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Abstract

Maplesoft is a technical computation forms which is a heart of problem solving
in mathematics especially in graph theory. Maplesoft has established itself as the
computer algebra system for researchers. Maplesoft has more mathematical
algorithms which is covering a wide range of applications. A new family
6(3,3,3,4,5,5) of 6-bridge graph still not completely solved for chromatic number,
chromatic polynomial and chromaticity. In this paper we apply maplesoft on a kind
of 6-bridge graph (G) to obtain chromatic number, chromatic polynomial and
chromaticity. The computations are shown that graph G contents 3 different colours
for all vertices, 112410 different ways to colour a graph such that any two adjacent
vertices have different colour by using 3 different colour, graph G has isomorphic
graph which has same chromatic polynomial of graph G. The odd number of
vertices located in one of these bridges made chromatic number 3. The chromatic
number was the important factor that made the number of way 112410. A bijection
function «a created isomorphic graph H to graph G and the chromatic polynomial of
Hwas P(H,A) = P(G, 7).

Keywords: Chromatic Number, Chromatic Polynomial, Chromaticity, 6-Bridge
Graph, Maplesoft.
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1. Introduction

At the core of maple, symbolic computation engine is second to none in terms of scalability and
performance. Indeed, symbolic was the core focus when maple was first conceived at university of
waterloo in 1980 and to this day maple continues to be the benchmark software for symbolic
computing [1]. Maplesoft combines symbolic manipulation, numerical mathematics, outstanding
graphics and sophisticated programming language. Maplesoft has established itself as the computer
algebra system of choice for many computer users including commercial, government scientists,
engineers, mathematics, science, engineering teachers, researchers, student enrolled in mathematics
science and engineering courses. However, due to its special syntax required to make maple perform
in the way intended [2]. Some kinds of 6-bridge graphs still not completely solved for chromatic
number, chromatic polynomial and chromaticity. For each integer k > 2, let 8, be the multigraph with
two vertices and k edges. Any subdivision of 6, is called multi-bridge graph or k-bridge graph,
denoted by 6(ay,a,,...,ar) where aq,a,,..,ay €N and a; < a, <--,<a, to be the graph
obtained by replacing the edges of 8, by paths of length a4, a,, ..., a; respectively [3]. x(G) is a
chromatic number of graph G which is the minimum number of colours in a proper A-colouring of G
[4]. P(G, 1) is a chromatic polynomial of graph G which is the number of distinct A-colourings of G
[5]. The study of chromaticity of a graph G consist of basic problems which is “G chromatically
unique and if it is not unique, then what can be said about it”. Two graphs G and H are said to be
chromatically equivalent or, simply, y-equivalent, denoted by G~H, if P(G,A) = P(H, A) [3]. A graph
G is said to be chromatically unique or in short y-unique if H = G this means (H is isomorphic to G)
for any graph H such that H~G [6]. This paper obtains chromatic number, chromatic polynomial and
chromaticity for some kinds of 6-bridge graphs which is represent as new families 6(3,3,3,4,5,5).
Moreover, the methods will be different from the previous ways to obtain chromatic number,
chromatic polynomial and chromaticity using maplesoft.
2. Methodology

Maplesoft is a key material which used in this study. To describe a key procedure and technique for
maplesoft to compute chromatic number, chromatic polynomial and chromaticity are given as the
following:
2.1Computing Chromatic Number of 6(3,3,3,4,5,5)

To compute chromatic number, we will give it by the following steps of commands.
i. > with(GraphTheory)
ii. >G:=Graph (19, {{1, 2}, {2, 3}, {3, 19}, {19, 5}, {5, 4}, {4, 1}, {1, 6}, {6, 7}, {7, 19}, {19, 10},
{10, 9}, {9, 8}, {8, 1}, {1, 11}, {11, 12}, {12, 13}, {13, 14}, {14, 19}, {19, 18}, {18, 17}, {17, 16},
{16, 15}, {15, 1}}) (to determine a kind of graph which is an undirected unweighted graph with 19
vertices and 23 edges)
iii. > DrawGraph(G, style=planar)
iv. > ChromaticNumber(G, ‘col’)

v. > col

To illustrate the method of chromatic number function, it is by create a graph G. Then determine a
kind of a graph G which is an undirected unweighted graph consists of order pair, the first part is the
number of vertices 19 and the second part is a group of sets such that each set is an edge in a graph G.
After that choosing the type to draw a graph G. Finally computing chromatic number of graph G and
assigned the list of colour classes of an optimal proper colouring of vertices which is [1, 3, 5, 7, 9, 12,
14, 16, 18], [2, 4, 6, 8, 10, 11, 13, 15, 17] and [19].
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2.2Computing Chromatic Polynomial of 6(3,3,3,4,5,5)
To compute chromatic polynomial, we will give it by the following steps of commands.
i. > with(GraphTheory)
ii. >G:=Graph (19, {{1, 2}, {2, 3}, {3, 19}, {19, 5}, {5, 4}, {4, 1}, {1, 6}, {6, 7}, {7, 19}, {19, 10},
{10, 9}, {9, 8}, {8, 1}, {1, 11}, {11, 12}, {12, 13}, {13, 14}, {14, 19}, {19, 18}, {18, 17}, {17, 16},
{16, 15}, {15, 1}})
iii. > DrawGraph(G, style=planar)
iv. > P:=ChromaticPolynomial(G, ‘1’)
P:=A-1+2)A—-2)A%—21+2)(A1%2 =31 + 3)(A12 — 15211 + 10541° — 4562°
+ 137818 — 307717 + 52481° — 69381° + 70931* — 548423 (1)
+ 304712 — 10941 + 193)
v. >asympt(P, 1)

A% —23 218 £ 253 117 — 1771 A*® + 8855 A1° — 33646 A4 4+ 100890 A13
— 244642 A% + 487380 A1 — 805408 11° + 1108755 A°
— 1270509 A8 4+ 1204205 17 — 931899 1° + 576026 A°
— 274413 2* + 9486423 — 2123422 + 2316 1

)

vi.> eval((2), [r=3])

To clarify the use of chromatic polynomial function, it is by create a graph G. Then determine a
kind of a graph G which is an undirected unweighted graph consists of order pair, the first part is the
number of vertices 19 and the second part is a group of sets such that each set is an edge in a graph G.
After that choosing the type to draw a graph G. Finally determined the polynomial (Equation 2) in
which will be substituting 3 colour to obtain chromatic polynomial.

2.3 Computing Chromaticity of 6(3,3,3,4,5,5)

To illustrate the chromaticity, we need to show that G is chromatically unique this means G is y-
unige if H = G for any graph H such that P(H, 1) = P(G, 7).

If we want to determine whether or not these graphs are isomorphic. In order to determine the
isomorphism, we check the following
i. Number of vertices are equal
ii. Number of edges are equal

iii. Same structure similarities or differences this means (degree of vertices)
iv. Is there any bijection function a:V(G) - V(H) which preserves adjacency and nonadjacency this
means (uv € E(G) & a(wa(v) € E(G)).
Define a function a: V(G) — V(H) such that

1—a 2—>g 3—>f 4 —>m 5—1 6—s
7—>r 8—b 9 —>c 10 —»d 11— h 12 — i
13— j 14 — k 15—n 16 — o 17 —p 18 — q
19 —e

then

a(12) = ag (12) € E(G) & (ag) € E(H)

a23)=gf  (23) € E(G) o (gf) € E(H)
a(319) = fe (319) € E(G) © (fe) € E(H)
a(195) = el (195) € E(G) © (el) € E(H)
a(54) =Ilm (54) € E(G) & (Im) € E(H)
a(41) = ma (41) €e E(G) © (ma) € E(H)
a(16) = as (16) € E(G) © (as) € E(H)
a(67) = sr (67) € E(G) & (sr) e E(H)
a(719) =re (719) € E(G) & (re) e E(H)
a(1910) =ed (19 10) € E(G) & (ed) € E(H)
a(109) = dc (109) € E(G) & (dc) € E(H)
a(98) = cb (98) € E(G) © (cb) € E(H)
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a(81) = ba (81) €e E(G) © (ba) € E(H)
a(111) = ah (111) e E(G) © (ah) e E(H)
a(1112) = hi  (1112) € E(G) & (hi) € E(H)
a(1213) =ij (1213) € E(G) © (ij) € E(H)
a(1314) = jk (13 14) € E(G) & (jk) € E(H)
a(1419) = ke (1419) € E(G) & (ke) € E(H)
a(1918) =eq (1918) € E(G) & (eq) € E(H)
a(1817) =qp (1817) € E(G) < (qp) € E(H)
a(1716) =po (17 16) € E(G) < (po) € E(H)
a(1615) =on (1615) € E(G) < (on) € E(H)
a(151) = na (151) e E(G) © (na) € E(H)

thus « is a bijective since it is a map from a set V(G) to a set V(H) that is (one-to-one and onto).
Therefore, the graph H is isomorphic to G.

To make sure, we will give it by the following steps of commands.
i.> with(GraphTheory)

ii.> G:=Graph (19, {{1, 2}, {2, 3}, {3, 19}, {19, 5}, {5, 4}, {4, 1}, {1, 6}, {6, 7}, {7, 19}, {19, 10},
{10, 9}, {9, 8}, {8, 1}, {1, 11}, {11, 12}, {12, 13}, {13, 14}, {14, 19}, {19, 18}, {18, 17}, {17, 16},
{16, 15}, {15, 1}})

iii.> H:=Graph (s, {{a, b}, {b, c}, {c, d}, {d, e}, {e, T}, {f, g}, {0, a}, {a, h}, {h, i}, {i, j}. {0, k}, {k, e},
{e. 1}, {l, m}, {m, a}, {a, n}, {n, o}, {o, p}, {p. a} {0, e}, {e, r}, {r, s}, {s, a}})

iv.> DrawGraph([G, H])

v.> Islsomorphic(G, H, o)

Vi.> o

To compute chromatic polynomial, we will give it by the following steps of commands.

i.> with(GraphTheory)

ii.> H:=Graph (s, {{a, b}, {b, ¢}, {c, d} {d, e}, {e, f}, {f, 9}, {9, a}, {a, h}, {h, i}, {i, j}. {i. k}, {k, e},
{e, 1}, {l, m}, {m, a}, {a, n}, {n, o}, {o, p}, {p. a} {0, e}, {e, r}, {r, s}, {s, a}})

iii.> DrawGraph(H, style=spring)

iv.> P:=ChromaticPolynomial(H, ‘A”)

P:=A(-14+ DA —2)(A*2 =21+ 2)(A* — 31 + 3)(A1? — 154! + 105210 — 4561°
+ 137828 — 307717 + 52481° — 69384° + 70931* — 54843 (3)
+ 304712 — 10941 + 193)
v. >asympt(P, 1)
A9 —23 218 + 253 217 — 1771 216 + 8855 41> — 33646 A1* + 100890 113
— 244642 ' + 487380 A — 805408 A1 + 1108755 A° @)
— 1270509 A% + 1204205 27 — 931899 1° + 576026 A°
— 274413 2* + 9486423 — 212342% + 2316 A
vi. >eval((4), [r=3])
To show that the use of isomorphic and chromatic polynomial functions, it is by create two graphs
G and H. Then determine a kind of a graph G which is an undirected unweighted graph consists of
order pair, the first part is the number of vertices 19 and the second part is a group of sets such that
each set is an edge in a graph G. Similarly, for graph H. After that choosing the type to draw two
graphs G and H. Finally finding out whether graphs are isomorphic or not and making a mapping from
G to H. To clarify the use of chromatic polynomial function, it is by create a graph H. Then determine
a kind of a graph H which is an undirected unweighted graph consists of order pair, the first part is the
number of vertices 19 and the second part is a group of sets such that each set is an edge in a graph H.
After that choosing the type to draw a graph H. Finally determined the polynomial (Equation 4) in
which will be substituting 3 colour to obtain chromatic polynomial.
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3- Results
Table 1 -Computing chromatic number
6-bridge graph x(@) Colour (1) Colour 2 Colour 3
[1,3,5,7,9, 12, 14, 16, [2,4,6,8,10, 11, 13, 15, [19]
6(3,3,3,4,5,5) 3 18] 17]
P —
4 w—
&

] o 10
—0- 13—
——0- 1

Figure 1-Graph G contains 19 vertices and 23 edges.

11
15

Table 2 -Computing chromatic polynomial
6-bridge graph P(G,2) P(G,3)
A —23 218 4+ 253 117
— 1771 At
+ 8855 A1°
— 33646 114
+ 100890 A3
— 244642 A1?
+ 487380 A1
— 805408 A10
+ 1108755 A°
— 1270509 A8
+ 1204205 A7
6(3,3,3,4,5,5) —931899 A6
+ 576026 15
— 274413 2*
+ 9486423
— 2123422
+ 2316 4

112410
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-8,
-10 -5 0 5 10
A
Figure 2-2-D Plot of G
Table 3 -studying the chromaticity
6-bridge graph Graph | a:V(G) - V(H) Relation P(H,A) P(G,3)
/'{19 —23 /‘{18
+ 253 A7
— 1771 A%
+ 8855 A5
— 33646 A%
1 ‘4a'_2 = g' 3 +100890 113
~ { s __Sm% — 244642 112
8= 19 + 487380 A1
— 10 =d 11 — 805408 A1°
R =i + 1108755 2°
=h,12=1i,13 8
— 14 =k 15 — 1270509 2
_ _ + 1204205 A7
=n16=o017 — 93189925 | 112410
6(3,3,3,4,5,5) H =p,18=q,19 H=G s
= e] +576026 1
— 274413 2%
+ 9486413
— 2123422
+ 2316 1
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g
Figure 3- Isomorphic Graph H contains 19 vertices and 23 edges.

D_
—1. = 10’9—_
—2. 10’9—_
3. = 10’9—_

—a4. = 107

—5. = 107
— 6. = 107
—7. = 107

— 8. = 10"

— 10 -5 O 5 10
A

Figure 4- 2-D Plot of Graph H

4- Discussion

The report data of chromatic number on graph G indicated that the computing of chromatic number
is 3. From this number, it was fairly evident that the first set of vertices [1, 3, 5, 7, 9, 12, 14, 16, 18]
was coloured by a certain colour, the second set of vertices [2, 4, 6, 8, 10, 11, 13, 15, 17] was coloured
by another colour, while the third set of vertices [19] was coloured different than both previous sets.
Moreover, the main factor of this result was the number of vertices located in the bridge number 4
which were 5 vertices, especially the vertex number 10 which caused that the vertex number 19 was
coloured by different colour than others. Regarding to the previous results which have been found
chromatic number. Corollary of Zykov’s theorem was the main key for findings which stated that the
chromatic number of a graph G can be expressed as the minimum number of vertices of complete
graphs [7].

The present data of chromatic polynomial on graph G referred to the computing of chromatic
polynomial was 112410. From this number, it was obvious that there were 112410 different ways to
colour a graph G such that any two adjacent vertices have different colour by using 3 different colour.
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Moreover, the main factor of this results was chromatic number after substituted in (Equation 2).
When it was review a previous results regarding to the chromatic polynomial it noticed that this results
relied on fundamental reduction theorem (FRT). This theorem stated that the chromatic polynomial of
a graph G can be expressed in terms of the chromatic polynomials of two graphs the first one with an
extra edge, and another with fewer vertices. Then the theorem can be applied again to these graphs,
and so on. The end of process must be done when none of these graphs has a pair of non-adjacent
vertices. Therefore, the chromatic polynomial of the given graph has been expressed as the sum of the
chromatic polynomials of complete graphs [8].

Finally, the outcomes of chromaticity on graph H gave a graph H an isomorphic property with
graph G such that the first main factor of this result is a bijection function « from the set V(G) to a set
V(H) as the following:
[1l=a2=g3=f4=m5=16=5,7=r,8=09=¢10=d,11=h,12=1i,13 =j,14 =
k,15=n,16 = 0,17 =p,18 = q,19 = ¢].

Furthermore, the computing of chromatic polynomial was 112410. From this number, it was clear
that there were 112410 different ways to colour a graph H such that any two adjacent vertices have
different colour by using 3 different colour. Moreover, the second main factor of this result was
chromatic number after substituted in (Equation 4). This number of chromatic polynomial made
P(H,A) = P(G,A), then the condition is completed to say that G is chromatically unique. The
previous results for chromatically unique relied on (Theorem 8) in [9]. Whose proof also depend on
some theorems and lemmas to determine the chromatically unique of graph.

5- Conclusion

This study focuses on how to use the maple software on some kinds of 6-bridge graphs to find out
the chromatic number, chromatic polynomial and chromaticity. during the research results it was
observed that chromatic number of this sample was 3, chromatic polynomial was 112410. As for the
chromaticity it has been shown that ¢ was chromatically unique. One of the most important effect to
make the chromatic number 3 was the odd number of vertices located in one of these bridges.
Concerning for chromatic polynomial the important factor that made the number of way which is
112410 to colour a graph G such that any two vertices has different colour was chromatic number such
that whenever increasing the colours offset by an increase in the number of ways. Then the chromatic
number depends on the minimum colour to colour G. On the other side this made the number of way is
minimum. As talking about the factors that help the G to be chromatically unique were the bijection
function a though which it was created isomorphic graph H to graph G and the chromatic polynomial
of H which made P(H,A) = P(G, A). For researchers in this field will follow this method cause it rely
on the software which is considered as one of the best way for solving. In addition to it characterized
by a correct solution at a high rate with a little mistake.
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