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Abstract

The main objective of this work is to generalize the concept of fuzzy c-algebra
by introducing the notion of fuzzy y-algebra. Characterization and examples of the
proposed generalization are presented, as well as several different properties of
fuzzy y-algebra are proven. Furthermore, the relationship between fuzzy y-algebra

and fuzzy algebra is studied, where it is shown that the fuzzy y-algebra is a
generalization of fuzzy algebra too. In addition, the notion of restriction, as an
important property in the study of measure theory, is studied as well. Many
properties of restriction of a nonempty family of fuzzy subsets of fuzzy power set

are investigated and it is shown that the restriction of fuzzy y-algebra is fuzzy
y-algebra too.
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1. Introduction and Basic concepts
Wang [1] in 2009 studied some types of collections of sets which are generalizations of
o-algebra such as ring, o-ring and proved some important results of these concepts, where a
nonempty class H is called a ring iff E,F € #, then E-F and EUF € H. In 2019 Ahmed and
Ebrahim [2] introduced some generalizations of o-algebra and o-ring. Many other authors
are interested in studying o-algebra and o- ring, for example, see [3], [4] and [5]. Zadeh [6]
in 1965 first introduced the concept of the fuzzy set where X is a nonempty set, then a fuzzy
set F in X is defined as a set of ordered pairs {(w, vg(w)) : @ € X } where v : X - [0,1]
is a function such that for every w € X, v(w) represents the degree of membership of w in
F. Brown [7] studied some types of fuzzy sets such as fuzzy power set, empty fuzzy set,
universal fuzzy set, the complement of a fuzzy set, the union of two fuzzy sets and
intersection of two fuzzy. Ahmed et al. [8-11] first introduced the concept of fuzzy
o —algebra and fuzzy algebra where X is a nonempty set and P*(X)bea
fuzzy power set of X . A nonempty collection H* € P*(X) is said to be a fuzzy o-algebra
of sets over a fuzzy set X* ={(w, 1) : Vo € X }, if the following conditions are satisfied:
1. ¢* € H*, where 0" ={(w,0) :Vw € X }.
2. IfE € H* then E¢ € H".
3. IfE{,E;, ... EH™ then N~ Ex EH™.
If condition 3 is satisfied only for finite sets, then H'* is said to be a fuzzy algebra over a
fuzzy set X*.
Another generalization of the fuzzy o-algebra introduced in this paper, which is a fuzzy
y-algebra. The main aim of this chapter is to study this generalization and introduce some of
its basic properties, examples and some characterizations of them.

Definition (1.1) [4]

Let X # @. A collection H s called o- ring if and only if the following conditions hold:
1. fF,E€ H ,thenF\E € H .
2. IfE{,E,, ... € H ,then Uy, Ex €H .

Definition (1.2) [8]
Let X # @. A collection H is called o- field if and only if the following conditions hold::
1. XeXH.
2. If Fe H ,thenF¢ e H .
3. IfE{,E,, ... EH ,then Uy Ex €EH .

Proposition (1.3) [1]
Every o-field is a o- ring.

Definition (1.4) [9]

Let X be a nonempty set. Then the union of the two fuzzy sets Fand E in X with
respective membership functions v (w) and v (w) is a fuzzy set G in X whose membership
function is related to those of F and E by v (w) = max,ecy {vp(w),vg(w)}, In symbols:
G =FUE & G = {(w,maxyey {vr(w),vg(w)}):weX}
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Definition (1.5) [10]

Let X be a nonempty set. Then the intersection of two fuzzy sets Fand E in X with
respective membership functions v¢(w) and v (w) is a fuzzy set G in X whose membership
function is related to those of F and E by v (w) = mingey {vp(w),vg(w)}, Insymbols:
G=FNE © G = {(w,ming,ey {vr(w),vg(w)}):we X}

Definition (1.6) [6]

Let X be a nonempty set and F is a fuzzy sets in X. Then the complement of a fuzzy set F
is denoted by F€ and defined as: F¢ ={(w,1 —v¢(w)): € X }.
Proposition (1.7) [11]

Every fuzzy o-algebra is a fuzzy algebra .

2. The main results:

In this section, we introduce the concept of fuzzy y-algebra which is a generalization for
the concept of the fuzzy o-algebra and fuzzy algebra. Also, we present many properties of
fuzzy y-algebra.

Definition (2.1):
Let X be a nonempty set. A nonempty collection H* € P*(X) is said to be a fuzzy
y-algebra of sets ( y-field ) over a fuzzy set X, if the following conditions are satisfied:
1. ¢, X" € H*, where " ={(w,0) : Vw € X }and X* ={(w,1) : Vw € X }.
2. IfE{,E,, ..., E, € H*, then Up_,Ex € H™.

Definition(2.2):

Let X be a nonempty set and H* < P*(X) be a fuzzy y-algebra ( y-field ) over a fuzzy
set X*. Then the pair ( X", H* ) is said to be fuzzy measurable space relatively to fuzzy
y-algebra.

Example(2.3):
0*,{(a,0.1),(b,0.6)},
Let X ={a ,b}and H* =<5 {(a,0.3),(b,0.5)}, ;.  Then the pair (X*, H™) is said
{(a,0.3),(b,0.6)},X"
to be fuzzy measurable space relatively to fuzzy y-algebra.

Example(2.4):
0*,{(a, 0.4),(b,0.2)},

Let X ={a,b}and H* = .
{(a,0.3),(b,05)},X"
Then H* is not a fuzzy y- algebra over a fuzzy set X'*, because {(a,04),(b,0.2)}e H*
and {( a,0.3),(b,0.5)}e H*, but
{(a,0.4),(b,0.2)}U{(a,0.3),(b,0.5)}={(a, Max{0.4,0.3}), (b, Max{0.2,0.5})}
={(a,0.4),(b,05)} ¢ H".

Proposition(2.5):

Let X be an infinite set and H*={ @* , X", all E c X" s.t E is finite}. Then (X*, H ™) is
a fuzzy measurable space relatively to fuzzy y-algebra.
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Proof:
From the definition of H*, we get @* , X* € H*. Let E{,E,,...,E, € H™. Then Eg is
finite for all k =1, 2, ..., n. Hence, Ng-, Eg is finite. Now, since
Nit=1 E§ = {(@, ming—; 5 n {1 - ”Ek(w)}) ‘w € X}
=1 — {(0, maXyy 5,0 v, (@)D 1 0 € X}
=1— (Uk=1 Ex)
= (UR=1 B
Then U=, Ex € H*. Therefore, 7* is a fuzzy y- algebra over a fuzzy set X* and
(X*, H™)isafuzzy measurable space relatively to fuzzy y-algebra.

Proposition(2.6):

Let X' be a nonempty set and F be a fuzzy set such that @* #Fc X* and letE € X*
denote to vg < vy f H*=@*U{E € X*: F c E}. Then ( X*, *) is a fuzzy measurable
space relatively to fuzzy y-algebra.

Proof:

From the definition of 7", we get @* € H*. Since X € X*and F c X", then X" € H".
Let E4,E;,...,E, € H*. Then F c Ey for all k=1,2,...,n and hence F c Ug-;Ex. Thus
Up=1 Ex € H*. Therefore, H* is a fuzzy y-algebra over a fuzzy set X *. Consequentially,
(X*, H™)isafuzzy measurable space relatively to fuzzy y-algebra.

Proposition(2.7):

Let (X", H™) be a fuzzy measurable space relatively to fuzzy y-algebra and let Ec X*.
Define Hi={ FS X*:FUE € H™ }, then (X", H ) is a fuzzy measurable space relatively
to fuzzy y-algebra.

Proof:

Since H* is a fuzzy y-algebra over a fuzzy set X*, then X* € H*. By hypothesis
Ec X* implies that X* = X*U E and hence X* € H;. Consider E = @*, then ¢* c X* and
Q*U Q"= @* € H* hence @* € Hy. LetE{,E,,...,E, € H;. Then by definition of H; we
have, ExU E € H* for all k=1, 2, ...,n. Hence, Ug-,(ExUE) € H"™ because H™* is a
fuzzy y-algebra over a fuzzy set X* this implies that ((Up=;Ex)UE) € H*. Thus
Uk=1 Ex € Hy by definition of H. Therefore, HY is a
fuzzy y- algebra over a fuzzy set X* and ( X*, H; ) is a fuzzy measurable space relatively
to fuzzy y-algebra.

Proposition(2.8):

Let (X*, H™) be a fuzzy measurable space relatively to fuzzy y-algebra and Fc X*. If
Hi={ GES X"FNE € GforsomeE € H* } Then ( X*, H{ ) is a fuzzy measurable space
relatively to fuzzy y-algebra.

Proof:

Since ( X*, H* ) is a fuzzy measurable space relatively to fuzzy y-algebra, then
@*, X* € H*. By hypothesis Fc X* implies that FNX™* € X*, hence by definition of H; we
have, X* € Hy. Now, FN @* = @* € @, hence by definition of ;" we have, @* € Hy. Let
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G4, Gy, ..., G, € Hy'. Then there is Ex € H such that FNE, € Gy where k=1,2,..., n. So, we
have Ug=; Gx 2 Ur=1(FNEy) = (FNE;)U(FNE,) U ... U(FNE,)

= FN(E;UE, U ... UE,) = FN(UR, Ep).
But Ex € H* and K" is a fuzzy y- algebra over a fuzzy set X*, then Uyx-, Ex € H*, hence
by definition of ;" we have, Up-, Gy € H;. Therefore, H; is a fuzzy y-algebra over a
fuzzy set X* and ( X", Hy ) is a fuzzy measurable space relatively to fuzzy y-algebra.

Proposition(2.9):
Let X be an infinite set and let X* ={(w,1) : Vw € X }. If H*={E < X" :Eis infinite
fuzzy set}. Then (X*, H*) is a fuzzy measurable space relatively to fuzzy y-algebra.

Proof:

Since X be an infinite set, then each of @*, X'* be an infinite fuzzy set, but X* < X* and
@* < X", then by definition of H* we have, @*,X* € H*. Let E{,E,,...,E, € H". Then
Ex is an infinite fuzzy set for every k=1,2,..., n and hence Ug-, Ex is an infinite fuzzy set.
Therefore, U=, Ex € H* and K * is a fuzzy y- algebra over a fuzzy set X*.

Proposition (2.10):
Let {3 };; be a collection of fuzzy y-algebra over a fuzzy set X'*. Then N H; is a
fuzzy y- algebra over a fuzzy set X*.

Proof:

Since H;" is a fuzzy y-algebra over afuzzy set X*, Vi € I, then 9", X" € H;" Vie L
Hence 0" # N H; and 0%, X™ € Ny H;. Let E4 E,, ..., Ey € Ny H'- Then E4 E,, ... ,E €
H, Vi€l Since H; is a fuzzy y- algebra over a fuzzy set X* Vi€ I, then Up_; Ex € H{',
Vi € I. Hence, Ug=; Ex € Ny H;', therefore N H; is a fuzzy y- algebra over X*.

Definition(2.11):

Let X be a nonempty set and T* € P*(X). Then the intersection of all fuzzy y-algebra
over a fuzzy set X'*, which includes I*, is said to be the fuzzy y-algebra over a fuzzy set X*
that is generated by T* and denoted by y(T*), that is,

V(T = N { H":H{ is afuzzy y- ?lgebl;a Qver a fuzzy set X*}
and H{ 2 I, Vi€l

Proposition (2.12):
Let X' be a nonempty set and T* € P*(X). Then y(T*) is the smallest fuzzy y-algebra
over a fuzzy set X* that includes T*.

Proof:
From the definition of y(T*), we have:
“ H*: H is afuzzy y-algebra over a fuzzy set X* -
I7) = reer . Hence y(Z*) is fuzz
v(E) n{ and H; 2 T, Vi€ 1 v(®) 4

y-algebra over a fuzzy set X*. To prove y(T*) 2 T". Foreachi €l let #;" be a fuzzy
y-algebra over a fuzzy set X* that includes T*. Then T* < N H;', thus T € y(IT*).
Now, let H* be a fuzzy y-algebra over a fuzzy set X* that includes I*. Then
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X*andH{ 2 T, Vi€l
y(T¥) is the smallest fuzzy y-algebra over a fuzzy set X'* that includes T*.

N {}[i :H{ is afuzzy y-algebra over a fuzzy set} C 7, hence y(T*) € H*. Therefore,

Example (2.13):

Let X ={a,b,c}and
T ={{(a,0.4),(5,0.2),(¢,0.3)},{(a,0.2),(b,0.3),(c,0.4)}}. Then
y(T*) ={0*{(a,0.4),(b,0.2),(¢,0.3)},{(a,0.2),(h,0.3),(¢,0.4)}{(a,0.4),(5,0.3),(c,0.4)},
X*={(a,1),(b,1),(c, 1)}} Therefore, y(T*) is the smallest fuzzy y-algebra over a fuzzy
set X" that includes I*.

Proposition (2.14):
Let X be a nonempty set and T* € P*(X). Then y(T*) = IT* if and only if T* is fuzzy
y-algebra over a fuzzy set X*.

Proof:

Let T € P*(X) and let y(T*) = T*. Since y(I") is a fuzzy y-algebra over a fuzzy set
X, then T* is fuzzy y-algebra over a fuzzy set X'*.
Conversely, suppose that T* is a fuzzy y-algebra over a fuzzy set X*. Since y(I*) is a fuzzy
y-algebra over a fuzzy set X* which includes I*, then y(T*) 2 I*. But I* is fuzzy

y-algebra over a fuzzy set X* such that T* 2 I* and y(T*) is the smallest fuzzy y-algebra
over a fuzzy set X* that includes T*, then y(T*) € I* and hence y(T*) = I".

Proposition (2.15):
Every fuzzy o- algebra over a fuzzy set X'* is a fuzzy y- algebra over a fuzzy set X*.

Proof:

Let H™* be a fuzzy o-algebraoverafuzzy set X*. Then by definition of fuzzy
o-algebra, we have @* € H*and hence @*° € H*. Since ¢*° = X*, then X* € H*. Let
E,,E, ...,E, €EH*. Consider, E,=0¢* for all m>n, then we get
E1, Eg, oo, Eny Eng1, Enga, .. € H™ . Hence, from the definition of fuzzy o- algebra we have,
E{,ES, ..., EQ ESp 1, ESygy e EH™ and Np=,Ex € H*, thus (Ng=,Eg)€H*. But
(Ng=1 E§ )¢ = Ugzq Ex, then UgZ; Ex € H*. So, we have:

Uk=1 Ex = Ug=1 Ex UEn41 UEp, UL
= Ug=1 Ex UD"UQ"U...
= Uk=1 Ex
Thus Up-, Ex € H*. Therefore, H* is a fuzzy y- algebra over a fuzzy set X*.

In general, the converse of Proposition (2.15) is not true as shown in the following

example:

Example (2.16):

Let X ={a,b,c}and
H* ={0",{(a,0.4),(b,0.2),(c,0.3)}{(a,0.2),(»,0.3),(c,04)} , {(a0.4),(b,0.3),(c,04)} ,
X*}. Then H* is a fuzzy y- algebra over a fuzzy set X* but not fuzzy o-algebra , because
{(a,0.4),(b,0.2),(c,0.3)} € H*, but
{(a,0.4),(b,0.2),(c 0.3)}°={(a,0.6),(0,0.8),(c,0.7)} & H".
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Proposition (2.17):
Let X be a nonempty set and T* € P*(X). Then y(T*) < o(T*), where o(Z*) is the smallest
fuzzy o-algebra over a fuzzy set X that includes T*.

Proof:

Let X be a nonempty setand * € P*(X). Then o(Z*) is a fuzzy o-algebra over a fuzzy
set X* that includes T*. Since every fuzzy o-algebra over a fuzzy set X* is a fuzzy
y-algebra over a fuzzy set X, then o(T*) is a fuzzy y-algebra over a fuzzy set X* that

includes T*. But y(T*) is the smallest fuzzy y-algebra over a fuzzy set X* that includes I*
this implies that y(T*) € o(T").

Remark (2.18):
Every fuzzy algebra over a fuzzy set X" is a fuzzy y- algebra over a fuzzy set X*.

Proof:

The result follows from the definition of fuzzy algebra.

In general, the converse of the previous Remark is not true as shown in the following
example:

Example(2.19):

Let X ={a,b,c} and H*={0"{(a,0.6),(b,0.3),(c,0.1)}{(a,0.4),b,0.2),(c,0.4)},
{(a,0.6),(b,0.3),(c,0.4)}, X*}. Then H* is a fuzzy y- algebra over a fuzzy set X" but it is
not fuzzy algebra , because {( a,0.6),( ,0.3),(c,0.1)} € H*, but
{(a,0.6),(b,0.3),(c,0.1)}¢ ={(a,0.4),(b,0.7),(c,09)} & H".

Proposition (2.20):
Let X be a nonempty set and T* € P*(X). Then y(T*) € AL(T"), where AL(Z") is the
smallest fuzzy algebra over a fuzzy set X* that includes I*.

Proof:
It is clear, so that it is omitted.

Definition(2.21) :

Let H* be a nonempty collection of fuzzy subsets of fuzzy power set P*(X) of a
nonempty set X thatis H* < P*(X) and let 77* be a nonempty fuzzy subset of a fuzzy set X~
that is 7 € X*. Then the restriction of H* on T* is denoted by }q’;*which is defined as
follows:

}q*f* ={F.F=ENT", forsome E € H"}.

Example(2.22):

{( wq, 06)1 ( w7, 02)}’
Let X ={ w,,w,}and H* ={
{( w1, 03)' ( wy, 05)}

{(w4,0.5), (w,, 0.2)},}
. Put,

{( 01,0.3), (w,,0.5)}
El = {( w1, 06)! ( Wy, 02)}, EZ = {( w1, 03), ( w2, 05)}1 Fl = {( w1, 05), ( Wy, 02)};
F, = {(w,0.3),(w,,0.5)}. ThenE,,E, € H*and F,,F, € 7—[{;*.

} . Consider

T* = {(1,0.5), (w,,0.5)} and H',, = {
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Now, E;NT* = {(wy, Min{0.6,0.5}), (w,, Min{0.2,0.5})}
= {(w4,0.5),(w,,0.2)} = F;.
E,NT* = {(wq,Min{0.3,0.5}), (w,, Min{0.5,0.5})}
= {(wy,0.3), (w5, 0.5)} = F,. This implies that for any F € Hy . there is E € H*
such that F =EN T°*.
Therefore, }[I*T* is the restriction of H™* on T*.

Proposition (2.23):
Let H'* be a fuzzy y-algebra over a fuzzy set X *and let 77* be a nonempty fuzzy subset of
a fuzzy set X*. Then H, |*T* is a fuzzy y-algebra over a fuzzy set 7.

Proof:

Since H* is a fuzzy y-algebra over a fuzzy set X, then @*,X* € H*. Since T* € X*,
then v7+(w) < vy+(w) forall w € X and hence
X*NT* = {(w,inf{ vy (), v7-(0)}: Yo € X)} = {(0,v7+(w)) : Vo € X} =T~
Therefore, 7% € H .. Now, @"NT™" = {(w, inf{ v7¢-(w), v7:(w)}: Vo € X)}

= {(w, vy (w)) :Vw € X} = @"

Then @ € 7-[|*T*. Let Fy,Fy,...,F, € }q*T*. Then there are E,,E,,...,E, € H™ such that
Fy=ENT* for all k=1,2,..., n which implies that
Upz1 Fr= Uiz (Ex N T)= (Ugp=1 Ex) N T*. Since H* is a fuzzy y-algebra over a fuzzy set
X", then Ug_, Ex € H" and hence by definition of |’ we get Uy, Fi € 3 .. Therefore,

H |*T* is a fuzzy y-algebra over a fuzzy set 7.

Proposition(2.24):
Let H* be a fuzzy y-algebra over a fuzzy set X*and ECT* c X*. If E € H*, then
EeH,.
|T*

Proof:
Let 7" be a fuzzy y-algebra over a fuzzy set X *and let ECT* cX™.
Suppose that E € ™, since E € T, then vg(w) < v+ (w) Vw € X. So, we have
EN T = {(w,inf{ vg(w),v7(w)}: Vo € X)}
= {(u),/trE(u))) :VYw € X} =E
Therefore, E € }[l*T*.

Proposition (2.25):
Let H* be a fuzzy y-algebra over a fuzzy set X *and let 7* be a nonempty fuzzy subset of a
fuzzy set X* suchthat 7" € H*. Then {EC 7" E € H'} S H|_..

Proof:
LetFE{ECT" E € H*}. Then F € T* and F € ", hence v¢(w) < v+ (w) Vw € X.
So,we have FN T = {(w, inf{ v¢(w), v7+(w)}: Vw € X)}
= {((1),’0’]::((1))) :Vw € X} =F.
Which implies that F € H .. Therefore, {(EC 7" E € H"} S H ..
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Proposition (2.26):

Let H* be a fuzzy y-algebra over a fuzzy set X *and let 7* be a nonempty fuzzy subset of a
fuzzy set X* such that 7* € H* and GNT* € H™* whenever G € H*. Then }[I*T* ={ECT":
E € H*).

Proof:

LetFeE{EC T E e H*}. ThenF € T*and F € H*. Hence, FN T* = F, which implies

that F € H ,. Therefore, {fEC T E e H'} S H| ..
Let Fe }[l’;*. Then there exists E € H™ such that F =EN 7*. Since E,T* € H™, then
ENT* € H*, thus F € H*. On the other hand,
F=EN T* which implies that v¢(w) = vgn 7+ (®) , Vo € X
= inf{ vg(w),v7(w)} < v (W), Vo € X.
Thus F € 7" .Hence, FE{E S T*: E € H*} implies that
H,S{ECT"E €H"} Therefore, H , ={ECT" E € H"}.

T T
Proposition(2.27):

Let X be a nonempty set and T* € P*(X) and let 7* be a nonempty fuzzy subset of a fuzzy
set X'*. Then y(z*)lf* is a fuzzy y-algebra over a fuzzy set 7.

Proof:
The result follows from Proposition(2.12) and Proposition(2.23).

Proposition(2.28):

Let X be a nonempty set and * < P*(X) and let 7" be a nonempty fuzzy subset of a

fuzzy set X*. Then y(z*w) is the smallest fuzzy y-algebra over a fuzzy set 7* which
includes z*T*, where

M H

y(z*lT*) — n 1 |T* 1

|T*

is a fuzzy y- algebra over a fuzzy
set 77" which includes %*T*, Viel

Proof:
From Proposition (2.10), we get y(T*s+) is a fuzzy y-algebra over a fuzzy set 7*. To
prove that y(%*w*) 2 ITT*, suppose that ﬂ-fl’;* is a fuzzy y-algebra over a fuzzy set T~
}[i* . }[i*
|:r* |:r*

fuzzy set T *which includes iTT*,Vi el

is a fuzzy y- algebra over a
which includes iZ*T* ,Vi € I, then ITT* c N
Hence, y(T"r+) 2 Tj,.. Now, let 7" isafuzzy y-algebra overa fuzzyset7"
which includes Tj .. Then #* 2 Y(ZX*|7+). Therefore y(T*s+) is the smallest fuzzy
y-algebra over a fuzzy set 77* which contains z]‘T*.

Lemma(2.29):
Let X be a nonempty set and T* € P*(X) and let 7 be a nonempty fuzzy subset of a
fuzzy set X', define a collection ™ as:

H*={ECX*":ENT" € y(i*w*) }. Then H* is a fuzzy y- algebra over a fuzzy set X*.
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Proof:

Since y(%*|7-) is fuzzy y-algebra over a fuzzy set 7%, then 9", 7* € y(¥*)7+). Now
T* cX*, thenT*= X* NT* and X*€H*. Also @*= @*NT*, then Q"€ H".
LetEy,Ey,...,Eq €H*. Then (E;NT*) € y(T*p+), for all i=1,2,...n. Hence,
(UL, E; NT*) € y(T*7+) , thus UL, E; € H*. Therefore, 3* is a fuzzy y-algebra
over a fuzzy set X'*.

Theorem (2.30):

Let X’ be a nonempty set and * < P*(X) and let 7" be a nonempty fuzzy subset of a
fuzzy set X*. Then y(3¥*)7+) = V(I
Proof:

Let F € T* 7+, then by Definition(2.21) F = ENT*, for some E € T". But T* € y(T"),
then E € y(T*), thus F € y(z*)lw, hence T*7- < y(z*)w. By Proposition(2.28), we have
Y(T*\7+) is the smallest fuzzy y-algebra over a fuzzy set 7* which includes ¥j .. From
Proposition(2.27), y(z*)lﬂ is fuzzy y-algebra over a fuzzy set T, then y(z*w) c
Y(T),,.. Now, define a collection H* as: H* ={E € X" : EN T~ € y(T"|y+) }. Then H* is
a fuzzy y- algebra over a fuzzy set X* by Lemma (2.29). Let G € T*, then GN T € T 7+,
but T*\5+ C y(z*)lf* implies that GN T~ € y(z*|T*), hence by definition of H* we get
GEH* andIT* S H*. LetF € y(z*)h*. Then F = EN T, for some E € y(T*). y(T*) is the
smallest fuzzy y-algebra over a fuzzy set X* which includes T* by Proposition (2.12) and
H* is a fuzzy y-algebra over a fuzzy set X* which contains I*, then y(Z*) € H* and
E€ ", hence by definition of #* we get ENT* € y(T"s+), thus F e y(T"),
consequently y(T*),.. € Y(Z*|7+). Therefore, y(T*7+) = YT,
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