Definition (3.19): A soft functionf : (X, t,E) —(Y,c,E’) is called almost soft omega open (briefly
almost soft m-open) if f((O, E))is soft w-open in Y for every soft regular open set (O,E) in X.
Theorem (3.20): If f:(X,T,E) —(Y,5,E") is an almost soft m-open function, then it is a weakly soft
w-open function.

Proof: Let (O, E)be a soft open set in X . Since f is an almost soft w-open function and int(l(O, E))is
soft regular open, then f(intCl(O, E))) is soft w-open inY , and hence f((O,E)) = f(intcl(O,E)))=
int_ (f(cl(O,E))). Thus f is weakly soft m-open.

The converse of theorem (3.20) may not be true in general we can see in the following example:
Example (3.21): Let X=Y=R,E={e},7 ={§%,$,(01, E),(O,,E),(O4,E)}be a soft topology over
X and 8:{93,&3,(%,E),(VZ,E),(V3,E)} be a soft topology over Y, where (O,,E)={(e,{1})},
(02, B)={(e.{3M}. (05, E) = {(e.{L3D}. (V1. BE) = {(e R —{1)}. (V,. E) = {(&. R — {3} } .and
(V5,E)={(e, R—{L3D}. Let f:(X,T,E)—>(Y,5,E) be a soft function defined by: f(X)=X,
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VXEX. Thenf isa weakly soft m-open function, but is not almost soft w-open, since (O,,E) isa

soft regular open set in X , but f((O,,E))=(0,, E) is not soft m-open in Y.
It is clear that every soft ®-open function is an almost soft w-open function, but the converse is not
true in general we can see in the following example:

Example (3.22): Let X=Y =R, E={¢}, 'f={9~%,$,(01,E),(02,E),(O3,E),(O4,E)} be a soft
topology over X and & ={*J~i, <|~> (0,,E),(0O,, E)}be a soft topology over Y, where (O,,E) = {(e,{1})},
(0,,E) ={(e, R —{1)}, (O3,E) = {(e,{2h}, and (O,,E)={(e,{L 21} . Let f: (X, 7,E) > (Y,5,E)
be a soft function defined by: f(X) =X , VX € X. Then fis an almost soft w-open function, but is not
soft m-open, since (O;, E) is a soft open set in X , but f((O3,E))= (03, E) is not soft m-open in Y.
Remark (3.23): Almost soft m-open function and contra soft w-closed function are independent we
can see in the following examples:

Examples (3.24):(i): In examples (3.21), f is a contra soft ®-closed function, but is not almost soft ®-
open.

(ii): Let X=Y=R,E={e},7 ={§{, $ (0,,E),(0,,E),(03,E),(O,, E)}be a soft topology over X and
Es:{iﬁ, &; (0,,E),(0,,E)} be a soft topology over Y, where (O, E)={(e,{q})} (0,,E)=
{(eR-{H}. (03, E)={(e.%-{2h}, and (O,.E)={(e, R-{L2}}. Let f:(X,7,E) >(Y,5,E)

be a soft function defined by: f(X) =X ,¥X & X. Then f is an almost soft w-open function, but is not
contra soft w-closed, since (F,E)={(e,{2})} is a soft closed set in X , but f((F,E)) = (F,E) is not soft

w-openinY .

Diagram (1) show the relation between weakly soft w-open functions and each of soft open
functions, soft m-open functions, almost soft w-open functions, weakly soft open functions, contra
soft m-closed functions, and contra soft closed functions

Soft open function ———*  Soft w-open fimction —"* Almost soft w-open fumction

|

Weakly soft open function 77 Weakly soft w-open fimction _|_..' Contra soft w-closed function

Contra soft closed fimction

Diagram (1)

4. \Weakly Soft Omega Closed Functions
In this section we introduce and study new kinds of soft functions in soft topological spaces called
weakly soft omega closed functions, soft omega closed functions, almost soft omega closed functions,
and weakly soft closed functions which are weaker than soft closed functions. Further, we study the
characteristics and basic properties of weakly soft omega closed functions.
Definition (4.1): A soft function f : (X, t,E) —(Y,c,E’) is called:
(i) Weakly soft omega closed (briefly weakly soft w-closed) if cl  (f(int(F, E)))) < f(F,E) for every
soft closed set (F,E) in X.

(i) Soft omega closed (briefly soft w-closed) if f((F, E))is soft m-closed set in Y for every soft closed
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set (F,E) inX.
(iii) Weakly soft closed if cl(f(int(F, E))) = f((F,E)) for every soft closed set (F,E) in X.
Clearly, every weakly soft closed function as well as soft ®-closed function is weakly soft m-closed

function, but the converse is not generally true we can see in the following examples:
Examples (4.2): (i): In examples (3.2), no. (i), f is a weakly soft w-closed function, but is not weakly

soft closed, since (F,E) ={(e, N—{1})}is a soft closed set in X , but cl(f(int(F, E))) = cl(f((F,E)))=
cl(F,E) =N Zf((F.E))=(F.E).

(i1): In examples (3.2), no. (ii), f is a weakly soft m-closed function, but is not soft m-closed, since
(F,E) ={(e, R —{1})}is a soft closed set in X , but f ((F, E)) = (F, E) is not soft o-closed in Y .

Remark (4.3): (i): Every soft closed function is weakly soft closed function and weakly soft w-closed
function, but the converse is not true in general. In example (3.2), no. (ii), f is weakly soft closed
function as well as weakly soft o-closed function, but is not soft closed function.

(ii): Every soft closed function is soft m-closed function, but the converse is not true in general. In
Example (3.2), no. (i), f is soft w-closed function, but is not soft closed function.

Theorem (4.4): For a soft function f: (X, 7,E) = (Y,c,E’) the following statements are equivalent:

(i) fis weakly soft ®-closed. _

(ii) cl_ (f((O,E)))=f(cl(O,E)) for every soft open set (O,E)inX.

(iii) cl (f(int(F, E))) = f((F,E)) for every soft closed set (F, E) inX.

(iv) cl  (f(intF E)))=f((F E)) for every soft pre-closed set (F,E) in X.

(v) cl (f(int(F E))) = f((F,E)) for every soft a-closed set (F,E) in X.

(vi) cl (f((O,E)))=f(cl(O,E)) for every soft regular open set (O, E) inX.

(vii) cl (f(intcl(O,E)))) = f(cl(O, E)) for every soft set (O, E) inX.

(viii) cl(f(intcl, (O, E))))=f(cl, (O, E)) for every soft set (O, E) inX.

(ix) cl  (f((O,E))) = f(cl(O,E)) for every soft pre-open set (O, E) in X.

Proof: (i) = (ii). Let (O,E) be any soft open set inX . Then cl(U,E) is soft closed in X . Hence by
(i), we get cl  (f((O,E)))=cl  (f(int©,E))) < cl  (f(intcl(O,E))))< f(cl(O,E)).

(ii) = (iii) . Let (F, E) be any soft closed set in X . Then int(F, E) is a soft open set in X . Therefore by
(ii), we have cl (f (int(F, E))) = f (cl(int(, E))) = f (cl(F,E)) =f ((F,E)).

(iii) = (iv) . Since (F,E) is a soft pre-closed set in X , then cl(int(, E)) = (F,E) . Since cl(int(F E))
is soft closed in X , then by (iii), we get, cl  (f(int( E))) < cl  (f(intCl(intF E)))))<= f (cl(intF, E)))
c f((F,E)). Therefore cl (f(int(F E))) < f((F,E)) for every soft pre-closed set (F,E) in X.

(iv)= (v)=(i). It is obvious.

()= (vii). Let (O,E) be any soft set in X . Then cl(O, E) is soft closed in X . Hence by (i), we get
cl, (f(intcl(O,E))))=f(cl(O,E)).

(vii) = (ix) . Let (O, E) be any soft pre-open set in X . Then (O,E) Cint(cl(O,E)) = cl(f((O,E)))
ccl, (f(intcl(O, E)))) = f(cl(O, E)) for every soft pre-open set (O, E) in X.

(ix) = (vi). It is obvious.

(vi)= (i). Let (F,E) be any soft closed set in X = cl(F,E) =(F,E) = int(cl(F,E)) =int(F,E) . Since
intCl(F,E)) is soft regular open in X , then by (vi), we have cl (f(intF E)))= cl  (f(intCI(F,E))))
c f(cl(intF E))) < f(cl(F,E)) =f((F,E)) for every soft closed set (F,E) in X . Thus fis weakly soft
-closed.

(viii) = (ii) . Let (O,E) be any soft open set in X . Then by (viii), we have cl  (f(intcl, (O,E))))=
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f(cl,(O,E)). Since (O,E) is a soft open set in X , then cl(O,E) =cl,(O,E) = intl(O,E))=

int(cl, (O,E)). Therefore cl  (f((O,E)))< cl, (f(intcl(O,E)))) =cl, (f(intcl, (O, E))))=
f(cly(O,E)) =f(cl(O,E)) for every soft open set (O, E) inX.

(ii) = (viii) . Let (O, E) be any soft set in X . Since int(cl, (O, E)) is soft open in X , then by (ii), we
have cl (f(intCl, (O, E))))< f(cl(intcl, (O, E))))< f(cl(cl,(O,E))) < f(cl,(O,E)) for every soft
set (O,E) inX .

Theorem (4. 5): If f:(X,7,E)—(Y,c,E") is a bijective soft function. Then f is weakly soft w-open
if and only if f is weakly soft o-closed.

Proof: = Let (F,E) be any soft closed set in X ,since f is weakly soft w-open, then we have
Y —f((F.E)) = f(X — (F,E)) Sint, (F(cI(X — (F, E)))) = int, (F (X — int(F, E))) = int,, (Y — f(intF, E)))
=Y- cl, (f(intF E))) = cl  (f(int( E))) = f((F,E)) . Hence f is weakly soft o-closed. Similarly, we
can prove the converse.

Definition (4.6): A soft function f : (X,t,E) = (Y,c,E')is called:

(i) Contra soft open if f((O,E)) is soft closed in Y for every soft open set (O,E)in X.

(ii) Contra soft w-open if f((O,E)) is soft ®w-closed in Y for every soft open set (O,E)in X.

Remark (4.7): Every Contra soft open function is contra soft m-open function, but the converse is not
true in general. In examples (3.2), no. (i), f is contra soft ®-open function, but is not contra soft open

function, since (O,,E)={(e, N—{1})}is a soft open set inX, but f((0,,E))=(0,,E)is not soft
closed in Y .

Theorem (4.8):(i): If f:(X,T,E)—(Y,5,E’) is a contra soft m-open function, then f is weakly soft ®-
closed.

(i) If f:(X,T,E)—(Y,0,E’) is a contra soft open function, then f is weakly soft closed.

Proof: (i): Let (F,E) be a soft closed set in X , then cl, (f(int(F E)))=f(intF E))  f((F,E)).

(ii): It is obvious.

Remark (4.9): The converse of theorem (4.8) , no. (i), (ii) may not be true in general. In examples
(3.2), no. (ii), f is weakly soft w-closed function (resp. weakly soft closed function), but is not contra

soft m-open function, since (O,,E) ={(e, R —{2})}is a soft open set in X, butf((0,,E))=(0,,E)is

not soft w-closed in Y .
Definition (4.10): A soft functionf : (X, t,E) — (Y, o, E’) is called almost soft omega closed (briefly

almost soft w-closed) if f((F, E))is soft w-closed in Y for every soft regular closed set (F,E) in X.
Theorem (4.11): If f:(X,7,E) = (Y,5,E") is an almost soft m-closed function, then it is a weakly
soft ®-closed function.

Proof: Let (F, E) be a soft closed set in X . Since fis an almost soft o-closed function and cl(int(F E))

is soft regular closed, then f(cl(int(F,E))) is soft o-closed in Y and hence cl, (f(intF E))) =
f(cl(int(F, E)) = f(cl(F,E)) =f((F,E)) . Thus f is a weakly soft w-closed function.

Remark (4.12): The converse of theorem (4.11) may not be true in general. In example (3.21), f is
a weakly soft m-closed function, but is not almost soft w-closed, since (F,E)={(e,R—{})} is a soft

regular closed set in X, but f((F, E)) = (F, E) is not soft m-closed in Y.
Theorem (4.13): If f:(X,t,E)—>(Y,c,E')is a bijective weakly soft w-closed function, then for

every soft subset (B, E) of Y and every soft open set (O,E) in X with f1((B, E))Q(O, E), there
exists a soft w-closed set (F, E) in Y such that (B,E"E&(F,E") and f *((F,E"))) S cl(O,E).

Proof: Let (B, E) be a soft subset of Y and let (O, E) be a soft open set in X such that f1((B,E"))

< (O,E) . Put (F,E") =cl_ (f(intCl(O,E)))), then (F,E’) is a soft w-closed set in'Y such that (B,E")
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c (F,E"), since (B,’E) = f((O,E)) = f(intCl(O,E)))< cl,, (f(int€l(O, E))))=(F E’) . But f is weakly
soft w-closed, then f *((F,E"))) & cl(O,E).

Taking the soft set (B, E) in theorem (4.13) tobe y € Y we obtain the following result:
Corollary (4.14): If f:(X,T,E)—>(Y,G,E")is a bijective weakly soft o-closed function, then for

every soft point y € Y and every soft open set (O,E) in X with (Y) < (O,E), there exists a soft

o-closed set (F,E") in Y containing Yy such that f ™ ((F, E"))) & cl(O,E).

Remark (4.15): It is clear that every soft w-closed function is an almost soft w-closed function, but the
converse is not true in general. In example (3.22), f is an almost soft w-closed function, but is not soft
o-closed, since (F,E)={(e,R—{2})}is a soft closed set inX, but f((F,E))= (F,E)is not soft ®-

closed inY .

Remark (4.16): Almost soft w-closed function and contra soft m-open function are independent. In
example (3.21), f is a contra soft m-open function, but is not almost soft m-closed. Also, in example
(3.24), no. (ii), fis an almost soft w-closed function, but is not contra soft ®w-open, since (O,,E)is a

soft open set in X , but f((0;,E))= (04, E) is not soft o-closed in Y.

Diagram (2) show the relation between weakly soft w-closed functions and each of soft closed
functions, soft w-closed functions, almost soft w-closed functions, weakly soft closed functions,
contra soft w-open functions, and contra soft open functions.

Soft closed fimction ———*  Soft w-closed fimction —" Almost soft o-closed fimction
—

|

Weakly soft closed function 7* weakly soft e-closed functmn ¢ Contra soft -open finction

Contra soft open fimction

Diagram (2)
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