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Abstract
In this paper, we introduce the bi-normality set, denoted by N gy, which is an

extension of the normality set, denoted by 2V, for any operators A, B in the Banach
algebra B(H). Furthermore, we show some interesting properties and remarkable
results. Finally, we prove that it is not invariant via some transpose linear operators.
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1. Introduction

Let B(H) be the algebra of all bounded linear operators on Hilbert space #. We studied the
normality set of linear operators which is denoted by N, = {T € B(H): AT* = T*A}, which
motivates this work. The normality set has been done by Shaakir, L. K. et al. in [1].

Now, we extend and improve the concept of the normality set to the bi-normality set which
is defined by. V4 5y = {T € B(H): AT* = T*B} # @. This definition has many properties, so
we will focus on some of them for some transformation linear operators. In 1950 Fuglede B.
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proved that if H is normal such that HA = HA for every bounded operator, then A commutes
via the adjoint of operator H [2]. Putnam C. R. 1951 extends Fuglede’s theorem [3]. Shihab,
M. K. 2017 proved that extension of the Fuglede-Putnam theorem for two operators [4]. For
more details see [5, 6, 7, 8, 9].

In the current study, the concept of bi-normality set of A, B € B(H) is given and studied.
We also prove many properties, specifically product operators among them like J\T(A,B).
Furthermore, it is not invariant for transpose linear operators and has a nontrivial-invariant
subspace. Finally, the current work highlights some properties and basic concepts, as well as
some results and theorems on the bi-normality set.

The paper’s organization is as follows. Section 2 contains some preliminary properties,
definitions and concepts which will be necessary to prove our main results. In section 3, we
present some results on the possible connection by strong conditions between the normal
operator, normality set and quasi-normality sets by using Fuglede-Putnam theorem their
consequences in the form of many results. Section 4 exhibits several of relationships among the
normality, bi-normality sets and many linear transformations.

2. Preliminaries
The aim of this section is to give and introduce some basic properties and concepts that are
needed throughout this work.

Definition 2.1[6, 7]: LetT € B(H). Theadjointof T isT*,if T* =T, TT* =TT, TT* =TT
and TT* = T*T = I, then T is called self-adjoint, normal, hyponormal and unitary operator ,
respectively, where I the identity operator.

Definition 2.2 [10]: For any A, B € B(H), the operator A is said to be similar to B, if there
exists an invertible operator X € B(H), yields AX = XB, denoted by A = B.

Definition 2.3 [10]: Let #;,H, be two Hilbert spaces, and A € B(H;), B € B(H,), the
operator A is said to be quasi-similar to B, if there exists injective via dense range T;: H; —
H, and T,: H, — H;, bounded operators such that. T;A = BT, and AT, = T, B, denoted by
A=B.

Definition 2.4 [10]: If there exists a unitary operator U that verifies UA = BU, that means A =
U*BU or B = UAU". Then it is said to be a unitarily equivalent as denoted by A = B.

Definition 2.5[11, 12]: Let A = U|A| be the polar decomposmon of A. Aluthge transformatlon

of A is defined as follows: A (4) = |A|zU|A|z and its adjoint is (A) |A|zU |A|z

Moreover, an operator A € B(H), such that A* = U*|A”| be the polar decomposition of A*.
~ — k 1 1

Then = —Aluthge transformation is defined as A®) = (4%) = |A*|2U|A"[2.

More generally, for any real number A € [0, 1], the A-Aluthge transformation is defined as

A (A) = |A1MU1AA

Theorem 2.6 [2]: (Fuglede’s Theorem) For any bounded linear operator A, let H be a normal
operatoron H if AH = HA,then AH* = H*A.

Theorem 2.7 [3]: (Fuglede-Putnam Theorem) The operators H, K are normal operators on H
if AH = KA, then AH* = K*A for each bounded linear operator A.
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Definition 2.8 [1]: For each operator A € B(H), the normality set of A is defined by NV, =
{T € B(H): AT* = T*A}. Itis clear that it is non-empty set, since 0,1 € N, and NV,; = B(H)
also IV, = B(H) forevery a € C, where 0, I are the zero, identity operator on 7, respectively.

Theorem 2.9 [6]: If Aand B are two operators on  such that 6(A) N a(B) = @. ThenT =0
is the only solution to the operator equation AT — I'B = 0, where o (A) is the spectrum of the
operator A.

Notice that, since I' = 0. We take the adjoint to get I'* = 0 as the only solution to the operator
equation AT'* —T*B = 0.

3. Main Results:

Definition 3.1: If A,B € B(H), we define the normality set of two operators (A4,B) as
followsVi4 gy = {T € B(H): AT* = T*B}. It is also said to be bi-normality set. It is clear that
the bi-normality set is nonempty set, since O € N gy and Ng oy = B(H) also, N s =
B(H) forevery a, B € C.

The next proposition shows that V4 gy is a closed and linear subspace in B(H).

Proposition 3.2: If A, B € B(3), then N, gy is a closed and linear subspace on B(FH).
Proof: Assume that X, Y € N4 5) and a, a, € C. We get AX* = X"B via AY* =Y"B.
A X + a,Y) = @AX* + GAY =@ X*B+ @, Y*B = (a;X + a,Y)*B.

Thus, a1 X + a,Y € Ny p).

Take {T,,} € Napy is convergent to T. AT,," = T,,"B for each n € Z*. Hence, {T;,'} - T*,
{AT,"} » AT*,and {T,;"B} - T*B. Thus, AT* = T*B, this yields T € N, py. Therefore, V4 p
is a linear subspace in B(H). O

Remark 3.3:

1- We denote that J\T(A,B) = Nup) N Np,a) ={T € B(H): AT* =T*Band BT* = T*A},
where A, B € B(H). Moreover, we always notice that N4 gy # N(g, 4), See example 2.

2- If Nupy # {0} for any two operators A and B € B(H), then c(A) Nno(B) # @ , by
Theorem 2.9.

3-1 € Nup ifand only if A = B. This means N, gy = Ny. As a result, we attempt to take A

is not equal B throughout this paper.
In the following proposition, we prove the relationship of a composite of two sets with another
set that means, if T € V(g c)N(a,5), We have that T = SK, where S € N ¢y and K € Ny .

Proposition 3.4: If A,B,C € B(H), then

1- M0y = No,s) = {0} for every injective operator in B(FH).
2- Neaspre+pn = Ny forall B € C.

3- NMiseyNias) S Nacy. In particular, Ny gy Nip ) € Ny

Proof: The proof 1 and 2 are obtained by Definition 3.1. Now, it is enough to prove 3 by
MB,C)‘MA,B) = {TITZ:TI € ‘MB,C) and T2 € ‘MA,B)}’ SUCh T1T2 € MA,C)’ there BTl* = Tl*C
and AT,” = T,”B. Thus, AT,"T," = T,"BT," = T,"T,"C. Therefore, A(T,T,)* = (T, T,)*C. In
particular, if A = C. O

Theorem 3.5: If 4, B € B(3), then N4 ) Nia 5y S Nass-
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Proof: By [7], we have. N;NNp € Ny4p. So, it is enough to prove that N, gy Niap) S
NyNNp. Let T,S € Niypy, S0 AT* =T*B via BT* =T*4, also, we have AS* =SB
and BS* = S*A. Hence, A(TS)* = AS*T* = S*BT"* = (TS)*A. Therefore, TS € N,.

That means NapyNiapy S Ny. By the same way, we can see that B(TS)* = BS*T* =
S*AT* = (TS)*B. Hence, TS € Np. That means N pyNapy S Np.

Therefore, we have, N4 5y Niap) S MyNNp. O

Corollary 3.6: If 4, B € N ), then, N4y Niap) S Ny + Np.

Proof: Suppose that A,B € N(4p). SO, we have AA* =A*B; BA* = A*A, and AB* =
B*B; BB* = B*A, respectively. First, we have to prove that A]’\T(A,B) C N, that is; AY € g,
where Y € Nup). Hence, AY* =Y*BandBY* =Y*A. Since AY*=Y*B. So A*AY* =
A'Y*B. Hence, BA*Y* = A*Y*B. So B(YA)" = (YA)*B. That means, YA € Np. Also, since,
BY*=Y*A.SOBY*A* = Y*AA". Hence, BY*A* = Y*A*B. S0 B(AY)" = (AY)*B. That means
AY € Ny. Then, AN 4 5y € Ny, and N4 )4 S Ny

In the same way, we can prove that, BN, 5y € N, and N 5)B S N,

Now, it is clear that A + B € N4 5), by Proposition 3.2, s0 AN 4 ) + BNapy S Ny + N
Hence, (A + B)Napy S Ny + Np. Then Ny gy Napy € Ny + Np.O

The next example shows that Corollary 3.6 is not true if we replace JV(A,B) with the set V4 g.

Example 1: We show that T, T* & N7 r+). Let (e,)5~1 be an orthonormal basis of a separable
Hilbert space H and let (a, )., be a bounded sequence of scalars. Define a bounded linear
mapT:H - H by Te; = a;e;,,, foeeachi € Nor,

Tx = Yp1{x, en)anenyr, and T7x = Y30 (X, en)qnenyq.

Now, we show that T is hyponormal if and only if the sequence (|a,|)n=,; monotonically
increasing.

On the other hand, T is normal if and only if a,, = 0, for all n € N, that is; T = 0. We know
that every normal is hyponormal operator, however, the converse is not true. Therefore, T, T* €&
Nrry-

Theorem 3.7: If T; € Ny p) forall i = 1, ..., n, then
1- 7T, D ... T, € Neupy.
2- TI1QT, ® ..Q T, € Np).

Proof: (1) Since T; € N4y, Vi = 1,n,and 4, B € B(H). So that, AT;" = T;"B. Hence,
AT, T, D .. O Ty = (AT{ @ AT; & ... D ATy)

=(T;BOT;B®.OTB) =T, DT, D ..®T,)B.

(2) Let xy, x5, ., X EH.Then A(T; QT2 Q .. @ Tp) (41 @ %2 Q ... @ xp,)

=T AT, ® ... @ AT;)(x1 ® %, ® ... ® xy)

= (AT{ (x1) Q@ AT; (x2) ® ... ® AT, (%)) = (T{B(x1) ® T;B(x2) @ ... ® Ty B(xy))
=T ®T,®.0T,)"Bx; ®x, ®..Q x,). O

Proposition 3.8: If A,B € B(H), then

1- N*(A,B) = MB*,A*)- HOWEVer, ﬁ*(A,B) = jvv’(A*,B*).
2- If A and B are normal operator, then N4 gy = N'* (5 4y, Where N'* g 4y = {T*:T € N(p 4)}.
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3- If A, B are invertible operators, then N4 gy = N (4-15-1, Via Napy = N (4-15-1y.

Proof: (1) Consider that T € Ng+ 4+), were B*T* = T*A*. Hence, TB = AT or AT = TB. Then,
T* € Niap), thatis; T € N4 ). By the same way, we can prove the converse. Moreover, if
T € J’V‘(A*,B*). Therefore, A*T* =T*B*and B*'T* = T*A*. Hence, BT =TA and AT = TB.
Then, T* € J\T(A,B); thatis; T € JV*(A,B). Also, in the same way we can prove the converse.

(2) Assume that T € N4 p), Were AT* =T*B, via adjoint. We see that TA* = B*T. By
Theorem 2.7. Therefore, TA = BT, (i.e. BT = TA). Then, T* € N 4y; that is, T € N g 4.
The converse is similar.

(3) Let A and B have an invertible, and X € V(4 py. S0 AX* = X*B. Hence X*B~"* = A™'X* or

AT'X* = X*B™'. Then X € V'(4-1 3-1y. The converse is similar.
By same way to prove, Ny p) = N 4-15-1y. O

Lemma 3.9: If the operatorsA4, B € B(H). Then

1- For every invertible operator T € N4 gy if and only if T le Nis,4)- Moreover, T € ]’\T(A,B)
if and only if, T~ € N ).

2- Let A and B be normal operators. Then T € N4 py if and only if T* € N4 p).

Theorem 3.10: If A,B,C and D € B(H). Then
1- NagyNNepy € Nac,sp)-
2' ‘MA,B) c N(ATL,BTL), v ne Z+.

Proof: (1) Suppose that X € N4 g)NN(c py. Therefore, AX* = X*B and CX* = X*D. Hence,
AX*D = X*BD. S0 ACX* = X"BD, thatis, X € Nac,sp)-

(2) Assume that Y € N, p). Therefore, AY* = Y*B. Hence, A’Y* = AY*B = Y*B?. by the
mathematical induction, it is easy to prove that A"Y* = Y*B™ for each positive integer number
n. Then,Y € N yngny. O

Corollary 3.11: If he operators 4,B,C and D € B(H). Then, N g NNcp)y E Na+c,p+0)-
In particular, Niapy € Na+p)-
Notice that, this property does not hold in general. We see that in the following example.

_ 07, 1 i [2—-i 2+42i
Example 2: Let A = [0 i]’X = [—i 2] and B = [1 Lio—14 Zi]'
First, since X = X™ is self-adjoint, and we have, AX™ = 1 ZLL] = X*B. But, we see that
_[B—i 2+2i « _[5—3i 5+47i
(A+B)_[1+i2 _1_531,]‘.80(A+B)X =442 _3+7i]and
X'(A+B) = [3 . 3 L]. Hence, (A + B)X* # X*(A + B). It implies that X € V4 5,

and X & Nayp)y This means Ny gy € Niatp)-

« [ 2 5+ 6i 1 —=171_ o« ~
Also, BX* = [3+2i —3+5i] qt[ i Zi] = X"A. We have X & N, p). That means,

Nag) * Nas)-

Corollary 3.12: The A is a nilpotent operator if and only if B is nilpotent for each injective
operator in N4 gy
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Proof: It is clear by Theorem 3.10, and let T is injective in N p). S0 0 = A"T* = T*B".

Hence, T*B™ = 0. Since T is injective. Therefore, B is nilpotent for all positive integer number
n. O

Lemma3.13: If T € Nypyand T € N or T € N, then T™ € IV, gy for each positive integer
numbern > 1.

Remark 3.14: If T € N4 ), then AT* = T*B and BT* = T*A. Hence, A(T*)? = (T*)?A and
B(T*)? = (T*)*B. Therefore, N5 gy € My N Ny, where NG 5y = {T*:T € Niap)}

Theorem 3.15: Let A, B € B(H). Then for each positive integer number n > 1
n
(NMy N Neapy) S Nanpny.

Proof: Since A, B € B(3(). Therefore, by Lemma 3.13, we have (M, n N(A,B))n S Nan),
and by Theorem 3.10, we have N4 gy S IV (an gn) for all positive integer number n. Therefore,
the result is got.

Moreover, it can be proven in the same way that (NB N N(A,B))n € Nynpn,Vn=1.0

Corollary 3.16: Let A, B € B(H). Then for each positive integer number n > 1
~ ~ n ~
(Napy N Neagy) S N ianpny.

Proof: Obviously, by Remark 3.14, which that N5 z) € M, N V and by Theorem 3.15. It’s
not hard to verify the result. O

Lemma 3.17: If A, B € B(H), then NgN4 5y = Nap)Na.

Proof: Assume that T; € IV, and T, € V4 g), respectively. Therefore, AT, = Ty A and AT, =
T;B.Hence, AT, T, = T, AT, impliesthat A(T,T;)* = (T,T;)*B, also T; AT, = T; T, B implies
that NV gy Na € Napy. Since IT =T € Ny, AI" =1"A and AT* =T*B. The converse
holds. Thus, V4 5) = Na,5)Na. By same way, we can prove that N, gy = NgNa py. O

In the following proposition, we will show a relationship between the normality set and the
direct sum decomposition.

Proposition 3.18: Consider a direct sum decomposition H = H; @ H,, if A € B(H;) and

Proof: Clearly, it suffices to prove that Ny & Ngp. Let € Ny , it implies that AT* = T*A.
Hence, T=T @ 0 € B(H). So (AP B)(T P 0)" = (T @ 0)*(A @ B) it holds. Therefore,
we have the result. O

However, we can see that whenever 0 # A # B the V; U Ny = N,gp does not hold.

4. Equivalent relationships with Bi-Normality set

In this section, we deal with the following relational structures.
Theorem 4.1: If A = B, then N4 5)=N(4 )-
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Proof: Suppose that A is similar toB. Then there exists X is an invertible operator such that
A = XBX ™1, First, we have to prove that Napy = NgX* = X*Ny. Let T € Ny py. Therefore,
AT* = T*B. So (XBX~Y)T* = T*B. Hence, B(TX*™')* = (TX*"')*B. Then TX*~' € N\ or
T € NgX™, thatis, Ny gy & NpX™. By the same way, we can prove that NgX* & N4 g). Then
Na,gy = NgX™ . Also, by [7, Theorem 12], we have NpX™ = X*N,. By the similar way , we
can prove that J\T(A,B) = NgX™ = X" Ny. Therefore, we have the result. O

Theorem 4.2: If A = B, then N, 5y=N(4 5)-

Proof: Suppose that A and B are unitarily equivalent. Then there exists a unitary operator U
such that A =U"BU. Let T € Nyap), then AT* =T*B. Hence, (U'BU)T* =T"B. Thus,
B(TU*)" = (TU*)*B. Then TU* € Ng or T € NpU, that is NV, gy € NpU. By the same way,
we can reverse the proof. Therefore, Vi, gy = NpU. Also, by [7, Theorem 13], we can see that
Na,gy = NgU = UN,. By the similar way, we can prove that J\T(A_B) = NgU = UN,. Then
we have the result. O

In the following theorem, we notice that, if the relation is quasi-similar, then the result does not
necessarily equal.

Theorem 4.3: If A = B, then
1- T{N.aoTT S Nas).
2- TY NapyTi N Ty Napy T2 S Nea gy

Proof: Assume A is quasi-similar to B, if there exists T; form #; to H, and T, form #, to H;
are injective via dense range such that T;A = BT, and AT, = T,B.

(1) Assume that X € Nyp), Where AX* = X*"B. Hence, T{AX*T; = T;X"BT;. Thus,
BT X*T; = T\ X*T1A or, B(T,"XT,")" = (T;"XT,")*A, that is; T, XT," € N,z implies that
Ti NaTi S Nas)-

(2) Suppose that Y € ]V(A,B), where AY* =Y*B and BY* = Y*A. So, BT,Y'T, = T,Y*T,A and
Therefore, Ty NiapyTr S Nigay, and T3 NapTs S Napy. By intersection, we have the
result. o

Proposition 4.4: Let H = H; @ H, and A, B € B(H) be operators of the form

_ Al 0 _ Bl 0 . .
A= [0 Az] and B = [0 Bz]' If foralli=1,..,4, j=1,2.T; EN(A,-,B]-), then T €
T, T.
Niaz), Where T = [T; Tz]

Proof: We have that T; € B(#;) and T; € Ny foralli=1,..,4,j=1,2.
AT A1T§‘] _ [Tl*Bl TS B,

AT =[A2Tz* a1l = lrzB, 7B

] =T*B.O

Theorem 4.5: Let S = U|S] be the polar decomposition of IV, gy for an operator S, where U is
a unitary and S is a quasi-normal if and only if S is in Ma,B)-

Proof: Suppose that S € N, ) and S = U|S] is the polar decomposition of S. Then, AS™ =
S*B.

& AUISD" = (UISD)"B,
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1 1 1 1
& AlS|2U7[S|z = |S|2U"|S|2B,
& AS* = S§*B. Therefore, § € Ny ). O

Corollary 4.6: If A is the Aluthge transformation of B, then N4 gy = Ny = Np, where A and
B are quasi normal.

1 1
Proof: Assume that X € N, 5y and A = |B|2U|B|z2. So AX*™ = X*B. Thus,

1 1
|B|2U|B|2X* = X*B. Since B = U|B] is the polar decomposition of B and B is quasi normal.
Hence, U|B|X* = X*B. Then, BX* = X*B. S0 X € INp. The converse is the same way.
Now, if A = U|A]| is the polar decomposition of A4, in the same way, we can get the result. O

Proposition 4.7: If A,B be a normal operators, then, AN gy = NiapB and BNiyp) =
N4

Proof: Suppose that T € N, 5 and 4, B are normal operators. So AT* = T*B via BT* = T*A.
We can see that TA* = B*T viaTB* = A'T.

Since A, B are normal operators and using Theorem 2.7. Therefore, AT = TB and BT = TA.
The result is proven. O

Proposition 4.8: If A, B € B(#{), and A € Ng, then AN 4 gy € N4 )

Proof: Let AT € N4p), Where T € Niap), S0 AT* =T*B. Thus, A(AT)" = AT"A" =
T*BA* =T*A"B = (AT)*B. Then AN(45) € N4 ). It has a nontrivial invariant subspace,
suchthat A # al, a € C. SO N, ) # B(H). O
We will leave the following as an open problem.

Problem 1: If A € B(H;) and B € B(H;), is the formula N;gp = N,DNp valid for every
operator in H = H; @ H,?

5. Conclusion

The aim of this paper is to introduce the general concept of the normality set and to try to
solve the problems of branching or splitting with some properties of the extended it, and
showing that not invariant via some transpose linear operators, but has nontrivial invariant
subspace. Founded some relationships that connect it and the reverse is not true always.
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