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Abstract

This paper concerns the peristaltic flow of a Williamson fluid with variable
viscosity model through porous medium under combined effects of MHD and wall
properties. The assumptions of Reynolds number and long wavelength is
investigated. The flow is investigated in a wave frame of reference moving with
velocity of the wave. The perturbation series in terms of the Weissenberg number
(We <1) was used to obtain explicit forms for velocity field and stream function. The
effects of thermal conductivity, Grashof number, Darcy number, magnet, rigidity,
stiffness of the wall and viscous damping force parameters on velocity and stream
function have been studied.

Keywords: MHD, Peristaltic transport, Williamson fluid with variable viscosity
model, Porous medium.
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1. Introduction
Peristaltic flows have attracted the interest of a number of researchers because of wide applications
in physiology and industry. Particularly, the occurrence of such flows are quite prevalent in biological
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organs. Since, the pioneering works of [1]. A number of analytical, numerical and experimental [2-6]
studies of peristaltic flows of different fluids have been reported under different conditions with
reference to physiological and mechanical situations.

Several researchers considered the fluid to behave like a Newtonian fluid for physiological
peristalsis including the flow of blood in arterioles. But such a model cannot be suitable for blood flow
unless the non-Newtonian nature of the fluid is included in it. The non-Newtonian peristaltic flow
using a constitutive equation for a second order fluid has been investigated by [7] for a planar channel
and by [8] for an axisymmetric tube. The effects of third order fluid on peristaltic transport in a planar
channel were studied by [9] and the corresponding axisymmetric tube results were obtained by [10].
[11] studied peristaltic transport of third order fluid in an asymmetric channel. Peristaltic motion of a
Williamson fluid in an asymmetric channel was studied by [12].

Further an interesting fact is that in oesophagus, the movement of food is due to peristalsis. The
food moves from mouth to stomach even when upside down. Oesophagus is a long muscular tube
commences at the neck opposite the long border of cricoids cartilage and extends from the lower end
of the pharynx to the cardiac orifice of the stomach. The swallowing of the food bolus takes place due
to the periodic contraction of the esophageal wall. Pressure due to reflexive contraction is exerted on
the posterior part of the bolus and the anterior portion experiences relaxation so that the bolus moves
ahead. The contraction is practically not symmetric, yet it contracts to zero lumen and squeezes it
marvelously without letting any part of the food bolus slip back in the opposite direction. This shows
the importance of peristalsis in human beings. [13] studied the influence of wall properties on the
Poiseuille flow under peristalsis. Mathematical model for the esophageal swallowing of a food bolus is
analyzed by [14]. [15] analysed the peristaltic flow of a micropolar fluid in a vertical channel with
longwave length approximation. [16] studied the influence of wall properties on peristaltic transport
with heat transfer. [17] studied the influence of wall properties on MHD peristaltic transport of dusty
fluid. A new model for study the effect of wall properties on peristaltic transport of a viscous fluid has
been investigated by [18], [19] studied the effect of slip, wall properties and heat transfer on MHD
peristaltic transport. Recently, [20-22], analyzed the Effects of MHD and wall properties on the
peristaltic transport of a various fluids through porous medium channel.

Motivated by this, we consider the peristaltic flow of a Williamson fluid with variable viscosity
model through porous medium under combined effects of MHD and wall properties. The results are
analyzed for different values of parameters namely Grashof number, Darcy number, thermal
conductivity, magnet, rigidity, stiffness and viscous damping forces of the channel wall through
porous medium.

2. MATHEMATICAL FORMULATION

Consider the peristaltic flow of an incompressible Williamson fluid in a flexible channel with

flexible induced by sinusoidal wave trains propagating with constant speed ¢ along the channel walls.

H(x,t) is the wall

Figure 1- Geometry of the problem
The wall deformation is given by

H()‘(,f):a—¢7coszg(>‘<—ct’) oy
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whereﬁ, x,t, g_zﬁ A and c represent transverse vibration of the wall, axial coordinate, time, half

width of the channel, amplitude of the wave, wavelength and wave velocity respectively.
The basic equations governing the non-Newtonian incompressible Williamson fluid are given by: The
continuity equation is given by:

L) @
oX oy oz
The momentum equations are:
0 _au 0 0ty or,
(a—lf+Ua—li+'a—u Wa—lj)_—zg+af_xX + T_Xy +aT_XZ +pga(T —TO)—aBOZLT—u—(T)U (3)
a & oy oy X x| oy K
oo o or, o7, o0t
P ALV LA PR B AT Bkt - UL @
ot oy 0z o X oy oI k
W oW oW _OoW. 0p 0%, 0ty oF.
p(@+6@+\7@+v_v%):—a—p+af“+ Zy+aTZZ (5)

ot oX oy o0z oy X oy 0z
The temperature equation is given by:
pcp(£+ﬁi+\7i+wi):K(§+ai—z+§)+® (6)
ot X 0y 0z oxX® oy o
where U is the axial velocity, v transverse velocity, Yy transverse coordinate, o fluid density, p
pressure, u, fluid viscosity, g acceleration due to gravity, & coefficient of linear thermal expansion
of fluid, B, magnetic parameter, T temperature, c, specific heat at constant pressure, k is the thermal

conductivity and @ constant heat addition/absorption.
The velocity and temperatures at the central line and the wall of the peristaltic channel are given as:

ou
El
T=0, T=T, at y=h

where T, is the temperature at centre is line and T, is the temperature on the wall of peristaltic

channel.
The constitutive equation for a Williamson fluid model [4], is

T=—[u, +(u(T)+ 1, )A-T7) 1y @)
where 7 is the extra stress tensor, ¢ is the infinite shear rate viscosity, 1, is the zero shear rate
viscosity, I' is the time constant and y is defined as

. 1 . 1
7:\/5227”711 :\/EH )
i
Here I is the second invariant stress tensor. We consider in the constitutive equation (7) the case
for which g, =0and I' <1 so we can write
7 =—p(M)A+T)y ©)

The above model reduces to Newtonian for I" = 0.
The governing equation of motion of the flexible wall may be expressed as:

L = P—- Do
where L is an operator, which is used to represent the motion of stretched membrane with
viscosity damping forces such that

N 0? 0° 0
L :—KaX—Z'ley'FCa (11)

=0, T=T, at y=0

(10)
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where K is the elastic tension in the membrane, m, is the mass per unit area, C is the coefficient of
viscous damping forces.

Continuity of stressat y = h and using momentum equation, yield
0T a a a
Uy =P = T | O ((l” 02y My s pga(r —TO)—asgu—L(T)u (12)
X X @ oz ox 0oy 1974

3. Method of solution

Let 0 and v be the respective velocity components in the radial and axial directions in the fixed
frame, respectively.

For the unsteady two-dimensional flow, the velocity components may be written as follows:

V = (T(X, ¥),V(X, ¥),0) (13)
The temperature function may be written as follows:
T=T(XY). (14)
The equations of motion (2)-(6), the equation (12), take the form:
ALY o, (15)
ox oy
AU g g __P 0T u(F)_ (16)
ot oX oy oX X
v v v 0Tyx OTy
KL i G i il (D (17)
ot X oy oy X oy k
2 2
Jo o £+UGT +V 81_' =K 6_T+6_T +0, (18)
of & oy ox: oy’
0Ty
L (h )—z aL+ (—+ua—u+v—)+pga(T ~T,)—oBlU - ﬂ(T) (19)
8X oX X 87 oX oy

In order to simplify the governing equations of the motion, we may mtroduce the following
dimensionless transformations as follows:

_ - 2 _
X:l,yzl,é‘zg,u:g,vzl,t—C—,¢:£,WGZE,GFZM,
A a A C co A a a CL,
a’p T-T T k oBla’ a’d
p_ p,’gz O, (lg)zlu( ),Da:—Z,M2= 0 ’ﬂ_ (20)
HoAC T,-T, Ho a Ho KT, -T, )
C
Re:pca,Pr:luo py XX A Z_'yiarxy:ifw’ryy:ifw’}}:a_y
Hy K HoC HoC HoC ¢

where o is the length of the channel, We Weissenberg number, Da Darcy number, Re Reynolds
number, Gr Grashof number, @ dimensionless temperature, M magnetic parameter, £ dimensionless
heat source/sink parameter and Pr Prandtl number.

Substituting (20) into a governing equation, we obtain the following non-dimensional equations
and boundary conditions:

h(x,t) =1—¢cos’ z(x —t) (21)
A Ny (22)
ox oy
or,
Res| Dy y QU Q)P 52 0% 00w gz A9), (23)
6t ox oy OX OX ay Da
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0 0 2
Res?| My Xy Y|P 52 Cx TP |0 (9)v
ot Y #

oX oy OX oy Da
2 2
PrRe(S[—+u—+v%}9:[§2a—2+a—2}9+ﬂ
X
3 3 2 P
16_?+Ez ¢ h2 E, oh =5° aTXX+ Txy—Reé 8_u+ua_u+va_u +Gré-M?2u - (3)
OX 0 oxot OX oy ox oy Da
2 m,ca’ 2
where Elz—Sﬂ, E,=—— E; —Czi
A pyC j'/uo A g

The constitutive relations equations (8)-(9) take the form:

T, :—Zy(S)[1+We7]8—u, Ty :—y(g)[1+Wey'][a—“+52 @J
OX oy

OX
2 2 2
TW:—Zﬂ(zg)[l-i-We]./]@, y= 252(a—uj + 8_u+52@ +26° (ol
oy OX oy OX oy
The corresponding boundary conditions are
M _0v=0,9=0 at y=0
o

u=0,9=1 at y=h

(24)

(25)

(26)

(27)

(28)

(29)

The general solution of the governing equations (22)-(26) in the general case seems to be
impossible; therefore, we shall confine the analysis under the assumption of small dimensionless wave

number, it follows that & << 1. Along to this assumption, equations (22)-(26) become:
ou 8v _0

oy
P _ a( (9)[1+Wea—“]a—“j+er9 M- 49,
ox oy oy oy Da
P_y

oy

029

YL B=0

e

g[—y(&)[l+Wea—u]a—j +Gré$—M?2u-— ﬂ(g) 1a—?+ 5 0 h2 +E, o'h
oy oy oy Da | x oxat oxat

(30)

(31)

(32)

(33)

(34)

The corresponding Stream function (U = dy//dy,V = —0w/OX) with boundary conditiony = O at

y=0.

The exact solution of equation (33) with boundary condition given in equations (28)-(29) is

Y By 2
= +2(hy y9)

The Reynold's model of viscosity is used to describe the variation of viscosity with temperature
(36)

P =e"

Using the Maclaurin series expansion, the above expression can be written as:
A =1-a9, a<<1

Here o = 0 corresponds to the constant viscosity case.

Compensating equation (37) into equation (34), we have:

1080

(35)
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_ 3 3 2
2 _a-agp+we MM +Gr9—M2u—Mu:Ela—?+ g, h2 +g, 2N (38)
oy oy oy Da ox oxét oxét

4. Solution of the problem
Equation (32) shows that p dependents on x only. Equation (38) is a non-linear and it is difficult to
get a closed form solution. However for vanishing We and «, the boundary value problem is
agreeable to an easy analytical solution. In this case the equation becomes linear and can be solved.
Nevertheless, small I" suggests the use of perturbation technique to solve the non-linear problem.
Accordingly, we write
u = u, +Weu, +We’u, + O(We?)
W =y, +Wey, +We’y, + O(We’)
Substituting equations (39) into equation (38) with boundary conditions (20) and (21), then
equating the like powers of We, we obtain
4-1 Zeroth-order system (We°)

2 3 3 )
R T S S

(39)

+

o2 oy oy Da 1o Zoxat’ | oxat
Wo = juody (40)
4-2 First-order system (We')

2 2 2
(1—0519)a uzl +2(l—0m9)a u20 Ny —a%%—a@ My +| M? +i(1—0h9) u,=0

oy oy \ oy oy oy oy \ oy Da
and y, = juldy (41)
4-3 Second-order system (We?)

2 2 2
(1—a9)aayu2 +2(1—05.9){a Uy Qo | 97U aul}—aalg{auz +26ulau°}+{M 2 +1(1—0[L9):|U2 =0

? oy* oy oy' oy oy | oy oy oy Da
and w, ='fu2dy (42)
The boundary conditions associated with the above equations are;
ou, ou, au
Eozglzgzzo’ Wo=v1=y,=0 at y=0 (43)
U,=U,=U,=0, at y=h (44)

In order to give some physical meaning to the problem we will consider the case only when « is
small. Thus the above approximation equations have been obtained by the expansion in terms of We,
and next we seek perturbations with parameters « .

If we substitute for u; andy/,, (fori=0, 1, 2) by the expression

2 3
u=u,+au,+au, +0
i i0 il a , i2 (a 2 (45)

vi =y tay,+a‘y;, +0(a”)

and equate the coefficient of like powers in « , then the following set of equations are obtained

0? 09 0
(a- a&)y(uoo + oy, +a’Uy,) —aaa(uoo + oy, +a’Uy,)
(46)

1 o*h o°h o*h
+(|v| 2 +E(l—al9)j(uoo + Uy, +a’Uy,) =Gf9—(51 o Bz tEs axétJ
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0° 0°u, 0 09 0
@- a3)$ (Uyp + Uy, + @’Uy,) +2(1— aS)—zoa(uoo +auy, +a’Uy,) — aaa(ulo +au,, +a’u,)
2
09| 0 1
—aayﬁwwm+a%fuf%gj+{M2+Em@—a3ﬂww+awfufw9=0 47)

0? 0
52 (_z(ulo +aouy, +a2u12)J(5(uoo +au01+0(2u02)]
(1—05.9)W(u20 +aU,, + a’uy,) + 21— ad ;

0 2
+—5 (Ugo +aly; + azuoz)[_ (U +auy, +a ulz)j
oy* oy

09| 0 0 0
— QE{E (Uy + aly, +ax’Uy,) + 2[5 (U, +al,, + azulz)j(@ (Ugg + Uy, + azuoz)}

J{MZ +Di(1—a19)}(u20+au21+a2u22)=0 (48)
a

The solutions of equations (46)-(48), and the corresponding stream functions, are a very long. The
attendant constants can be determinate by using the boundary conditions given in (43)-(44).
Finally, the perturbation solutions up to second term for u and y are given by:

U = (Upy + Uy, +a’Uy,) +We(u,, + o, +ar®Uy,) +We? Uy, + oy, +a’U,,) (49)

W =W t+taWy+ azl/foz) +We(yy, + oy, + 0‘2’//12) +We? (W +ay, + azl//zz) (50)

5. Results and discussion

In this section, the numerical and computational results are discussed for the problem of an
incompressible non-Newtonian the peristaltic flow of a Williamson fluid model through porous
medium under combined effects of MHD and wall properties through the graphical illustrations. The
numerical evaluations of the analytical results and some important results are displayed graphically in
Figures- (2-15). MATHEMATICA program is used to find out numerical results and illustrations. The
analytical solutions of the momentum equation are obtained by using perturbation technique. All the
obtained solutions are discussed graphically under the variations of various pertinent parameters in the
present section. The trapping bolus phenomenon is also incorporated through sketching graphs of
streamlines for various physical parameters.

Based on equation (49), Figures (2-5) illustrates the effects of the parametersE,, E,, E,, We, Gr,

S .M, Daand ¢ on the velocity. Figure-2 illustrates the effects of the parameters E; and E, on the
velocity distribution function u vs. y. It is found that the velocity profile u rising up with the increasing
effects of both the parameters E, and E, , when |y| < 0.8643, and attains its maximum height aty = 0,

the fluid velocity starts increasing and tends to be constant at the peristaltic walls, as specified by the
boundary conditions. From Figure-3 One can depict here that velocity decreases with increasing of E,

, While that velocity profile is rising up with increasing of the parameters We, when |y| < 0.8643.
Figure-4 contains the behavior of u under the variation of Gr and , one can depict here that u go
down with the increasing effects of both the parameters Gr and £, when |y|< 0.8643. Figure-5

illustrates the effects of the parameters M and Da on velocity profile. One can depict here that velocity
decreases with increasing of Da, while that velocity profile is rising up with increasing ofM, when|y|

<0.8643. Figure-6 show that velocity distribution decreases with an increasing of ¢ . Also at ¢ =
0.15, u > 0 when |y|< 0.8643 and u(0.8643) = 0. At ¢ = 0.175, u > 0 when |y|< 0.8417 and
u(0.8417) = 0, as specified by the boundary conditions.
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Figure 2- Velocity profile for different values of E, and E, with
x=0,t=01We=005c=002E,=016r=14=015=1Da=07,M =09.

0.000

y 0.0

Figure 3- Velocity profile for different values of We and E; with
x=0t=0La=002E =03E,=02¢=015Gr=14=1Da=0.7,M =09

0.000

y 0.0
Figure 4- Velocity profile for different values of Grand g with
x=0t=01We=005¢=002E =03E,=02E,=01¢=0.15Da=07M =09
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0.000

y 0.0

Figure 5- Velocity profile for different values of Da and M with
x=01=01We=005a=002E =03E,=02E,=01¢=015Gr=14=1

[l o [l N w E o (2]
T T T T T T T

Figure 6- Velocity profile for different values of ¢ with
x=0t=01We=005a=002E =03E,=02E,=01Gr=14=1Da=07M=09

6. Trapping phenomenon
The formation of an internally circulating bolus of fluid by closed streamlines is called trapping and
this trapped bolus is pushed ahead along with the peristaltic wave.

Based on equation (50), the effects of E;, E,, E;, Gr, #, Da, M, We and ¢ on trapping can be
seen through Figures- (7-15), it is observed that the bolus move near the side walls. Figure-7 shows
that the size of the trapped bolus increase with the increase in E,. Figure-8 is plotted, the effect of E,
on trapping, the size of the trapped bolus increase with the increase in E, . Figure-9 shows that the
size of the left trapped bolus increases with increase in E; whereas the size of the right trapped bolus

decreases with increase in E;. The effect of Gr on trapping is analyzed in Figure-10. It can be
concluded that the size of the trapped bolus in the left side of the channel decreases when Gr increases
where as it has opposite behavior in the right-hand side of the channel. Figure-11 shows that the size
of the trapped bolus increases with increase in A . The influence of Da on trapping is analyzed in
Figure-12. It shows that the size of the trapped bolus decreases with increase in Da. Figure-13 shows
that influence of M on trapping. It shows that the size of the trapped bolus increases with increase in
M. The influence of We on trapping is analyzed in Figure-14. It shows that the size of the trapped
bolus increases with increase in We. And the effect of ¢ on trapping is analyzed in igure-15. We

notice that the size of the trapped bolus increases with increase ¢ .
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Figure 7- Graph of the streamlines for three different values of g ; (a) g,=0.25, (b) g,= 0.3 and (c)
£ =0.35at t=01We=005a¢=002E,=02FE,=01Da=08M =09,Gr=1¢=0.154 =1_

L5 . L5 1 L5
= 1.0 1 = 100 {1 =10
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Figure 8- Graph of the streamlines for three different values of g,; (a) g,= 0.15, (b) g,= 0.2 and (c) E,
=025 at '~ 0.LWe =0.05¢=0.02E =03,E =0.1Da=08M =0.9,Gr=14=0154 =1.

2.0 % ~— 20 w - 2.0 \ij N .
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Figure 9- Graph of the streamlines for three different values of g,; (a) g,= 0.1, (b) g,=0.2 and () g,=
0.3 at 1=01We=0050=002E =03E,=02Da=08M =09,6r=14=0154=1
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Figure 10- Graph of the streamlines for three different values of Gr ; () Gr =1, (b) Gr =2 and (c) Gr

=3atl" 0.LlWe=0.05a=002E =03E,=02E,=01Da=08M =09,¢=0.154=1
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Figure 11- Graph of the streamlines for three different values of £; (a) f=1,(b) f=2and (c) B=
3 at t=0.1We=0050=002E =03E,=02E,=01,Da=08M =09,Gr=1¢= 0.15.
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Figure 12- Graph of the streamlines for three different values of Da; (a) Da = 0.8, (b) Da = 0.85 and
(c) Da=09at t=0.1We=0.05a=002E =03E,=02E =01M :0.9,Gr:],¢:0.15,ﬂ:1_

= L0 =10
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Figure 13- Graph of the streamlines for three different values of M; (a) M = 0.8, (b) M = 0.85 and (c)
M =09 at t=0.1We=0050=002E =03E,=02E; =01 Da:0.8,Gr:L¢:0.15,ﬂ:1_
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Figure 14- Graph of the streamlines for three different values of We; (a) We = 0, (b) We = 0.025 and

(c) We = 0.05 at t=01E =03E,=02E,=01Gr=1,Da=08M=09¢=015,=1
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Figure 15- Graph of the streamlines for three different values of ¢ ; (a) ¢ = 0.125, (b) ¢ =0.15 and
() ¢=0.175at t=01We=0.05E =03E,=02E=01Da=08M=090Gr=14=1

7. Concluding remarks

The present study deals with the combined effect of MHD and wall properties on the peristaltic
transport of a Williamson fluid in a two-dimensional channel through porous medium. We obtained
the analytical solution of the problem under long wavelength and low Reynolds number assumptions.
The results are analyzed for different values of pertinent parameters namely Grashof number, Darcy
number, thermal conductivity, rigidity, stiffness, magnet and viscous damping forces of the channel
wall through porous medium. From wall properties and type of fluid (Williamson), we observed that
the bolus moves near the side walls. The main findings can be summarized as follows:
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10.

11.

12.

13.

14.

15.

16.

17.

The axial velocity increases with the increase in E;, E,, We and M, when |y| < 0.8643. Further,
the axial velocity decreases with increase in E;, Gr, , Daand ¢ .

The size of the trapped bolus increases with the increase in E;, E,, M, ¢, # and We. While the
size of the trapped bolus decreases with increase in Da.
The size of the left trapped bolus increases with increase in E, whereas it has opposite behavior

in the right hand side of the channel. And the size of the trapped bolus in the left side of the
channel decreases when Gr increases where as it has opposite behavior in the right hand side of
the channel.

The comparison between the effects of various viscosities on Williamson fluid. The velocity for
Williamson fluid with constant viscosity is more than velocity of Williamson fluid with variable
viscosity, and attains its maximum height at y = 0, moreover the fluid velocity starts increasing
and tends to be constant at the peristaltic walls. The real values of stream function for Williamson
fluid with constant viscosity is more than the real values of stream function for Williamson fluid
with variable viscosity for the same values of the parameters. And the variation of trapped bolus
for Williamson fluid with constant viscosity is more than the variation for trapped bolus of
Williamson fluid with variable viscosity when to change the effect parameters, see [25] for details.
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