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Abstract

The aim of this paper is to study the quaternary classical continuous optimal
control for a quaternary linear parabolic boundary value problems(QLPBVPS). The
existence and uniqueness theorem of the continuous quaternary state vector solution
for the weak form of the QLPBVPs with given quaternary classical continuous
control vector (QCCCV) is stated and proved via the Galerkin Method. In addition,
the existence theorem of a quaternary classical continuous optimal control vector
governinig by the QLPBVPs is stated and demonstrated. The Fréchet derivative for
the cost function is derived. Finally, the necessary conditions for the optimality
theorem of the proposed problem is stated and demonstrated.

Keywords: Quaternary Linear Parabolic Boundary Value Problems, Fréchet
derivative , Necessary Conditions for the Optimality.
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1. Introduction

Optimal control problems have a big role in many real life applications, for examples in
economic[1], Medicine[2], Engineering[3], Robots[4] and many other areas in the sciences.
These problems are usually ruled either by ordinary differential equations or by partial
differential equations (PDES), in particular, optimal control problems are studied for systems
that are ruling by PDEs of elliptic or parabolic or hyperbolic type are achived and considered
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in [5 —10]. On the other hand, the authors in [11-13] disscsed and achieved the optimal
control problems for systems ruling by triple PDEs of the previous three types.

In this work, we look at the optimal control problems that is formed by QLPBVPs. We also
prove the existence and uniqueness theorem for the weak form of the continuous quaternary
state vector solution by using the Galerkin Method when the quaternary classical continuous
control vector is known. In addition, the existence theorem for a quaternary classical
continuous optimal control vector is stated and demonstrated. The Fréchet derivative for the
cost function is derived. We study the solution for quaternary adjoint boundary value
problems related to the QLPBVPs. Finally, the necessary conditions for the optimality
theorem of the proposed optimal control problem is stated and demosntrated.

2. Description of the problem

Let O < R? be an open and bounded region with boundary ' = 09, x = (x;,x,), Q =
IxQ, 1=[0T], T=0Q, £=T X1 The quaternary classical continuous optimal control
consists of the quaternary atate equations, which are given by the following QLPBVP:

Yie—Ayi+yi =y +ys+tya =il t) +uy, inqQ 1)

Vor =AY, + y1+ Y2 — s —ya = (6, t) + Uy, inQ 2)

Ve —Ays —y1+ Y2 +ys tya = f3(x, t) +uz, inQ 3)

Yar —Bya —y1+ Y, —y3+va = fa(x, ) +uy , inqQ 4)
with the following boundary conditions and initial conditions:

yi(x,t) =0, Vi=1,2,3,4. onX (5)

yi(x,0) =vy2(x), Vi=12734 on Q (6)

4 | .
Where, (fy, f2. far fa) = (fi(x t), (%, 1), (%, ), fu(x, ©)) € (L2(Q))  is a given vector
of functions for each % = (uy, up, uz, uy) = (uy (x, 1), uz (x, £), us(x, t), uy (x, ) ) € (L2 (Q))4
that is a admissible quaternary continuous classical control vector and y = (v, V5, V3, Va) =

(yul,yuz,yu3,yu4)e(}(z(ﬂ))4 is the continuous quaternary state vector solution
corresponding to the control vector .

The set of admissible quaternary continuous classical control vector (with U is a convex
set) is defined by

W, = {1 = (uy, Uy, Uz, uy) € (LZ(Q))4 |iel=U,xU,xU;sxU, c R*a.e.inQ},
The cost function is defined by
- d 1
Min.Go(u) = 5(”)’1 - Y1d||i2(Q) + ly, — yZd”iZ(Q) + lys — Y3d||i2(Q) + llys — Y4d||EZ(Q))
+§(|lu1|IiZ(Q) + ”uz”zZ(Q) + ”u3”zZ(Q) + ||u4||]%2(Q)), g >0 (7)
Let V =V, x Vy x Vs x Vy = {3 5 = (v3, 1,73, v5) € (@), = 0 0n 302},
The weak formulation of the QSEs:
The weak form of (1) — (6) with y € (}[(}(Q))4 is given by
(Vi v1) + (Vy, Vo) + (7, v1) — 2, v1) + (Y3, v0) + e v) = (fL +ug,v4),  (8.9)

(1, v1) = (11(0), v4), Vv, €V (8.0)
(V2 v2) + (Vy2, Vi) + (Y1, v2) + V2, v2) — (3, v2) — (s, v2) = (2 +up,v2),  (9.8)
(3, v2) = (52(0), 1), Vv, €V, (9.b)
V30, v3) + (Vy3, Vwg) — (y1,v3) + (V2 v3) + (¥3,v3) + (s, v3) = (fs +uz, v3),  (10.9)
(y3,v3) = (y3(0),v3), Vvs EV; (10.b)
(Vats Va) + (Vya, Vvu) — V1, va) + V2, Va) — (V3,0) + Vs, va) = (fa + U, v4), (11.3)
(2, va) = (¥4(0), 1), Vv, €V, (11.b)
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The following assumption is important in our study to the  quaternary classical
continuous optimal control.

2. Assumption (A):
The function f;, (for all i = 1,2,3,4) in the R.H.S. of (8.a), (9.a), (10.a), and (11.a) satisfy
the following condition: |f;| < n;(x,t), where (x,t) € Q and n; € L*(Q, R).

3. The solution of the weak form
The next theorem gives the existence and unigness for the the continuous quaternary state
vector solution.

Theorem (3.1)
If the assumption (A) holds, then the weak form ((8) - (11)) has a unique solution

3 € (L2 With = 0res Yae, Yaeo vae) € (12U V*))* for each given QCCCV,
- 4
i€ (L2(Q) .
Proof: Let l_/,’1 = Ving X Vo XV X V) = (Vp XV, XV, X V) © V be the set of piecewise

affine functions in Q for any n such that ¥, = (V1 ,Van » V3n » Van) With v;, € V (Vi =
1,2,3,4) and y,, = V1n» Y2n» Van, Yan), let ¥, be an approximation for y such that

VYin = 7;=1 Cl‘j(t)vij(X) vi=1,2,3,4. (12)
where c;;(t) is an unknown function of ¢ forall i = 1,2,3,4, j = 1,2, ...... , M.
Hence, ((8) - (11)) for allv; € V,, become as follows:
Vine V1) + (VY1n, Vo1) + Vin = Yon + Van + Yan V1) = (f1 + g, v1) (13.3)
(y{)w 171) = (y{)' vl)r (13b)
(Vane v2) + (VY20 V02) + (Vin + Yon — Yan — Yans V2) = (f2 + Uz, 12), (14.a)
on v2) = (¥3,v2), (14.b)
(Vaner V3) + (Vy30, Vv3) + (=Y1n + Yon + V3n + Yan, v3) = (fs + us, v3), (15.a)
(ys(’)n' V1) = (}’39: v3), (15.b)
(Vant> Va) + (VYan, V01) + (=Y1n + Yon — Yan + Van, Va) = (fa + s, va), (16.a)
(ygn’ V) = (}’z?: V), (16.b)

Where, y2 = y2 (x) = yi,,(x,0) € V,, € V; © L?(Q) is the projection of y? with respect to
the norm || | 2q, , i.€. ||yg1 - yiOHLZ(Q) < ||yi0 - vi”LZ(Q) Jforallv, € V,,i = 1,2,3,4.

By substituting (12) for i = 1,2,3,4 in (13) - (16) ,respectively, and then setting v; = v;; ,
foralli=1,2,3,4and j =1,2,.... ,n, one obtains that the equations from(13) to (16) are
equivalent to the following linear system of ODEs of first order with initial conditions that
has a unique solution:

A,C;(t) + B1C,(t) — DC,(t) + EC5(t) + FC,(t) = by, (17.a)
A,C;(0) = b2, (17.b)
A,C,(t) + B,C,y(t) + KCy(t) — MC5(t) — NC,(t) = b, , (18.a)
A,C,(0) = b9, (18.b)
A3C3(t) + B3C5(t) — PC,(t) + QC,(t) + SC,(t) = by, (19.a)
A;C5(0) = bg, (19.b)
A,Cy(t) + B,Cy(t) — XC1 (1) +YC,(t) — ZC3(t) = by, (20.a)
A4C4(O) = bg ’ (20.b)
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Where A; = (ailj)nxn Ay = (vl-j,vl-l) , Bi = (b”f)nxn » by = (VUU,VU”) + (vu,v”)

D =(dy), 0 4 = (2, v0) E = (ey)),,, €y = (Wap ) F = (fiy) o fis = (vaj o)
K= (k) k= (vij,vn) = (my) i = (vsj,v2) N = ()= (va), v21)
P =(py), o= (1va).Q = () 4 = (v2j,va1), S=(sy7) 515 = (Va)ova1)
X=(xy) oxy=@ivm), Y =), v = Wapva)Z = (2),zi; = (vs),vu)
b)=(b3), by=0lva), b= Gudnxa, bu=i+tu,vy) , C©)=(®)
G = (c®) ., € =(cy(®) ,VI=12....n, Vi=1234

nx1 nx1

To prove the norm ||§2||Lz(m is bounded, we have y? = y?(x) € L2(Q), then there is a
sequence {v,}, v° €V, such that v2, — y?9 (strongly) in L2(Q), by applying the
projection theorem [14] with (13.b), one has
ly2n = ¥2 1l < Iy = villi2q), V v1 €V, then for all vp, € V c V, and for all n, we
have
lytn = 2 lliz) < ly? — vinlliz(qy this imples that y7, — y7 (strongly) in L?(Q) with
ly2nlli2 oy < by
Similarly, one has that [ly2, |l 2y < b2, 1¥3nll 20y < bs and [lygy |l 2¢qy < by this leads to
||79,||L2(Q) is bounded.

Now to prove the norm ||y, ()| and ||y, (D)l 2 (q) are bounded.

L(1L2(Q))
Setv; =y, Vi=1234,in ((13) - (16)) respectively, if we integrate with respect to t
from 0 to T, then collect the obtained four equations together to get

T, - T
fo (Vnt » Yn) dt + fo [”3’171”5-[1(9) + ”yZn”gz-[l(Q) + ”y3n”;[1(g) + ”yztn”;[l(g)]dt =

fOT[ (f1 + ug, y1n) + (2 + Uz, ¥an) + (fs + us, ¥an) + (fa + U, Yan)]dt,
Or

f (Ve » V) dt + f ||J’n||}[1(m f [(f1 + UL yin) + (2 Uz, y2n) + (fs + Uz, y3n) +
(fa + s, Yan)]dt, (21)

Since y,,; € (LZ(I,V*))4 and y, € (L2, V))4, then lemma (1.2) in [15] can be used for
the first term in L.H.S. of (21). On the other hand, since the second term is nonnegative,so
We take T =t € [0, T]. Finally, we use assumption (A) for the R.H.S. of (21),then it yields to

1 pt
o o ||yn(t)||Lz(m <2 Jo Jol@f + 13 + 05 + 0D + (wl? + [us|? + us|® +

|u4|4)] dxdt + fo fﬂ (lylnlz + |YZn|2 + |Y3n|2 + |y4-n|2)] dxdt
This implies to

fo dt ”yn(t)”LZ(Q) dt < ”7l1”32(Q) + IlTIZ”iZ(Q) + ||n3||]%2(Q) + ”TI4”§2(Q) + ”ullliZ(Q) +
t
”uzlliZ(Q) + ||u3||i2(Q) + ”u4”iZ(Q) + 2 fo ”}ﬁn”i%g)dt +

t t t
2 fO “}Qn”f}(g)dt + 2 fO ||y3n||22(g)dt + 2 fO ”yzl-n”iZ(Q)dt
Since IImIIfZ(Q) < b;, ||ul-||iz(Q) <c¢, Vi=1234 ,and ||37n(0)||22(m < b. Then,we get

- X t = . 7 5 5 5
19nllf2q) < €+ 2 [ IFnllf2 )@t ,¢* = by + by + b3+ by + ¢+ ¢ +c3+ ¢4+ b.
Using the Continuous Bellman Gronwall Inequality in [16], we obtain the following:
||3’n(t)”L2(Q) < ce 2T = bZ(C) ) Vte [OI T] Thena ||5}n(t)||L°°(I,L2(Q)) < b(C) :

So that we get ||y, (t)|l,2 Q= b,(c).
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To prove the norm ||?n(t)||fz(1,v) is bounded, we use lemma (1.2) in [15], for the first
term in L.H.S. of (21), then we use the same above results which are obtained from the R.H.S.

of (21),thensett =T and ”}_}n(O)”iz(Q) is nonnegative. Hence, the equation (21) becomes:
- - T\ >
”771”522(@ + ”772”522(@ + “773”52@2) + “774”52(@ + ”ullliZ(Q) + ||u2||1%2(Q) +
”u3”L2(Q) + ||u4||L2(Q) + 2||}’n||L2(Q)
Which gives:
T\ - .
Jo 19l g1 qy dt < b3(c), with b3 (c) =
i.e. ||5}””L2(I,V) = bZ(C)-

(b+51+bz+b3 +b4+C1+C2+C3 +C4+2b1(€))
2

To disscuss the convergence of the solution, let {17;1}:;1 be a sequence of subspaces of V
such that for all 3 = (v,,v,,vs,v,) €V , there exists a sequence {#,} with #, =
(V1n ) Von » Van , Van) € V,, forall n and %, — ¥ stongly in V, this gives @, — ¥
(strongly) in (LZ(Q))4. Since problem (13) - (16) has a unique solution
Y = Vin»Van » Van » Yan) for each n with I7n c V, hence corresponding to the sequence of
subspaces {‘771};11 , there exists a sequence of (approximation) problems like (13) - (16).

Now by substituting v = ¥,, = (V15 , Van , V3n » Vay) in these equations for = 1,2, ..., one gets
the following:
(Vine V1n) + (VY10 V1) + V1n Vi) — O2n Vin) + V3 V1) + Gan Vin) =

(f1 + Wy, v1p), Vv €V (22.9)
(yi)nr vln) = (}I{); vln): vvln € Vn (22-b)
(:VZntr vZn) + (VyZn'VUZn) + (yln'VZn) + (yZn'UZn) - (y3n'v2n) - (y4n: UZn) =

(f2 + uz, v2n), Vv €Wy (23.9)
(ygnr vZn) = (yg’UZn)' VUZn € Vn (23-b)
(Vane Van) + (VYan, VU3) — V1n Van) + an V3n) + U3 V3n) + (Van, Van) =

(fs + uz, vsn), Vs, €W (24.2)
(ya(’)nr vln) = (y??’v3n)' Vv3n € Vn (24-b)
(Vaner Van) + (VYan, V0an) — V1n Van) + V2no Van) — Vans Van) + Van, Van) =

(fa + Us, Van), Vg € Vy (25.9)
(Vans Van) = (V2 Van)- VU € Vy (25.b)

Then, problem ((22) - (25)) has a sequence of solutions {y,,}s-; , but from the previous
steps, we got ||, ]l 12(q and 1A 121 v) are bounded, then by Alaoglu’s Theorem there is a
subsequence of {y,},en , for simplicity, say again {y,},en Such that y,, — y (weakly) in
(LZ(Q))4 and in (L%(I, V))4 . Now, we multiply both sides of (22.a), (23.a), (24.a) and (25.a)
by ¢@;€cC0,T] for alli=1,234, respectively, with ¢@;(T)=0 and
@;(0) #0 forall i =1,2,3,4, then integrating both sides (IBS) with respect to t from 0 to
T , and then integrating by parts the first termsin L.H.S. of each obtained equation, one has:

T \ T T
—Jy O1n 11 @1 (O dt + [ [(VY1n, VY1) + Gin, v1i)] 91 () dE = [ (V2n, vin) @1 (D)dE +

I} G3n V1) @1 (O dt + [ G 11201 (O)dE = [ (fi + g, 1) 91 (O)dt + 5, V1)1 (0),
(26)
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- fOT(YZn , Van) @2 (D)dt + fOT[(VYZn' Von) + Van Van)] @2(8)dt + fOT(}’m' Van) P2 (t)dt —

f;()’sn; Van) 2 (0)dt — fOT(J’zm’ V2n) @2 (D)dt = fOT(fz + Up, V2n) 02 () dt + (Y2n, V21) 92(0)
(27)

- fOT()’3n , Van)@3(0)dt + fOT[(V%m V) + (Van Van)] @3(8)dt — fOT(%n' V3n)@3(t)dt +

fOT(YZn' Usn) @3 (D)dt + foT(yéLnr Vsn)@3(t)dt = foT(f3 + Uz, V3) @3 () dt + (Y3, V3n) 93(0)
(28)

- fOT(Y4n ) Van) Pa(t)dE + fOT[(Vy4n, V4n) + (Van Van)] pa(O)dt — fOT(%n' Van) Qa(O)dt +

Jo O2n an) @4 (D) = J Y3, van) 94t = [ (fy + s, v4n) @4 (D) + (s v4n) 94 (0)
(29)

Vin — v; ST in L?() } N { Vin®; — V;@; ST in L?(Q)

Vip — v; STinV Vin@; — v;@; STin L2(1,V)

And since y;, — v; (weakly) in L2(Q) and in L*(I,V), vy, — v; (weakly) in L2(Q),

yd, — y? (weakly) in L2(Q) Vi = 1,2,3,4, then ((26) - (29)) converge to:

- fOT(Y1 ,v1) @1 (O)dt + fOT[(VJ’p V1) + (y1, v)] @1 (D)dt — fOT(yz' V)1 (t)dt +

fOT(Y3: V1), (D)dt + fOT(pr V1) (D)dt = fOT(f1 +uy, v (O)dt + (¥7,v1) 91 (0) (30)

- fOT(YZ V)P (t)dt + fOT[(VJ’z: Vv,) + (V2, v2)] @2 (D)dt + fOT(}’p Vo), (t)dt —

fOT(Y3: V)2 (t)dt — f()T(y4,v2)(p2(t)dt = fOT(fz +Up, 1) 2 ()dt + (¥7,v2)92(0)  (31)

— [ 03, v3) @5 (O dt + [ [(Tys, Tv3) + (v5,v3)] @3(O)dt — [, (1, v3) 5 (D)dt +

[} 52, v)@3(Odt + [} (4, v3)p3()dt = [ (fs + us, )93 (Ddt + (13, v3)3(0)  (32)

- fOT(ﬂ ,Va) P4 (t)dt + fOT[(Vy4, V) + (Vo va)] @a(t)dt — fOT(J’p v)pa(D)dt +

fOT(YZ: V)@ (t)dt — fOT(Y& V)@ (t)dt = fOT(ﬁL + Uy, V) 04 () dt + (32, v4) 04(0) (33)
Now we have the following two cases:

Casel: Choose ¢@; € D[0,T], i.e. ¢;(0) = ¢;(T) =0, for all i = 1,2,3,4, substituting these
values in (30) - (33) then using integrgtion by parts for the first terms in the L.H.S. of each
one of the obtained equations, one gets that:

fOT(YH V1)1 (B)dt + fOT[(VJ’p V1) + (y1, v)] 1 (D)dt — foT(}’z: V) (t)dt +

Since

Jy 03,7001 (Ot + [ (ra, v) @1 (Odt = [ (f; +uy, v1) s ()t (34)
[ V2t v2)02(O)dt + [ [(Ty2, V03) + (72, v2)] 92 (O)dt + [} (1, v,) 02 (D)t —
[} 53, )92(0)dt — [ (4, v2) @2 (Ot = [ (fo + 1z, v,) 5 (£)dt (35)
[} V3t v3)3(O)dt + [ [(Vys, Vvs) + (73, 13)] @3 (O)dt — [ (71, v3) s ()dt +
[ 02, v3)@s (O dt + [ (4, v3) @3 (D)dt = [ (fs + s, v3)@3(t)dt (36)
fOT(Y4t Vg (t)dt + fOT[(V}’zL» V) + (Va, va)] @a()dt — fOT(yp Va) @ (t)dt +
[y 02, 1)@ (At — [ (v5,v)@a(O)dt = [ (fy + 11, v4) @ (B)dt (37)

Then ((34) - (37)) gives that y is a solution of the wf of the CQSVS ((8) - (11)).
Case2: Choose @; € C1[0,T], s.t. ¢;(T) = 0and ¢;(0) # 0,V i = 1,2,3,4.

We integrate the first terms in the L.H.S. of (2.47) to obtain that:

— [y 01, ) @1 (O dt + [ [(Vy1,Vv1) + (0, v)] 91 (Ot — [ (72, 1) (D)dt +

[} 03, v)@1 (Ot + [ (va, v) @1 (D)t = [ (fy + us, v1)1 (D)d + (71(0), v1)p1(0) (38)
Moreover, by subtracting (30) form (38), one gets that:
1, v)91(0) = (¥1(0), v)91(0),, ¢1(0) # 0, this implies
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(y2,v1) = (3,(0), ;) that means, the initial condition (8.b) holds.

Similarly, one can get that that (y?,v;) = (v;(0),v;), fro all all i = 2, 3,4, that means the
initial conditions (9.b),(10.b) and (11.b) hold.

The convergence for y,:

Substituting v; = y;,, foralli = 1,2, 3,4, in (13.a), (14.a), (15.a) and (16.a) respectively,
then collect the obtained equations together and, then integrating both sides of them from 0
to T. On the other hand, substituting v; = y;,Vi =1, 2, 3,4, in (8.3), (9.a), (10.a) and (11.a)
respectively ,then we add them together, and integrate both sides of the obtained equations
from 0 to T to obtain that:

f (Vne » Yn) dt + f ||}’n||}[1(m fT[ (fi + up, yin) + (f2 + Uz, Y2n) + (f3 + Uz, ¥30) +

. . . (fa + us, yan)ldt, (39)
Jo e, yrde + | ||)7||§{1(_Q) dt = [[[(fi +up,y) + (fz +uz,y2) + (fs +uz, y3) +
(fa + ug, yu)]dt, (40)

Using Lemma (1. 2) in [15] for the first terms in the L.H.S. of (39- 40), they become:
I T2y = 5 150 O 12y + Jy 1FnllZgr g dt

T
Jo LU+ u1»3’1n) + (f2 + uz, ¥2n) + (fs + Uz, y3n) + (o + Uy, Yan)]dt (41)
T2y = 5 1T O 22y + Sy 1721 dt

T
Jo LU Hupy) + (2 Hup y2) + (fs +us, y3) + (fy + ug, ya)ldt, (42)
Since

- - - - T, > o -
15 (1) = F D20y = 5 152(0) = FO)IZ2 gy + [y G — 3 5 — F)dt = Ay — By — Cy.
(43)

Where

Ay = S Fn (D20 — ||yn(0)||Lz(m +f7 ||yn||ﬂl(ﬂ)
By = 2 (5u(1), 5(1)) = 2 (5.(0) = 5()) + f; (Fu(®), y(t))dt,
€1 =5 (F(T), 5u (1) = F(D)) = 5 (5(0),72(0) = 5(0)) + [ (F(t), Fu(t) — (D)),

Since 79 = 7,(0) — 3° = 5(0) ST in (12(®)’, (43.2)
Fa(T) —(> (1) STin (17 m)))“. (43)
7(0),7,(0) — $(0)) — 0

Then, Y e, 5 A 1 43

o {(y(T),yn(T) —5T) =0 (43.)
15:2(0) = (0|22 () — O

. 43.d
" {”in(T) - 5’)(71)”22(9) — 0 ( )

Since y, — y (weakly) in (L2(J, V))4, then

Jy G0, 3(0) = 3(©))dt — 0, (43¢)
again since y, — y (weakly) in (LZ(Q))4, then

foT[ (fr + up, yin) + (fz + Uz, Y2u) + (s + us, y30) + (fa + Uy, Yan)]dt —

LR +uy) + (o +uzy2) + (s + s, y3) + (fo + us, ya)]dt (43.)
Now, when n — oo in both sides of (43), one has the following results:

1) The first two terms in the L.H.S. of (43) are tending to zero from (43.d).

2) From (41), we have
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from
Eq.A, = fOT[(fl + Uy, Vi) + (2 + Uz, Y2r) + (fs + Us, yan) + (fa + Uy, Yan)]dt (4;’0
LA + ) + (f + g, y2) + (fs +ug,y3) + (fi + ws yi)]dt.

(3) The equationB, — LH.S. of (43b) = [[[(fi +uy,y1)+ (fo+ 1 y2) + (fs +
uz,y3) + (fa + us ya)ldt.
(4) The first two terms in equation C; are tending to zero from (43.c) and the last term also
tends to zero from (43.e), from these convergences and the results, (43) gives as n — oo:
T > 112 _ T, > - -

fO ||Yn - yug{l(g_)dt - fO (yn Vi ¥Yn— Y)dt — 0.
This implies that y,, — y (strongly) in (L2(I, V))4.
Now ,we prove the uniqueness of the solution.
Let § = (y1,¥2,Y3,Vs), 5 = (J1, 72,73, ¥s) are two solutions of the weak form ((8.a)-
(11.a)). We start with y; and y; that means:
(Y16, v1) + (Vy, Vo) + (71, v1) — (72, v1) + (3, v0) + aev1) = (L +uq,v1), Vo, €V,
V1o v1) + (VL Vo) + (51, v1) — U2, v1) + (3, v10) + (Ja, v1) = (fy + Uy, v1), Vo, E V7.
By subtracting the second equation from the first one and substituting v; = y; — y;, we get
(O —_371)0 Y1~ YO+ =Yy —=V1) — 2=V y1 = V1) + (3 = ¥3, 51 — ¥1) +
Vs =Y y1— V1) =0, (44)
We use the same previous way to obtain:
(V2 =YDy = V) + 1 = V1,V = V) + (V2 = V2,2 = Vo) = (V3 — V3, Y2 — §2) —

Vs — VY2 —¥2) =0, (45)

(V3 =Y3)6Y3=¥V3) =1 = V1. Y3 = V3) + (2 = V2, ¥3 = V3) + (3 — V3, ¥3 — ¥3) +

(Vs — Vay3 —¥3) =0, (46)

(Vs = V)eYa—Va) = 1 =V Ya— V) + V2 = V2 Ya —Va) — (V3 — V3, ¥a — Va) +

Vs =Y Ya—Ya) =0, (47)

Collecting ((44) - (47)), we use Lemma (1.2) in [15] to the frist term of the obtained

equations, one obtains that:

- 212 N =112
ol =z + 15 =5l = O (48)

The second term of the L.H.S. of (48) is nonnegative, then we integrate both sides of
(48) with respect to t from 0 to t to obtain for each t € I that:

td - =2 2 - - - =2 2 - =2 2
Jo 2 19 = 3l 2q, < 0. this gives|| (¥ = 7) (O 2y < 0. then[|y = F[| ., =0 (49).
Now,we integrate both sides of (48) from 0 to T, and use the given initial conditions and
(49), we get
2

2 3115 = 3l gyt = 0 Hence, |[5 = F|12,, ,, = 0. Therefore,5 = 7.

4. The existence of a quaternary classical continuous optimal control problem:

Theorem (4.1): In addition to assumption (A), we assume u and 4 + du bounded quaternary
classical continuous optimal control vectos in (LZ(Q))4and y , y+ 57 are their
corresponding continuous quaternary state vector solution, respectively, then

151 2(112(09) < M8l 2 gy, M € RF

||6y”L2(1y) < M1”5u”LZ(Q) , M; € R*.
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Proof: Let # = (uy,uy,us,u,) and & = (4y,Uy,0us,0,) € (LZ(Q))4 be two given
quaternary classical continuous optimal control vectos, then by Theorem (3.1) there exist
V=1 =Yy Y2 =Yy V3 = Yuy Va=Yu,) a0 Y =(F1,52,95,9s) its their
corresponding continuous quaternary state vector solutions and they satisfy equations ((8) -
(11) that means

V1 v1) + (VL Vo) + (71, v1) — (2, v1) + (5, v0) + O ve) = (L + 14, v1),  (50.9)

(1(0),vy) = (J’f: 29, (50.b)
(Var, V2) + (VY2 Vv2) + (71, v2) + (72, v2) — (U3, 02) — (Vas v2) = (f2 + Uy, v2) (51.3)
(72(0),v2) = (v3, 1), (51.b)
V30, v3) + (VY3,V3) — V1, v3) + (U2, v3) + (U3, v3) + (Da, v3) = (fs + 1z, v3),  (52.9)
(73(0),v3) = (¥3,v3), (52.b)
YVarr va) + (Y94, V01) — (Y1, v4) + (2, 08) — V3, 04) + (Fas va) = (fa + Uy, 14), (53.3)
(372(0),v4) = (v, va), (53.b)

By subtracting (8.a-b) from (50.a-b), (9.a-b) from (51.a-b), (10.a-b) from (52.a-b) and (11.a-b)
from (53.a-b) and setting 6y, =y; —y; ,0u; = u; —u;,vi =1,2,3,4, in the obtained
equations to get:

(616, v1) + (V8y1, V1) + (6y1, 1) — (6Y2,v1) + (63, v1) + (64, v1) = (uy, v1), (54.9)

(6y,(0),v,) =0, (54.b)
(6Y21,V2) + (V8y,, Vvp) + (81, v2) + (62, v2) — (8Y3,v2) — (8Y4, v2) = (8uy, v7), (55.9)
(6y2(0),v,) =0, (55.b)
(0y36,v3) + (VOy3, V) — (6y1,v3) + (8Y2,v3) + (8y3,v3) + (8Ya, v3) = (Sus, v3), (56.3)
(6y3(0),v3) =0, (56.b)
(6Yat, Va) + (V6Y4,Vvs) — (81, V4) + (82, V4) — (83, V4) + (6Y4,v4) = (Suy, v4), (57.9)
(6y4(0),v4) =0, (57.b)

By substituting v; = 8y; Vi =1,2,3,4, in (54.a-b), (55.a-b), (56.a-b) and (57.a-b),
respectiely,we add the obtained equations and use Lemma (1.2) in [15] for the first term in
the L H.S., they give:

2L 11651122y + 187120y = (B1ty, 8y1) + (Butz, 82) + (Sus, 6y5) + (ug, 875) . (58)

Since the second term of (58) is non negative, we integrate both sides with respective to t
from 0 to t, it becomes:

t t t t
fo o ||8y”L2(Q) < fo ||6u1||1%2(9) dt + fo ||6Y1||1%2(Q) + fo ”6u2”iz(ﬂ) dt + fo ”53’2||12,2(Q) +
t t t t
fo ”5u3”i2(g) + fo I|SY3||1%2(Q) + fo ”6u4”22(g) dt + fo ”53’4”32(9)

t - t -
= [ 16T g, dt + [ 116711%q,
Then,

1851122 gy < 1620172 g + S, 1851172 gt
By using the continuous Bellman Gronwall Inequality in [16], one gets:

||637(t)||L2(m < ||5u||L2(Q) M2||6u||L2(Q) , M> =eT ,t €[0,T], this gives
=112

Now, since ||537||22£Q) < Tmaxte_[olT]||637(t)||i2(m < TM2||5ﬁ||iz(Q) ,
then ||537||22(Q) < M||517||i2(Q) ,M? = TM?, we

integrate both sides of (58) with respect to t from 0 to T, using the same manner which is
used for the R.H.S., this gives:
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- T - — - s —
||637||iz(w) < M?||84l where M? = (1 + M?)/2 .Therfore,
16511721y, < MIlSE

2
IO
2

L2Q- .
Theorem (4.2): With assumption (A), the operator & — yy is continuous from (L2 (Q)) into
(L>(1,12(2))" or into (£2(1,v))" orinto (L2(Q))".

Proof: Let # and % be two quaternary classical continuous optimal controls, and ¥ ,y are their

-

corresponding continuous quaternary state vector solutions, 6% =# — 1 and 6y =y — 7,
then using the first result in Theorem (4.1), one gets that:

> 5 e = - . — S s . . . 2 .
y m y ifu %; u , i.e. The operator u — yj is Lipschitz continuous from L<(Q) into

L°°(I, LZ(Q)). Similarlly, this operator is also Lipschitz continuous from L?(Q) into L?(Q)
and into L2(1, V).

Lemma (4.1) [8]: The norm || ||z q, is weakly lower semi continuous.

Lemma (4.2): The cost function (7) is weakly lower semicontinuous.

Proof: From lemma (4.1), the norm ||17||Lz(Q) is weakly lower semicontinuous, on the other
hand when i, — u (weakly) in L2(Q), then (by theorem (2.3.2)) ¥, — ¥ = y; (weakly) in
L?(Q), which gives ||y — ﬁdlle(Q) is weakly lower semicontinuous (by Lemma (4.1)), hence
Go(w) is weakly lower semicontinuous.

Lemma (4.3) [8]: The norm ||. [|z o, is strictly convex.

Theorem (4.3): If the cost function G,(u) in (7), is coercive, then there exists a quaternary
classical continuous optimal control vector.

Proof: Since G,(1) = 0 and it is coercive and we seek about the minimum, then there is a
minimizing sequence {H,} = {(Uyk , Usk » Uk, Uar)} E Wy , YV kSt lim,e Go(TUy) =
inf; ., Go(&) , then there is a constant, € > 0 s.t. [l l 29y < C, and then by Alaoglu’s
Theorem there exists a subsequence of {u,}, for simplicity say again {,} s.t. U, — u
(weakly) in (L? (Q))4 as k — oo.

Now, by Theorem (3.1) corresponding to the sequence of control {u,} there is a sequence of

unique solution {y,}, but the norm ||}7k||L°°(I,L2(Q)) , ||37k||Lz(Q) and IIﬁklle(,,V) are bounded,

then also by Alaoglu’s Theorem there exists a subsequence for simplicity say again {y, }of of

4
(T}, such 3, — 7 (weakly) in (L=(1,L2(0)) ,in (£2(@))" and in (£2(1, V)",
Now, consider (13.a), (14.a), (15.a) and (16.a) and rewrite them as:
Vike V1) = = (VY1 Vo1) — V110 V1) + G2k V1) — V300 V1) — Yaks V1) + (fi + Uak, V1),
(Vart: V2) = —(VY21, V02) — Y1k V2) — Y2k V2) + Y3k V2) + Yaks V2) + (f2 + Uzg, 12),
(Vare» V3) = —(Vy3x, VU3) + Y1k, V3) — Vo V3) — V3 V3) — Vak, v3) + (fs + Uzg, v3),

(Vaktr Va) = —(VYai, VV4) + V110 Va) — Vakr Va) + V310 Va) — Vako Va) + (fa + Uai, Va),
By adding these equations and integrating both sides from 0 to T, then taking the absolute
value, using Cauchy Schwartz Inequality. Finally, by using assumption (A), we get

T, -
|y e D)t <
||V3’1k||L2(Q)||VV1“L2(Q) + ”3’1k”L2(Q)”V1“L2(Q) + ”ka”LZ(Q)”vlllLZ(Q) +
||y3k||L2(Q)”v1“L2(Q) + ||y4k||L2(Q)||v1”L2(Q) + ||vy2k“L2(Q)”VUZHLZ(Q) +
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lyillizio)llv2llizegy + 1yarllz oy lvalliz gy + 1yskllzy vz lliz oy + arllizoyllv2ll 2y +
IVY3illizyIVV3llz gy + IVakll 2oy 1valliz gy + 1yarllizyllvall 2y +
”y3k”L2(Q)”v3”L2(Q) + “y4k“L2(Q)”v3”L2(Q) + ||VY4k||L2(Q)||VU4||L2(Q) +
lyillizio)1vall iz @y + 1yarllzylvall iz oy + 1yskllz oy 1vall 2 o) + NVarllz oy 1vall 2y +
In1ll 2@ llvalliz o) + Im2lliz@yllvall iz gy + IMsllizyllvsllizgy + 1Mall 2oy lvall 2 gy +
||u1||L2(Q)||U1||L2(Q) + ||u2||L2(Q)||U2||L2(Q) + ”u3”L2(Q)”U3”L2(Q) + ”u4”L2(Q)”U4”LZ(Q) )
Since for each i = 1,2,3,4, the following are satisfied:

”Vyik”LZ(Q) = ||V}7k||L2(Q) =< ||V}7k||LZ(1,V) il 2oy < ”ﬁ”LZ(Q) = ||ﬁ||L2(1,V) ,”Vvi”LZ(Q) =<
||V?7||L2(Q) = ”ﬁlle(I,V) Nyillize) < ”}7k”L2(Q) =< ||37k”1,2(1y) , “uik”Lz(Q) =< ”ﬂk”LZ(Q) =<
C, il 2y < b -
Then, the above inequality becomes:
| Gieer D)ett| < 20115l 2 191l 21y + (By + by + by + by + 4C) 15ll 2,
Or
T, > hvd r -
|y e D)dt] < (20b2(0) + B ) 13ll 2,
where ¥l 2 yy < b2(c) and b(c) = by + by + bs + by + 4C,
this implies to
|fo FreDdt|
ll,2 ;)
Since for each k, y, is a solution of the weak form ((8) - (11)), then we get
(Vike» V1) + (VY1 Vo1) + 1k V1) — D2k V1) + U300 V1) + Varo V1) = (fi + Uk, v1),(59)
Voo V2) + (VY21 V02) + V11, V2) + (V2 V2) — Vi V2) — Varo V2) = (fz + Ugp, v2),

< b3(c) With bs(c) = 20b,(c) + b(c), thus [[Fell 2yey < ba(c) ¥ Fir € V™.

(60)
(V3ke: V3) + (Vy3r, Vv3) — (Viks V3) + V2ks V3) + U3k 3) + Vako v3) = (fs + u3k,v3),(61)
(Vakt> Va) + (VY4 V0,) — W1k Va) + Y2k Va) — Y3k V) + Vars Va) = (fy + Ugp, Va), (62)

Let @; € C[0,T] such that ¢;(T) = 0 and ¢;(0) = 0, for all i = 1,2,3,4, we rewrite the
first erms in L.H.S. of (59) - (62), then we multiply both sides of each one by ¢; forall i =
1,2,3,4, respectively, and integrate both sides with respect to t from 0 to T. We also
integrate the first terms in the L.H.S. of each equations to obtain that:

— Jy G v @O dt + [, [(TY1e T01) + G )] 92.(Ddt — [ G 1)1 (Ot +

foT(y3k» V1)@, (D)dt + f;(ﬂk' V), ()dt = fOT(f1 + Uyg, V1) @1 (8)dt + (y1x(0), v1) 941 (0),
(63)

— Jo Q2 v2)P2(O)dt + [ (VY20 V02) + Yases v2)] 92t + [ (Y1, )02 (£l —

foT(Y3k; V) o (t)dt — fOT(y4»k' V) o (t)dt = fOT(fz + Uzp, V2) @2 (D) dt + (Y2, (0), v2)92(0),
(64)

— [T 3k, )93 (Ot + [ (VY31 V03) + (3, v3)] 95(O)de — [ G v3)p3(E)dE +

[y G2 2) @3 ()t + f G 1) @3 (D)t = [/ (fs + tgie, v3) @3 (Bt + (¥3(0), 3)93(0),
(65)

— Jy Oaic v 4Ot + [ [(Vyase, V04) + (ager v4)] @0 (DAt — [ 11 va) @ (D)t +

fOT(YZk’ v)pa(D)dt — fOT(Y3k’ V)@ (D)dt = fOT(sz + Ugr, Va) Qo (8)dt + (V4 (0), v4) 94(0),
(66)
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Since , — ¥ (weakly) in (£2(Q))" and in (L2(1,V))", 1, — @ (weakly) in (12(Q))",
yik (0) — y,;(0) (weakly) in L*(Q),V i =1,2,3,4, then as k — oo, equations ((63) - (66)),
converge to:

- fOT()ﬁ V1) @1(8)dt + fOT[(V)’p V1) + (y1, v1)] 1 (B)dt — fOT(YZ' v, (t)dt +

[ s, v) @1 (Ddt + [ (74, v) @1 (Odt = [/ (fi + g, 1)1 ()dt + (¥P(0), v1) 5 (0) (67)
— [ 02, v2) @2 (O dt + [ [(Ty2,0,) + (72, v2)] @2 (D)t + [, (1, v2) 5 (D)dE —

[, 03, 02)@2(0)dt — [ (4, 1)@, (0)dt = [ (s + Uz, v,)@2()dt + (¥3(0), )90, (0) (68)
—JJ 03, v3) @5 (Ot + [ [(Vys, Vvs) + (75, v3)] 93(D)dt — [ (1, v5) 5 (D)t +

[} 32, v3)@3(0)dt + [ (4, v3)@3(£)dt = [ (fs + us, v3)@3()dt + (¥3(0), v3)93(0) (69)
- fOT()’zt V) Pa(t)dt + fOT[(V)’zp V) + (Y4, va)] @a(D)dt — fOT(YL V), (D)dt +

[ 02, v) @4 (O)dt = [ (73, v)@a(O)dt = [ (f, + g, v4) @4 (£)dt + (¥£(0), v4)94(0), (70)
Now, the following two cases are considered:

Casel: Choose ¢; € D[0,T], i.e. ¢;(0) = ¢,;(T) =0, Vi=1,2,3,4 Now,we integrate the
first terms in the L.H.S. of (67) - (70), one has V v; € V,V ¢; € D[0,T] that:

Sy e )@ (Odt + [ (91, V) + (1, v)] 01 (Odt — [ (v, v) 0 ()dt +

[ 05, v) @1 (Odt + [ (e, v) s (®)dt = [J(f + w, v (D, (72)
Sy V20, 20, (O)dt + [ [(Vy2,V02) + (72, )] 905 (D)dt + [ (31, v,) 5 (£t —
[} 03,0020t — [ (e, v2) 02 (O)dt =[] (f + 1z, v,) 9, (D), (72)
[ (vse vados (D dt + [ [(Vys, Vv3) + (3, v3)] @3(0)dt — [ (1, v3)@3(t)dt +
[} 52, )03t + [ (e, v3) @5 (O)dt =[] (fs + s, v3)@3 (D), (73)
[y Vae » vad@a(O)dt + [ 1(Vya, V04) + (72, v)] @4(O)dt — [/ (y1, va)pa(t)dlt +
[ 02, v)a(D)dt — [] (3, v)@a(O)dt = [ (fi + us, va)@a(t)dt, (74)

Which they give for allv; € V, a.e. on I:

(Y16, v1) + (Vy, Vo) + (v, v1) — 72, v1) + (75, v10) + s v1) = (i + uq, v1),

V2t 2) + (Vy2, Vv3) + (1, 02) + (72, v2) — (¥3,V2) — (Vs V2) = (f2 + Up, 12), (Y31, V3) +
(Vy3, Vus) — (71, v3) + V2, v3) + (3, v3) + Ve, v3) = (f5 + us, v3),

YVarr Va) + (Vya, V0u) = (Y1, va) + V2, va) — (Y3, 04) + (Vs va) = (fa + Uy, 14),
i.e. y is satisfied the weak form of the continuous quaternary state vector solutions

Case2: Choose ¢; € CY[I], s.t. ¢;(T) = 0 and ¢;(0) # 0,V i = 1,2,3,4.
We integrate the first terms in the L.H.S. of ((71) - (74)), to obtain:

- fOT(}ﬁ , V)@ (t)dt + fOT[(VJ’p V1) + (v, vl @1 (D) dt — fOT(YZ' V1), (8)dt +

[y 03,7001 (Ot + [ (e, w1 (Odt = [ (fy +us, v1)1 (O)dt + (71(0), 1) 4 (0), (75)
- fOT(YZ ,V2) o (t)dt + fOT[(V)’z» V) + (¥2, v2)] @2 (D)dt + fOT(}’p Vo), (t)dt —

Jy 03,0002t — [ (e, v2)@2(O)dt = [ (f + 1z, 1), (B)dt + (72(0), ,)92(0),(76)
~ [T (5, v3)3(D)dt + [ [(Vys, Vvs) + (73, v5)] @3(D)dt — [ (1, v3)p3(t)dt +

J; 02, 3)03(0)dt + [ (e, v3) @3 (O)dt = [ (fs + s, v3)@3(t)dt + (¥3(0), v3)93(0),(77)
- fOT(Y4 ,Va)Pa()dt + fOT[(Vy4, V) + (Va, va)] @ (t)dt — foT(}’p V) (t)dt +

[, 02, )94 (O)dt = [ (75, v)@a(O)dt = [ (fy + s, v2) @4 ()t + (14(0), v4)4(0), (78)
By subtracting ((75) - (78)) from ((67) - (70)), respectively, one has that:
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(y1, 1)1 (0) = (¥1(0), v)91(0), ¢1(0) #0 , V¢, € C*0,T],
(v3,v2)92(0) = (32(0),v2)92(0), 9,(0) #0 , V¢, € C*[0,T],

(v3,v3)93(0) = (y3(0),v3)903(0), 93(0) #0 , V3 € C0,T],

(V2 a)94(0) = (¥4(0),v,)94(0), @4(0) #0 , V¢, € C*[0,T],

So we get y? = y;(0) = y?(x) foralli = 1,2,3,4, then y is a solution of the weak form of
the quaternary state seuations.

Since G,(1) is W.L.S.C. from Lemma (4.2), and since i — # (weakly) in (LZ(Q))4, then

Go(@) < limy o infy i, Go (@) = limy o, Go (i) = inf 5, Go(%) this implies

Go(d) < infeg, Go(@) and Go(i) = mingz, Go(i). Therfore, i is a the quaternary

classical continuous optimal control.

5. The necessary conditions for the optimality theorem :

In order to state, the necessary conditions for the optimality theorem for the quaternary
classical continuous optimal control the Fréchet derivativeof the cost function (7) is derived.
Theorem (5.2): Consider the cost function (), the adjoint

(21,2 ,23,24) = (2u, 1 Zu, 24, ,2y,) ~ €Quations  corresponding to  the  state
(yl yY2,Y3 ,y4) = (yul 'yuz 'yug 'yu4) equations ((1) - (6)) are given by

—Zy — Az + 20+ 2 — 23— 24 = (V1 — V1a) inQ (79)

—Zyt — Az + 2y — 7y + 23+ 74 = (V2 — Y2a) inQ (80)

—Z3t —Az3+ 73+ 72y — 2, — 74 = (V3 — Y34) inQ (81)

—Zyt — D24 + 24+ 2y — 23 + 23 = (V4 — Vaa) inQ (82)
With the following boundary conditions and initial conditions :

z(t) =0, Vi=1,234 ony (83)

7z(6T) =0, Vi=1,2,3,4. on Q (84)

Then, the Fréchet derivative of G, is given by
(Go(), 61) = (Z + i, 61) with i € W,
Proof: For v; = V;, Vi = 1, 2, 3,4. The weak form of ((79) - (84)) is :
—z16,v1) + (Vz, Vv1) + (21, V1) + (22, V1) — (23,V1) — (Z4,V1) = (Y1 — Y14), (85)
226, V2) + (V25, V) + (22, v2) — (21, v2) + (23, v2) + (24, 2) = (V2 — ¥24), (86)
—(z3, v3) + (Vz3,Vv3) + (23,v3) + (21, v3) — (22, V3) — (24, v3) = (¥3 — ¥34), (87)
(24t V) + (V24,VVy) + (24, v4) + (21, V) — (22,V4) + (23,V4) = (V4 — YVaq), (88)
The weak form (85) - (88) has a unique solution and this can be proved from using the
same manner which is utilized to proof of Theorem (3.1). Now , we substitute v; =
z;,foralli=1,2,3,4,in (54.a), (55.a), (56.a) and (57.a) ,respectively, they become:
(0Y11,21) + (VOy1,Vzy) + (61, 21) — (6Y2,21) + (8Y3,21) + (6Y4, 21) = (Sug,21), (89)
(6Y2t, Z2) + (V8Y2,Vzy) + (61, 22) + (8Y2,22) — (63, 22) — (8Ya, 22) = (uy, Z3), (90)
(0y3e,23) + (V8y3,V2z3) — (8y1,23) + (62, 23) + (8y3,23) + (8V4, 23) = (Sus, z3), (91)
(6Yat) Za) + (VOY4,V2Zy) — (8Y1,24) + (8Y2,24) — (8Y3,24) + (8Va, Z4) = (Ouy, 24), (92)
Also, substituting v; = 8y; ,forall i = 1,2, 3,4, in ((85)- (88)), respectively, to get:
—(216, 61 ) + (V21,V8y1 ) + (21, 6y1 ) + (22,6y1) — (23,61 ) — (24, 6y, ) =

1 = Y14, 6¥1), (93)
—(Z2t,0y2) + (VZ3,V0y,) + (22,6y2) — (21,0y2) + (23,0y2) + (24,0y,) =
V2 = Y24, 6Y2), (94)
—(231,6y3) + (Vz3,V8y3) + (23,8y3) + (21,0y3) — (22, 6y3) — (24, 8y3) =
(V3 — ¥34,6Y3), (95)
—(Zat, 0Y4) + (VZ4,VEys) + (24, 6y4) + (21, 6Y4) — (22, 6y4) + (23,0y4) =
(V4 — Yaar 6Ya)- (96)

780



Al-Hawasy and Al-Anbaki Iraqi Journal of Science, 2023, Vol. 64, No. 2, pp: 768-782

Now,we integrate both sides of equations (85)- (92) with respect to t from 0 to T, and
we also integrate the first terms of the L.H.S. of each obtained equations from ((89)- (92)),
then by subtracting the resulting equations from ((93)—(96)) and then collecting all the
obtained equations together, it gives:

((y1 +0y1)e,v1) + (V(y1 + 0y1), Vvy) + (1 + 6y1,v1) — (¥2 + 0y, v1) + (y3 +

8y3,v1) + (Vs + 84, v1) = (f1 + us + 8uy, vy), (97)
(V2 +6y2)0,v2) + (V(y2 + 6Y2), Vvp) + (1 + 6y1,v2) + (V2 + 8y2,v2) — (¥3 +

8y3,v2) — (V4 + 6y, v2) = (f2 + Uy + Uy, vy), (98)
((y3 +6y3)0,v3) + (V(y3 + 8y3), Vv3) — (1 + 6y1,v3) + (2 + 8y2,v3) + (¥3 +

8y3,v3) + (V4 + 6ya,v3) = (f3 + ug + dus, v3), (99)
((Va +6y2) e, va) + (Vs + 6Y4), Vvu) — (V1 + 6y1,v4) + (V2 + 8y2,v) — (3 +

0y3,V4) + (Va4 + 84, vs) = (fa + Uy + Oy, vy), (100)

Which means that y + 537 is the corresponding solution for the i + Su.
Now, from the cost function (7) one can get that:
Go (U + 6U) — Go(U) = (Buy, z1) + (Buy, z) + (Suz, 23) + (Suy, z4) + (Buy, 6uy) +
1 - —
(B, 8115) + (Biz, 813) + (Bitg, 6us) + S 118122y + S1162IZ ) |
Or
— — — — > — — 1 - —
Go(tl + 61) — Go(@) = (81, 2) + (T, 5T0) +3 185 l1224) + 2 1612
From the first result of Theorem (4.1)
2651122 g = &1 (SD16Tll 2, . With &, (57) = 2 M| 57|
and 2116112, ,, = &, (6%) 15|
Then, one gets that:
1 - — — —
185122y + E 161122 ) = £(6DI8 2

L2(Q)’
Where g;(6u) — 0 as ||6ul| — 0.

L2(Q) ' L*(Q

wheree(81U) = & (61) + &,(6U) — 0, as [|6ull 2y — 0.
Then, it yields
Go(l + 61) — Go(¥) = (Z + B, 61) + e(SW1 5Tl 2, -

From the definition of the Fréchet derivative of G, one gets that:
Go(@ + 8U) — Go(W) = (Go (W), 61U) + (6) || 5%l withd — 0, as ||6u]|
Thus: (Go (@), 64) = (Z + B, 61).
Theorem (5.2):
The necessary condition for the quaternary classical continuous optimal control of the
above problem is G,(i) = Z + S = 0 with ¥ = y; and Z = Z;.
Proof: If 1 is an quaternary classical continuous optimal control of the problem, then
Go(1) = mingy, Go() , Vi € (12(R))" that means
Go() =0o0rZ+pu=0,ie
The necessary conditions for the optimality is (G, (%), 8%) = 0
, this gives (Z+B%,614) =0 with i=w-u= (Z+puw)=(Z+puu) , VWwE

(2)"

— 0.

L2 L*(@

6. Conclusion

In this paper, the existence theorem for the continuous quaternary state vector solution of
the weak form for the QLPBVPs is stated and proved using the Galerkin method successfully.
The existence of a quaternary classical continuous optimal control ruling by the considered
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QLPBVPs is stated and proved. The existence and uniqueness of the solution of the adjiont
eautions associated with the QLSPDEs is studied. Furthermore the derivation of the Fréchet
derivative of the cost function is derived. Finally, the necessary conditions for the optimality
of the proposed quaternary classical continuous optimal control problem is stated and is
proved.
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