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Abstract

In this paper we show the nilpotency of nilpotent derivation of simeprime I'-ring
with characteristic 2 must be a power of 2 and we show the nilpotency of a nilpotent
derivation of simeprime I'-ring is either odd or a power of 2 without torsion
condition.
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1. Introduction

Nobusawa in [1] presented the idea of a I'-ring , the concept of I'-ring is more general of the ring ,
Barnes in [2] the definition of the I'-ring with less conditions . On the basis of these two definitions
many researchers in pure mathematics have made working on I'-ring sense Barnes and Nobusawa see
[31.[4],[5].and [6] , which parallel results in the ring theory, Barnes in [2] defined it as following :
suppose M and I be an additive abelian groups , if there exists a map from MxI'x M to M, for all
a,b,c € Mand y,d €I’ satisfying the following conditions :

1. aybeM.
2. (atb)yc=ayctbyc , a(y+d)b=ayb+adb and ay(b+c)=ayb+ayc
3. (ayb)oc=ay(bdc) .

Then M is called I'-ring. Some preliminaries of I'-rings was given by S.Kyuno [7] as following :
"Let | be a non-zero subset of a I'-ring M, then | is called a left (right) ideal , if | be an additive
subgroup of M and M I'l€I (ITMCI), if I is a left and right ideal then I is called an ideal of M . M is
called 2-torsion free if 2a=0 obtain a=0, aEN . A T"-ring M is said to be prime if aI' M I'b=(0) with a,b
€ M, obtain a=0 or b=0 and it simeprime if al' M T'a=(0), with a€ M, obtain a=0. A T"-ring M is called
commutative if ayb=bya , for all a,b €I" and yeT.
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The subset Z(M)={a€ M | ayb=bya, for all a€ M and yeI' } of a I'-ring M is called center of M". An
additive mapping d:M—M is called a derivation if d(xay)=d(x)ay+xad(y), for all x,yeM and o€l .Let
M be a semiprime T'-ring and d be a nilpotent derivation of M ( d is derivation of M and d™(M)=(0)
for some positive integer n) the smallest n is called nilpotency of d this definition of nilpotent
derivation is given by sameer in [8] which proved the nilpotency of d is odd number if M is 2-tosion
free semiprime T-ring . In this paper extended the results of Chung and Luh [9] they proved that for
semiprime ring of characteristic 2 the nilpotency of nilpotent derivation was a power of 2 and was odd
or a power of 2 when the ring without torsion condition .

2. The results :

Theorem 2.1. Let d be a derivation of a semiprime I'-ring M of characteristic 2 and d"(M) = (0)
where 2k < n < 2%*1 _ 1 for some positive integer k. Then d2“ (M) = (0)..

Proof. we will prove the theory by induction on k. if k =1 then n=3 and d3(M) = (0). For all x,y € M

and a€ I' , 0=d?(d(x)ay) = X3, (;’) d’/(d(x))ad® I ()= d*(x)ad?(y) . By replacing y by yBx
for allg € I' and note that d is derivation on M because M of characteristic 2 , we have
0=d?(x)ad?(yBx) = d?>(x)a(d*(y)Bx + yBd?(x))=d?(x)ayBd?(x) , but M is semiprime
then d?(x) =0, for all x€M . Assume the theory is true on 2% | i.e. dzk(x) = (0), forall x e M. We

now assume k > 1 where 2¥ < n < 2¥*1 _ 1 we want prove that dzk“(x) =0 for all xeM , the
prove will be by two cases as following :
Case one : Suppose n < 2K*1_ 1  thenn =YX  a;2! , where q; is either zero or one and at least
one of a;s is zero, pickk=0,ay =a; =0 anda, =1

we have Y2, a;2' =22 <23 —1.Let ibe the smallest one with a; = 0, then
If i=0 and ao=0 then n=3YF a2t =2%% a2t =2n, , wheren, =Y¥,a;2"1 | but
2k < n < 21 -1 then 2¥"1 < ny < 2K~ 1, let d; = d? then d, is derivation on M and
d,;™ =0 becouse 2k=1 < ny < 2K-1 by the induction hypothesis corresponding to the
derivation d, then 0 = d,2 " = (d»)?*" = ¢
If i>0,thenag=1andn+1=3E, 2" +2°=2°+20+3k, q;2' =2" + ¥, a;2'

=21+ 21+ YK q;2t, where a; =1

=2/ + 3 @222/ (1 + 34 a,2)
Therefore n+1=2/(1+3% ,,a.2"7/)=2/s ,wheres =1+ 31, a;2"7 .
Let d, =d? , then d, is derivation on M and 2kt < s < 2K~ 1, also by the induction
hypothesis corresponding to the derivation d then dlzk_lzo or d2“=0.

Case two: Suppose n = 2K¥*1 -1 then n—1<2¥1_1 in view of case one we need only to
prove that d™~1 = 0. Assume the contrary that d"~1 # 0 then for any x,y €M and o€ I" we have

0=d"™(d" 2 (x)ay)=Eio(})d" (d" 2 (x))ad™ " ()
= d" 2 ()ad™(y) + (1)d" 1 ()ad™ () + ()d" (Dad" 2 (y) + (3)d" (D) ad" 3 (y)
+. o+ ()dM(d )y =nd™H(x)ad™ 1 (y)

But n=21_1 then 0=2F"1d"1()ad™(y) - d"'(x)ad™'(y) and
d" () ad™ 1 (y)= 2k 1d" Y (x)ad™ 1 (y) =2(2%d™ 1 (x)ad™ 1 (y)) =0 therefore
A1 (x)ad™ 1(y)=0 1)

Since d™ 1 # 0 then there exist a non-zero element a€ d™*~1(M) , d(a)=0 and by eq. 1 then
d"1(x)aa=0 and aad" 1(y)=0 .

Let I=n{J | ] is anideal of M and d™" 1(M) € J} then I is an ideal of M generated by d"~1(M).
And let H ={(s,t)|s,t€Z" such that there exist anon — zero element b € I with d(b) =
0,ds(M)ab = bad(M) = (0) }, then

1. H# @ ,since(n—1,n—1)€H.

2. H subset of Z* x Z* and is partial order
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Suppose (p,g) be a minimal element in H and let ¢ be a non-zero in | such that d(c )=0 and
dP(M)ac = cad?(M)

Let p or q less than or equal of 2* say q then cad?* (xfy) = cad® (dzk‘q(xﬁy)) =0

Therefore 0= ca(xBd?" + d?" (x)By)= caxBd?" for all x,y €M and PET and consequently cal=(0) .
but M is semiprime I'-ring that means ¢=0, a contradiction .
If both p and q great than 2% , then for any x,y €M and a,B€T , then

0=d™(dP2 " () add™2 (y) = d** - 1(d** (dP 2" () acBdI (y)))

= % -1 d? (dP 2 (0)ac) B () + dP (W) acBd? (4972 ()
=d?* ~1((dP~L (D ac+dP 2 "1 (x)ad?" (€)BdY? (1))

=d?* - 1(dP1 () acBdI2" ()

=d?* ~2(d(dP~ (x)acBdA (v))

= d2*~2(dP~ (x)acBdI 2 1 (y))

b=dp_1(x)ac[3dq_1(y)
From the above equation if d9-1(y) = 0, then (p,g-1)€ H a contradiction with minimal of (p,q) in H

Suppose that 0 # co=cfd971(y,) , for some y, EM , then it is clear that

1. o €l

2. d(cy) =0

3. coBdi(y) =0

4, dP Y (x)acy= dP(x)acfdi1(y,) =0

Then from the point 4 we have a contradiction with minimal of (p,q) in H, therefore ~ d™! = 0.
Theorem 2.2. Let d be a nilpotent derivation of a semiprime I"-ring M .Then the nil potency of d is
either a power of 2 or an odd number.

Proof. Let M,={x € M| 2x = 0}, if M,=(0) , then M is 2-torsion free and by [8] the nil- potency of d
is odd number .

If M, #(0) , then Mﬂ is a 2-torsion free semiprime I'-ring , define the derivation map as following:
2

a2 S Mﬂz by d(x + M,) = d(x) + M, now by [8] then the nilpotency of d is an odd number say

M,
2n+1 (where n is positive integer ) .. d2”+1(Mﬂz): M, which means d?"*1(M) c M,
@
If d2™(M) € M, then d**(M) + M, = M, or JZ”(MﬂZ)z M, contradiction , therefore d?™*(M) € M, .
also it is clear that M,, is 2-torsion free simeprime I"-ring then by Theorem2.1
(M) = 0 v
Climethat d2"(M) n M, = (0)
Let a€ M, then xaa € M, and from eq. 2 we have
0=d2k(xaa)=Z§:0 (zl.k) di()ad?~i(a) = d¥* (x)aa + xad?* ()
0=d?"(x)aa (3)
From eq.3 then dzk(x) belong to left annihilator of M, which means dzk(x) =0.
If 2n+1 >2 | then d2™1(M) < d?“(M) and by eq. 1 d2"*1(M) < d2“ (M) n M, = (0) . it
follows that d?"*1(M) = (0) with d?™(M) # (0).
If 2n+1 <2k, then d2“(M) < d?™1(M) S M, , but (0)=d?“(M) n M, = d?“(M) and since
(0)# d2“(M,) < d2*(M) , then the nilpotency of d is a power of 2.
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