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Abstract

In this paper, we define a new subclass Lg of multivalent functions defined by
the generalized integral operator with negative coefficients in the open unit disk U.
We also give and study some interesting properties such as coefficient estimates,
subordination theorems and integral means inequalities by using the famous
Littlewood's subordination theorem. Finally, we conclude a type of inequalities that
is upper bound and lower bound for topology multivalent functions of all analytic
functions.

Keywords: Multivalent function, Generalized integral operator, Integral means.
8Ll Badaia Jlgall (e i chia€ Ll cblalaal)

Gaal) e algd slawd ,* daa ciuhalll ae Gl
Ghadl s s s Aaals el 2IS, laali)l ol

il

plad) Jalsall fige ddacdgy Lgp 388 Banatia Jlgall sans ddia Chghia Cupal I ) 18
I ALYl Alealill Gpedll iyl s w3 Cige WU saagll G 6 AL Ol pa
Loaill 299 U1 Bpgal) Linjual) aladin) 3 Gy Cilaaliially cOlabaall iyt Jio LollSall (yalsall
LJaaly A 2l @3 claalpiall G plail Liatiiad G 4l

1- Introduction:
Let L, be the class of functions of the form:
Fl@) = 0P+t + z 4 P (0<h<1,peN={12.) 1)
k=2

which are analytic and multivalent in the open unit disk U = {w € C: |w| < 1} [1].
Let L, be the subclass of L, of functions of the form:

f(w) = wf*" — Z ap WP (g, 20,0 € V). )
k=2
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Observe that the authors introduced and studied some classes of analytic topology functions
such as the form (1) in [1]. See also ( [2], [3])

@@ + h = Do — (F(@))”
o + h(f(w)) + 2u(p + h — 1)zp+h-2

<v, 3)

where§ >0,c>—-(p+h),0<u<1,0<y<p+h0<h<l.
2- Coefficient Estimates:
Theorem 1: Let f € L, be afunction that is defined by (2), then
f € Lgo if and only if

i ((k+p+R)(k+p+h—1))(u+1)

a

Lt wy (@ +n)(p+h—1)
where§ > 0,c > —(pp+h),0<h<land0O<y<gp+h.
Proof: Suppose that the inequality (4) is verified and let |w| = 1, we obtain
@+ (@ + h = D72 = (F()) | = ¥ |5 (F(@) "+ 2u(p + h = D1~

= Zics(k+ o+ Wk + o + A — Dapo#2  —y|u(p + W) (p + h— D2 4+

Y-z ulk + o + W) (ke + p + h — Dajw" o2 (5)

<1, 4)

sZ(k+go+h)(k+go+h—1)ak—yu(go+h)(5o+h—1)

+Zu(k+go+h)(k+go+h—1)ak

By the hypothesisjwe obtain.

< z((k +p+ Rk +@+h—D)u+ Dag < yu@ + )@ +h— 1),
k=2

Therefore, by maximum modulus principle, we have f € L,.

Conversely, let f € Lg ,then

(+R) (9 + h — D2 — (f(w))”

S (F@) + 2u(p + h— D2
that is

<y, (wel).

|Teco(k + o + R)(k + o + A — Dago*t#+h=2|
lu(p + W) + h— DwP+h=2 4+ 32 ulk+p +h)(k+ o + h — 1) qporte+ti=2|
<y, (6)
Since| Re (w)| < | f(w)| for all w, we have
Yr (k+ o +n)k+p+h—Dagwktern—2
| ¢ {u(go +)(p+h— Dol 2 4+32 uk+p+h)k+p+h— 1)akwk+fo+h‘2}
<7V, (7)

Yilk+p+n)(k+p+hn—1)a, -
n@+ W@+ h— D2 + 5 u(k + o + )k + o + h— Dagwrorhz ="
which gives (4).
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Finally, the result is directly obtained with external function f which is given by:

_oorh py(+h)(p+h—1) Kt ot h
fl@) = wf ((k+p+h)(k+p+h—1))(u+1)w Thkz2 ()

Corollary 1: let f € L(g,1,8,y), then
py(@+n)(p+h—1)
ag < )
(k+p+n)k+p+h—1))E+1)

The equality (9) is satisfied for the function f that is given by (8).
3. Integral means inequality for the class Lg
In 1925, Littlewood [4] proved the following subordination theorem, see also [5]and [6].
Definition 1 [6], [7] : Let fand g be analytic which are in the unit disk U. Then we say that f is
subordinate to g, denoted by f < g or f(w) < g(w), if there exists a Schwarz function w
withw(0) =0, |w(w)| < I (w € U) which is analytic in U, such that
f(w) = gw(w)) (w € U). In particular, if the function fis univalent in U, we have the
following equivalence relationship holds [10]
f(w) < g(w) (w € U)ifand only if f(0)=g(0)and f(U) c g(U).
Theorem 2: (Littlewood [4], [8]) If fand g are two analytic functions in U such that f < g,
thenfora >0andw =re? and0<r < 1.

L1 (@))% do < [T 1(g(@))|% db.
This theorem is needed to prove the following theorem.
Theorem 3: Let F € Lg and suppose that f, is defined by

fi(2) = WPt — uy(p+hn) (o +h—1) e
(k+p+n)(k+p+h—1))(u+1)
If we have the following analytic function w which is given by

((k+go+h)(k+go+h—1))(u+1)z°o _
k .
k=2

k> 2. 9)

, k=2

(W@ =

py(+n)@+hr—-1)
This implies that for o =re®and 0 < r < 1.

21 « 21 «
[ ds < [ Vparre?)as, >0
0 0

Proof: We have to show that

27T *© a 21T h h 1 a
] I—Zak w* dﬁS] 1-— RAGCRIOICE ) w®| a9
0 = 0 ((k+p+m)(k+p+h—1))(u+1)
It would be enough to show that by using Littlewood 's subordination theorem,
N -1
1—Zakw"<1— wp+n@+h-1) o
b=t ((k+p+R)(k+p+h—1))(u+1)
by setting
N )@+ h—1
1— z @ o =1-— py (@ + 1) (p ) (@)
= (k+p+mk+p+h—D)(u+1)
We have
wpon _ (K P+ WK+ p+h—D)@+1) "
) W@+ +h-1 kZZ e @7
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Which easily yields that w (0) = 0. Moreover, by using (4), we obtain

[{w (@)} =

(k+p+R)(k+p+h—1))u+1)
w(p+ )@ +h—1) kZz“" o

<((k+go+h)(k+p+h—1))(u+1)

k=p=h < |w| < 1.
uy(@ + ) (g +h—1) kzzza" ] ]

Theorem 4: Leta > 0. if f € L($,h,8,y) and
fo(@) = 0P — py@+n@+hr-1)
“ ((k+p+m)k+p+h—1)(E+1)
Thenforw =re?and0<r <1,
2 ) ) « 21 ) 0 a
fo I (r )] do sfo 1y e®)| as,

Proof: It is enough to show that

o0

5 YCEIL

LA '

= 3 pw@+hn)(+h—1) (k+go+h>wk
(k+p+)k+p+h—1D)E+1D\ p+h '
This follows because
eon _IN wy(p + W) (P +h—1) )
Hw ()} = kZZ((k+go+h)(k+go+h—1))(u+1)akw

ay < |w|¥ " < |w|.

- |w|k_p_hi ((k+p+m)k+p+h-1D)u+1)
=t wy(@+ne+h-1)
Now, we discuss for the integral means inequalities for f € Lg and g that are defined by

9(@) = 0" — b,y @ — by b > 0,1 > 2. (10)
Theorem 5: Let f € Lg and g is given by (10). If f satisfies
Dk Sbugtby (b <bupn) (1n)

k=2
and there exists a function w which is an analytic such that

bai(W(w))##7" + by (W(a)))i - z a, wk =0.
k=2
Thenfora >0 andw=re with0<r <1

2T 2T
f ()| do < f |(g(@))]® db.
0

0

Proof: By putting w = r e!® and 0 < r < 1, we see that
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f:”lf(w)ladﬁ:f o i o

k=2
_ P+ f

1- Zaka)

k=2

dv

And

2m 2T
i 3 o [0
J. |g(w)|*dd = f |wga+h — bt prn@ P — by oo pp WHTETRTE hl dd
0 0

2

— h i 2i-p—h|*

= r@+ )af |1 - bi+go+hw1 - bzi+go+h—p—;7(‘) = | do.
0

By applying Theorem (2), we have to show that

1-— Z ar a¥ <1 —Dbjippw' — byjw? =¥,
k=2
Now we define the function w in this way

o]

1- Z a, a¥=1- bi+@+h(w(a)))i _ bzi(w(w))zi—go_h
k=2

or by

0

by (W(w))? =" + bi(w(a)))i — Z a, wk =0. (12)
k=2
Since forw =0 _
bai(W(w)2#7" + by(w(w)) =0,
Then there exists a function w which is analytic in U such that w (0) =
After, we show that the analytic function w satisfies |[w(w)| < 1 (w € U) for the condition
(11). From (11), we know that

b,i(w(w))?=¢~" + bi(W(w))l| = |Yr—ar | <Yi_,a, for w € U.

Therefore, by;|w(w)|?=#~" + bilw(w)|* — X5, ax < 0. (13)
Letting t =| w(w)|* (t = 0) in (14) and G(t) be a function can be defined as follows

G(t) = byy_p_pt" "+ bt — Z .
k=2
If G(1) =0, weobtainthatt< 1 for G(t) < 0. Indeed, we have

G(l) = b2i—{0—fl + bi - z ag =0,

k=2
thatis Z;?zz ag < bZi—SO—fl + bi'
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