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Abstract  

    The paper starts with the main properties of the class of soft somewhere dense 

open functions and follows their connections with other types of soft open functions. 

Then preimages of soft sets with Baire property and images of soft Baire spaces 

under certain classes of soft functions are discussed. Some examples are presented 

that support the obtained results. Further properties of somewhere dense open 

functions related to different types of soft functions are found under some soft 

topological properties. 
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1. Introduction 

    To deal with uncertainties, there are some theories such as fuzzy set theory, vague set 

theory, and rough set theory. In 1999, Molodtsov [1] proposed soft sets as a tool for 

modelling mathematical problems that deal with uncertainties. In soft set theory, there is no 

restricted condition to the description of objects, so researchers are free to select the form of 

parameters they require, which significantly simplifies the decision-making process and 

makes the method more productive in the absence of partial data. soft set theory can be 

applied in many directions as reported by Molodtsov himself. Maji et al. [2] studied a 

(detailed) theoretical structure of Soft Set Theory. In particular, he established several 

operators for this theory. After Maji’s contribution, some other mathematical structures have 

been studied, for example, soft group theory, soft ring theory, etc.. 

 

     In 2011, the concept of soft (general) topology was defined by Shabir and Naz [3] and by 

Çağman et al. in [4]. In 2013, Nazmul and Samanta [5] defined soft continuity of functions. 

Then various generalized types of soft continuity and soft openness of functions appeared in 

the literature. Namely: soft semicontinuous [6], soft semi-open [6], soft 𝛽-continuous [7], soft 

𝛽-open [7], soft somewhat continuous [8], soft somewhat open functions [8] and so on. In a 

similar direction, the notions of compactness [9], connectedness [10, 11], separability [12], 

separation axioms [13, 14, 15, 16], etc., have been introduced in soft settings. 

    

     A significant outcome in general topology and functional analysis is the Baire Category 

Theorem (BCT), which gives sufficient conditions for a topological space to be a Baire space. 

The concept of Baire spaces has been studied extensively in general topology in [17, 18, 19, 

20, 21]. In 2013, Thangaraj and Anjalmose [22] studied Baire spaces in the context of Fuzzy 

heory. In 2017, Riaz and Fatima [23] studied the concept of soft Baire spaces in soft metric 

spaces. According to our knowledge, very few is known about Baire spaces in soft set 

theoretic approach. In particular, the topic of soft Baire spaces being preserved under soft 

functions. From Theorem 2.38 in [24], one can conclude that soft Baire spaces can be 

preserved under soft open soft continuous images. This conclusion may fail when preserving 

soft Baire space under soft open soft continuous preimages without imposing any extra 

condition. In [25], Ameen and Khalaf worked on the soft Baire invariance via soft 

semicontinuous, soft somewhat continuous and soft somewhat open functions. Recently, 

Ameen et al. [26] have studied more properties of soft somewhere dense continuous functions 

in order to consider the preservation of soft Baire space and property Baire of soft sets. This 

paper continues in the same line. In particular, the images of soft Baire spaces and preimages 

of soft sets with Baire property are discussed along with the class of soft 𝑆𝐷-open functions 

defined by Al-shami in [27]. 

 

2.Preliminaries 

    This section presents some basic definitions and notations that will be used in the sequel. 

Henceforth, we mean by 𝑋 an initial universe, 𝐸 a set of parameters and 𝒫(𝑋) the power set 

of 𝑋. 

 

Definition 2.1 [1] A pair (𝐹, 𝐸) = {(𝑒, 𝐹(𝑒)): 𝑒 ∈ 𝐸} is said to be a soft set over 𝑋, where 

𝐹: 𝐸 → 𝒫(𝑋) is a (crisp) map. The class of all soft sets on 𝑋 is symbolized by 𝒫(𝑋, 𝐸). If 

𝐴 ⊆ 𝐸, then it will be symbolized by 𝒫(𝑋, 𝐴). 
 

Definition 2.2 [5, 28] A soft set (𝐹, 𝐸) over 𝑋 is called 

i.  a soft element if 𝐹(𝑒) = {𝑥} for all 𝑒 ∈ 𝐸, where 𝑥 ∈ 𝑋. It is denoted by ({𝑥}, 𝐸).  
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ii.  a soft point if 𝑒 ∈ 𝐸 and 𝑥 ∈ 𝑋 such that 𝐹(𝑒) = {𝑥} and 𝐹(𝑒′) = ∅ for each 𝑒′ ≠ 𝑒, 

𝑒′ ∈ 𝐸. It is denoted by 𝑝(𝑒, 𝑥). An expression 𝑝(𝑒, 𝑥) ∈̃ (𝐹, 𝐸) means that 𝑥 ∈ 𝐹(𝑒).  
 

Definition 2.3 [29] The complement of (𝐹, 𝐸) is a soft set (𝑋, 𝐸)\(𝐹, 𝐸) (or simply (𝐹, 𝐸)𝑐), 
where 𝐹𝑐: 𝐸 → 𝒫(𝑋) is given by 𝐹𝑐(𝑒) = 𝑋\𝐹(𝑒) for all 𝑒 ∈ 𝐸. 

 

Definition 2.4 [1] A soft subset (𝐹, 𝐸) over 𝑋 is called  

i.  null if 𝐹(𝑒) = ∅ for any 𝑒 ∈ 𝐸.  

ii. absolute if 𝐹(𝑒) = 𝑋 for any 𝑒 ∈ 𝐸.  

The null and absolute soft sets are respectively symbolized by Φ̃ and �̃�. Clearly, �̃�𝑐 = Φ̃ and 

Φ̃𝑐 = �̃�.  

 

Definition 2.5 [2] Let 𝐴, 𝐵 ⊆ 𝐸. It is said that (𝐺, 𝐴) is a soft subset of (𝐻, 𝐵) (written by 

(𝐺, 𝐴) ⊆̃ (𝐻, 𝐵)) if 𝐴 ⊆ 𝐵 and 𝐹(𝑒) ⊆ 𝐺(𝑒) for any 𝑒 ∈ 𝐴. We say (𝐺, 𝐴) = (𝐻, 𝐵) if 

(𝐺, 𝐴) ⊆̃ (𝐻, 𝐵) and (𝐻, 𝐵) ⊆̃ (𝐺, 𝐴).  
 

     The definitions of soft union and soft intersection of two soft sets with respect to arbitrary 

subsets of 𝐸 was given by Maji et al. [2]. But it turns out that these definitions are misleading 

and ambiguous as reported by Ali et al. [29] which we follow in this manuscript. 

Definition 2.6 Let {(𝐹𝛼, 𝐸): 𝛼 ∈ 𝛬} be a collection of soft sets over 𝑋, where 𝛬 is any index 

set.  

i. The intersection of (𝐹𝛼 , 𝐸), for 𝛼 ∈ Λ, is a soft set (𝐺, 𝐸) such that 𝐺(𝑒) = ⋂ 𝛼∈Λ 𝐹𝛼(𝑒) for 

each 𝑒 ∈ 𝐸 and denoted by (𝐺, 𝐸) = ⋂ 𝛼∈Λ̃ (𝐹𝛼 , 𝐸).  
ii. The union of (𝐹𝛼 , 𝐸), for 𝛼 ∈ Λ, is a soft set (𝐺, 𝐸) such that 𝐺(𝑒) = ⋃ 𝛼∈Λ 𝐹𝛼(𝑒) for each 

𝑒 ∈ 𝐸 and denoted by (𝐺, 𝐸) = ⋃ 𝛼∈Λ̃ (𝐹𝛼 , 𝐸).  
iii. The symmetric difference of (𝐹𝛼1 , 𝐸) and (𝐹𝛼2 , 𝐸)is defined by  

 (𝐹𝛼1 , 𝐸)Δ̃(𝐹𝛼2 , 𝐸) = ((𝐹𝛼1 , 𝐸)\(𝐹𝛼2 , 𝐸))⋃ ̃ ((𝐹𝛼2 , 𝐸)\(𝐹𝛼1 , 𝐸)). 
 

Definition 2.7 [3] A subfamily 𝒯 of 𝒫(𝑋, 𝐸) is called a soft topology on 𝑋 if  

i.  Φ̃ and �̃� belong to 𝒯,  

ii.  finite intersection of sets from 𝒯 belongs to 𝒯, and  

iii.  any union of sets from 𝒯 belongs to 𝒯.  

Terminologically, we call (𝑋, 𝒯, 𝐸) a soft topological space on 𝑋. The elements of 𝒯 are 

called soft open sets, and their complements are called soft closed sets.  

Henceforward, (𝑋, 𝒯, 𝐸) means a soft topological space. 

  

Definition 2.8 [4] A subfamily ℬ ⊆ 𝒯 is called a soft base for the soft topology 𝒯 if each 

element of 𝒯 is a union of elements of ℬ.  

Definition 2.9 [3] Let (𝑌, 𝐸) be a non-null soft subset of (𝑋, 𝒯, 𝐸). Then 

𝒯𝑌: = {(𝐺, 𝐸)⋂̃(𝑌, 𝐸): (𝐺, 𝐸) ∈̃ 𝒯} is called a soft relative topology on 𝑌 and (𝑌, 𝒯𝑌, 𝐸) is a 

soft subspace of (𝑋, 𝒯, 𝐸).  
 

Definition 2.10 [3] Let (𝐹, 𝐸) be a soft subset of (𝑋, 𝒯, 𝐸). The soft interior of (𝐹, 𝐸) is the 

largest soft open set contained in (𝐹, 𝐸) and denoted by 𝐼𝑛𝑡𝑋((𝐹, 𝐸)) (or shortly 

𝐼𝑛𝑡((𝐹, 𝐸))). The soft closure of (𝐹, 𝐸) is the smallest soft closed set which contains (F, E) 
and denoted by 𝐶𝑙𝑋((𝐹, 𝐸)) (or simply 𝐶𝑙((𝐹, 𝐸))).  
 

Lemma 2.11 [30] For a soft subset (𝐺, 𝐸) of (𝑋, 𝒯, 𝐸),  

 𝐼𝑛𝑡((𝐺, 𝐸)𝑐) = (𝐶𝑙((𝐺, 𝐸)))𝑐and𝐶𝑙((𝐺, 𝐸)𝑐) = (𝐼𝑛𝑡((𝐺, 𝐸)))𝑐. 
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     The concepts in the following definition have been taken from the following references [7, 

8, 23, 24, 31, 32].   

Definition 2.12 A soft subset (𝐺, 𝐸) of (𝑋, 𝒯, 𝐸) is called  

1.  soft dense if 𝐶𝑙((𝐺, 𝐸)) = �̃�. 

2.  soft co-dense if 𝐼𝑛𝑡((𝐺, 𝐸)) = Φ̃.  

3.  soft nowhere dense if 𝐼𝑛𝑡(𝐶𝑙((𝐺, 𝐸))) = Φ̃. 

4.  soft meager if it is a countable union of soft nowhere dense sets.  

5.  soft comeager if it is the complement of soft meager set.  

6.  soft 𝐺𝛿 if it is a countable intersection of soft open sets.  

7.  soft regular closed if (𝐺, 𝐸) = 𝐶𝑙(𝐼𝑛𝑡((𝐺, 𝐸))).  
8.  soft semiopen if (𝐺, 𝐸) ⊆̃ 𝐶𝑙(𝐼𝑛𝑡((𝐺, 𝐸))).  
9.  soft 𝛽-open if (𝐺, 𝐸) ⊆̃ 𝐶𝑙(𝐼𝑛𝑡(𝐶𝑙((𝐺, 𝐸)))).  
10.  soft somewhat open (briefly, soft 𝑆𝑊-open) if 𝐼𝑛𝑡((𝐺, 𝐸)) ≠ Φ̃ or (𝐺, 𝐸) = Φ̃.  

11.  soft somewhere dense (briefly, soft 𝑆𝐷-open) if 𝐼𝑛𝑡(𝐶𝑙((𝐺, 𝐸))) ≠ Φ̃ or (𝐺, 𝐸) = Φ̃.  

 

Definition 2.13 [33] A soft topological spaces (𝑋, 𝒯, 𝐸) is called soft Hausdorff if every 

distinct soft points are separated by two disjoint soft open sets.  

 

3. Soft somewhere dense open functions and their relations 

     The concepts in the following definition have been taken from the following references [5, 

6, 7, 8, 27]. 

 

Definition 3.1 Let (𝑋, 𝒯, 𝐸) and (𝑌, 𝒮, 𝐸′) be soft topological spaces. A soft function 

𝑓: (𝑋, 𝒯, 𝐸) → (𝑌, 𝒮, 𝐸′) is called 

1.  soft continuous (resp., soft semicontinuous, soft 𝑆𝑊-continuous, soft 𝑆𝐷-continuous, and 

soft 𝛽-continuous) if the inverse image of each soft open subset of (𝑌, 𝒮, 𝐸′) is a soft open 

(resp., soft semiopen, soft 𝑆𝑊-open, soft 𝑆𝐷-open, and  𝛽-open) subset of (𝑋, 𝒯, 𝐸).  
2.  soft open (resp., soft semiopen, soft 𝑆𝑊-open, soft 𝑆𝐷-open, and soft 𝛽-open) if the image 

of each soft open subset of (𝑋, 𝒯, 𝐸) is a soft open (resp., soft semiopen, soft 𝑆𝑊-open, soft 

𝑆𝐷-open, and 𝛽-open) subset of (𝑌, 𝒮, 𝐸′).  
3.  soft homeomorphism (resp. soft 𝑆𝑊-homeomorphism) if it is a soft open and soft 

continuous (resp. soft 𝑆𝑊-open and soft 𝑆𝑊-continuous) bijection from (𝑋, 𝒯, 𝐸) onto 

(𝑌, 𝒮, 𝐸′).  
 

     For the definition of soft functions between collections of all soft sets, we refer the reader 

to [34]. Henceforward, by the word "function" we mean "soft function". 

 

     The following diagram has been taken from [8] describing a connection between the soft 

types of open functions which was defined above.  

 

soft semiopen  soft β-open 

 
soft SW-open  soft SD-open 

 

Diagram I: Relationship between some generalized soft open functions 

     The above arrows mean inclusions and their reverses are generally false.  
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Example 3.2 Let 𝑋 = 𝑌 = ℝ be the set of real numbers, ℚ be the set of rational numbers and 

𝐸 = {𝑒}be a set of parameters. If 𝒯 = {(𝑈, 𝐸): (𝑈, 𝐸) = (𝐺, 𝐸)⋃̃[(𝐻, 𝐸)(ℚ, 𝐸)]} is a soft 

topology on 𝑋, where(𝐺, 𝐸), (𝐻, 𝐸) ∈̃ 𝒮, and 𝒮 is the soft topology on 𝑌 generated by 

{(𝑒, 𝐵(𝑒)): 𝐵(𝑒) = (𝑎, 𝑏); 𝑎, 𝑏 ∈ ℝ; 𝑎 < 𝑏}, then the identity function 𝑓: (𝑋, 𝒯, 𝐸) → (𝑌, 𝒮, 𝐸) 
is soft β-open (consequently, soft 𝑆𝐷-open) but not soft 𝑆𝑊-open (consequently, soft 

semiopen). 

 

Example 3.3 Consider the soft topological space (𝑌, 𝒮, 𝐸) which is given in Example 3.2. 

Define a function 𝑓: (𝑌, 𝒮, 𝐸) → (𝑌, 𝒮, 𝐸) by  

𝑓(𝑝(𝑒, 𝑥)) = {
𝑝(𝑒, 𝑥), if𝑝(𝑒, 𝑥) ∉̃ ({0,1}, 𝐸);
𝑝(𝑒, 0), if𝑝(𝑒, 𝑥) = 𝑝(𝑒, 1);
𝑝(𝑒, 1), if𝑝(𝑒, 𝑥) = 𝑝(𝑒, 0).

 

One can easily show 𝑓 is soft 𝑆𝑊-open (consequently, soft 𝑆𝐷-open) but not soft 𝛽-open 

(consequently, is not soft semiopen).  

 

      The definition of a soft somewhere dense open (𝑆𝐷-open) function for a single soft point 

can be stated as follows:  

 

Proposition 3.4 Let (𝑋, 𝒯, 𝐸) and (𝑌, 𝒮, 𝐸′) be soft topological spaces. A function  

𝑓: (𝑋, 𝒯, 𝐸) → (𝑌, 𝒮, 𝐸′) is soft SD-open at 𝑝(𝑒, 𝑥) ∈̃ 𝑋 if for each soft open set (𝑈, 𝐸) over 

𝑋 containing 𝑝(𝑒, 𝑥), there exists a soft 𝑆𝐷-open set (𝑉, 𝐸′) over 𝑌 such that 

𝑓(𝑝(𝑒, 𝑥)) ∈̃ (𝑉, 𝐸′) ⊆̃ 𝑓((𝑈, 𝐸)). 
Now, we give some results on soft 𝑆𝐷-open functions.  

Theorem 3.5 Let (𝑋, 𝒯, 𝐸), (𝑌, 𝒮, 𝐸′) be soft topological spaces and let  𝑓: (𝑋, 𝒯, 𝐸) →
(𝑌, 𝒮, 𝐸′) be a bijection. The following are equivalent:  

1.  𝑓 is soft 𝑆𝐷-open; 

2. for each non-null soft open set (𝐺, 𝐸) over 𝑋, there exists a non-null soft open set (𝐻, 𝐸′) 
over 𝑌 such that (𝐻, 𝐸′) ⊆̃ 𝐶𝑙(𝑓((𝐺, 𝐸)));  
3.  for each soft closed set (𝐹, 𝐸) over 𝑋 with 𝑓((𝐹, 𝐸)) ≠ �̃�, there exists a proper soft closed 

set (𝐾, 𝐸′) over 𝑌 such that 𝐼𝑛𝑡(𝑓((𝐹, 𝐸))) ⊆̃ (𝐾, 𝐸′).  
Proof. (1)⇒(2) Follows from the definition. 

(2)⇒ (3) Let (𝐹, 𝐸) be a soft closed over 𝑋 with 𝑓((𝐹, 𝐸)) ≠ �̃�. This implies �̃�\(𝐹, 𝐸) is a 

non-null soft open set over 𝑋. By (1), there exists a soft open set (𝐻, 𝐸′) over 𝑌 such that 

Φ̃ ≠ (𝐻, 𝐸′) ⊆̃ 𝐶𝑙(𝑓(�̃�\(𝐹, 𝐸))). Therefore, 𝐼𝑛𝑡(𝑓((𝐹, 𝐸))) = �̃�\(𝐶𝑙(𝑓(�̃�\(𝐹, 𝐸)))) ⊆̃ �̃�\
(𝐻, 𝐸′). Set (𝐾, 𝐸′) = �̃�\(𝐻, 𝐸′). So (𝐾, 𝐸′) is a soft closed set over 𝑌 that satisfies the 

required property. 

(3)⇒ (1) [27, Proposition 4.4] and [24, Theorem 2.5].  

 

      Here shall state that the above result cannot proved without bijectivity, and 

counterexamples showing this are not difficult to obtain. 

 

Theorem 3.6 Let (𝑋, 𝒯, 𝐸) and (𝑌, 𝒮, 𝐸′) be soft topological spaces and let (𝐺, 𝐸) be a soft 

open subspace over 𝑋. If  𝑓: (𝑋, 𝒯, 𝐸) → (𝑌, 𝒮, 𝐸′) is soft SD-open over 𝑋, then 𝑓|(𝐺,𝐸) is a 

soft 𝑆𝐷-open over (𝐺, 𝐸).  
Proof. If (𝑈, 𝐸) is any soft open in (𝐺, 𝐸), then (𝑈, 𝐸) is also soft open over 𝑋 because (𝐺, 𝐸) 
is soft open. By assumption, we have 𝑓((𝑈, 𝐸)) is 𝑆𝐷-open and hence we get the result.  
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Theorem 3.7 Let (𝑋, 𝒯, 𝐸) and (𝑌, 𝒮, 𝐸′) be soft topological spaces and let (𝐷, 𝐸) be a soft 

dense subspace over 𝑋. If 𝑓: (𝐷, 𝐸) → (𝑌, 𝒮, 𝐸′) is a soft 𝑆𝐷-open function, then each 

extension of 𝑓 is soft 𝑆𝐷-open over 𝑋.  

Proof. Let 𝑔 be any extension of 𝑓 and let (𝑈, 𝐸) be a soft open set over 𝑋. Since (𝐷, 𝐸) is 

soft dense over 𝑋, so (𝑈, 𝐸)⋂̃(𝐷, 𝐸) is a non-null soft open set in (𝐷, 𝐸). By assumption and 

Theorem 3.5, there exists a non-null soft 𝑆𝐷-open set (𝑉, 𝐸′) over 𝑌 such that 

(𝑉, 𝐸′) ⊆̃ 𝑓((𝑈, 𝐸)⋂̃(𝐷, 𝐸)) = 𝑔((𝑈, 𝐸)⋂̃(𝐷, 𝐸)) ⊆̃ 𝑔((𝑈, 𝐸)). Thus, by Theorem 3.5, 𝑔 is a 

soft 𝑆𝐷-open function over 𝑋.  

 

Theorem 3.8 Let (𝑋, 𝒯, 𝐸) and (𝑌, 𝒮, 𝐸′) be soft topological spaces. Let  𝑓: (𝑋, 𝒯, 𝐸) →
(𝑌, 𝒮, 𝐸′) be a function and {(𝐺𝛼, 𝐸): 𝛼 ∈ 𝛬} be any soft cover over 𝑋. Then 𝑓 is soft 𝑆𝐷-

open, if 𝑓|(𝐺𝛼,𝐸) is soft 𝑆𝐷-open for each 𝛼 ∈ 𝛬.  

Proof. Let (𝑈, 𝐸) be a (non-null) soft open set over 𝑋. Then (𝑈, 𝐸)⋂̃(𝐺𝛼, 𝐸) is a non-null soft 

open set in (𝐺𝛼, 𝐸) for each 𝛼. By assumption, 𝑓((𝑈, 𝐸)⋂̃(𝐺𝛼, 𝐸)) is a soft 𝑆𝐷-open set in 𝑌. 

But 𝑓((𝑈, 𝐸)) = ⋃ ̃ 𝑓((𝑈, 𝐸)⋂ ̃ (𝐺𝛼, 𝐸)), which is a union of soft 𝑆𝐷-open sets and by [24, 

Theorem 2.19], 𝑓((𝑈, 𝐸)) is a soft 𝑆𝐷-open set over 𝑌. Hence, 𝑓 is a soft 𝑆𝐷-open function.  

 

Theorem 3.9 Let (𝑋, 𝒯, 𝐸), (𝑌, 𝒮, 𝐸′) be soft topological spaces and let  𝑓: (𝑋, 𝒯, 𝐸) →
(𝑌, 𝒮, 𝐸′) be a function. The following are equivalent: 

1.  𝑓 is soft 𝑆𝐷-open;  

2.  for each soft open dense set (𝐷, 𝐸′) over 𝑌, then 𝑓−1((𝐷, 𝐸′)) is soft dense over 𝑋;  

3.  for each soft (closed) nowhere dense set (𝐷, 𝐸′) over 𝑌, then 𝑓−1((𝐷, 𝐸′)) is soft co-dense 

over 𝑋.  

Proof. (1) ⇒(2) Let (𝐷, 𝐸′) be a soft open dense set over 𝑌. Suppose otherwise that 

𝑓−1((𝐷, 𝐸′)) is not soft dense over 𝑋. Then, there is a soft closed (𝐾, 𝐸) over 𝑋 such that 

𝑓−1((𝐷, 𝐸′)) ⊆̃ (𝐾, 𝐸) ≠ �̃�. But �̃�\(𝐾, 𝐸) is non-null soft open over 𝑋 so, by (1), there exists 

a soft open set (𝑉, 𝐸′) over 𝑌 such that Φ̃ ≠ (𝑉, 𝐸′) ⊆̃ 𝐶𝑙(𝑓(�̃�\(𝐾, 𝐸))). Therefore, 

(𝑉, 𝐸′) ⊆̃ 𝐶𝑙(𝑓(�̃�\(𝐾, 𝐸))) ⊆̃ 𝐶𝑙(𝑓(𝑓−1(�̃�\(𝐷, 𝐸′)))) ⊆̃ 𝐶𝑙(�̃�\(𝐷, 𝐸′)) = �̃�\(𝐷, 𝐸′. Thus, 

(𝐷, 𝐸′) ⊆̃ �̃�\(𝑉, 𝐸′) ≠ Φ̃. But �̃�\(𝑉, 𝐸′) is soft closed over 𝑌 which contradicts the soft 

density of (𝐷, 𝐸′) over 𝑌. Hence, 𝑓−1((𝐷, 𝐸′)) must be soft dense over 𝑋. 

(2)⟺(3) Are complementary of each other. 

(2)⇒(1) Let (𝑈, 𝐸) be a non-null soft open set over 𝑋. We need to prove that 

𝐼𝑛𝑡(𝐶𝑙(𝑓((𝑈, 𝐸)))) ≠ Φ̃. Assume 𝐼𝑛𝑡(𝐶𝑙(𝑓((𝑈, 𝐸)))) = Φ.̃ Then𝐶𝑙(𝐼𝑛𝑡(�̃�\𝑓((𝑈, 𝐸)))) =
𝑌.̃ By (2) �̃� = 𝐶𝑙(𝑓−1(𝐼𝑛𝑡(�̃�\𝑓((𝑈, 𝐸))))) ⊆̃ 𝐶𝑙(𝑓−1(�̃�\𝑓((𝑈, 𝐸)))). But 𝑓−1(�̃�\
𝑓((𝑈, 𝐸))) ⊆̃ �̃�\(𝑈, 𝐸) and �̃�\(𝑈, 𝐸) is a soft closed set over 𝑋. Therefore, �̃� =
𝐶𝑙(𝑓−1(𝑌\𝑓((𝑈, 𝐸)))) ⊆̃ �̃�\(𝑈, 𝐸). This means that (𝑈, 𝐸) = Φ̃, which is a contradiction. 

Thus, 𝐼𝑛𝑡 (𝑓((𝑈, 𝐸))) ≠ Φ̃,  and hence 𝑓 is soft 𝑆𝐷-open.  

 

Lemma 3.10 [26] Let (𝐺, 𝐸) be a non-null soft subset of (𝑋, 𝒯, 𝐸). If (𝐺, 𝐸) is soft 𝛽-open, 

then 𝐼𝑛𝑡(𝐶𝑙((𝐺, 𝐸))) ≠ Φ̃. 
Theorem 3.11 Let (𝑋, 𝒯, 𝐸), (𝑌, 𝒮, 𝐸′) be soft topological spaces and let  𝑓: (𝑋, 𝒯, 𝐸) →
(𝑌, 𝒮, 𝐸′) be a function. If f is soft semicontinuous, the following are equivalent:  

1.  𝑓 is soft 𝑆𝐷-open; 

2.  for each soft (closed) nowhere dense set (𝑀, 𝐸′) over 𝑌, 𝑓−1((𝑀, 𝐸′)) is soft nowhere 

dense over 𝑋;  

3.  for each soft 𝑆𝐷-open set (𝐹, 𝐸) over 𝑋, 𝑓((𝐹, 𝐸)) is soft 𝑆𝐷-open over 𝑌;  

4.  𝑓 is soft 𝛽-open.  
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Proof. (1) ⇒(2) Let (𝑀, 𝐸′) be a soft closed nowhere dense set over 𝑌. Then, 

𝐼𝑛𝑡 (𝐶𝑙 (𝑓−1((𝑀, 𝐸′)))) ⊆̃ 𝑓−1((𝑀, 𝐸′)). As 𝑓 is soft semicontinuous, we have 

𝐼𝑛𝑡(𝐶𝑙(𝑓−1((𝑀, 𝐸′)))) = 𝐼𝑛𝑡(𝑓−1((𝑀, 𝐸′))). By Theorem 3.9, 𝐼𝑛𝑡(𝑓−1((𝑀, 𝐸′))) = Φ̃. 

Thus, 𝐼𝑛𝑡(𝐶𝑙(𝑓−1((𝑀, 𝐸′)))) = Φ̃, and hence, 𝑓−1((𝑀, 𝐸′)) is soft nowhere dense over 𝑋. 

(2)⟺(3) Suppose (3) is not true. There exists a soft 𝑆𝐷-open set (𝐹, 𝐸) over 𝑋 such that 

𝑓((𝐹, 𝐸′)) is not a soft 𝑆𝐷-open, which means that 𝑓((𝐹, 𝐸)) is soft nowhere dense over 𝑌. 

Therefore, 𝐶𝑙(𝑓((𝐹, 𝐸))) is also soft nowhere dense (because the soft closure of soft nowhere 

dense set is soft nowhere dense). By (2), 𝑓−1(Cl(𝑓((𝐹, 𝐸)))) is soft nowhere dense and 

(𝐹, 𝐸) ⊆̃ 𝑓−1(𝑓((𝐹, 𝐸))) ⊆̃ 𝑓−1(Cl(𝑓((𝐹, 𝐸)))), which implies that (𝐹, 𝐸) is not a soft 𝑆𝐷-

set over 𝑋. This is a contradiction. Hence (3) must be true. The converse can be proved 

similarly. 

(2) ⇒(4) Let (𝐺, 𝐸) be a soft open set over 𝑋. In order to show that 𝑓((𝐺, 𝐸)) is a 𝛽-open set 

over 𝑌, we let 𝑝(𝑒, 𝑦) ∉̃ 𝐶𝑙(𝐼𝑛𝑡(𝐶𝑙(𝑓((𝐺, 𝐸))))). Then there is a soft open set (𝐻, 𝐸′) over 𝑌 

containing 𝑝(𝑒, 𝑦) such that 𝐼𝑛𝑡(𝐶𝑙(𝑓((𝐺, 𝐸))))⋂̃(𝐻, 𝐸′) = Φ̃ and so  

 Φ̃ = 𝐼𝑛𝑡(𝐶𝑙(𝑓((𝐺, 𝐸))))⋂ ̃ 𝐼𝑛𝑡(𝐶𝑙((𝐻, 𝐸′))) ⊇̃ 𝐼𝑛𝑡(𝐶𝑙(𝑓((𝐺, 𝐸))⋂ ̃ (𝐻, 𝐸′))). 
Therefore, 𝑓((𝐺, 𝐸))⋂ ̃ (𝐻, 𝐸′) is soft nowhere dense over 𝑌. By (2), 

𝑓−1(𝑓((𝐺, 𝐸))⋂ ̃ (𝐻, 𝐸′)) is soft nowhere dense over 𝑋. But 

𝑓−1(𝑓((𝐺, 𝐸))⋂ ̃ (𝐻, 𝐸′)) ⊇̃ (𝐺, 𝐸)⋂ ̃ 𝑓−1((𝐻, 𝐸′)). Hence, (𝐺, 𝐸)⋂ ̃ 𝑓−1((𝐻, 𝐸′)) is soft 

nowhere dense over 𝑋. This implies that  

𝐼𝑛𝑡 ((𝐺, 𝐸)⋂ ̃ 𝑓−1((𝐻, 𝐸′))) = (𝐺, 𝐸)⋂ ̃ 𝐼𝑛𝑡 (𝑓−1((𝐻, 𝐸′))) = Φ̃  

and so (𝐺, 𝐸)⋂ ̃ 𝐶𝑙(𝐼𝑛𝑡(𝑓−1((𝐻, 𝐸′)))) = Φ̃. Since 𝑓 is soft semicontinuous, then 

𝑓−1((𝐻, 𝐸′)) ⊆̃ 𝐶𝑙(𝐼𝑛𝑡(𝑓−1((𝐻, 𝐸′)))). Therefore, (𝐺, 𝐸)⋂ ̃ 𝑓−1((𝐻, 𝐸′)) = Φ̃ and then 

𝑓((𝐺, 𝐸))⋂ ̃ (𝐻, 𝐸′) = Φ̃. Thus, 𝑝(𝑒, 𝑦) ∉̃ 𝑓((𝐺, 𝐸)). This proves that 

𝑓((𝐺, 𝐸)) ⊆̃ 𝐶𝑙(𝐼𝑛𝑡(𝐶𝑙(𝑓((𝐺, 𝐸))))) and so 𝑓 is a soft 𝛽-open function. 

(4) ⇒(1) Let (𝑈, 𝐸) be a soft open set over 𝑋. If (𝑈, 𝐸) = Φ̃, by default, 𝑓((𝑈, 𝐸)) is a soft 

𝑆𝐷-set. Suppose that (𝑈, 𝐸) ≠ Φ̃. By (4), we have 𝑓((𝑈, 𝐸)) ⊆̃ 𝐶𝑙(𝐼𝑛𝑡(𝐶𝑙(𝑓((𝑈, 𝐸))))), and 

by Lemma 3.10, we have  𝐼𝑛𝑡(𝐶𝑙(𝑓((𝑈, 𝐸)))) ≠ Φ̃. Thus, 𝑓 is a soft 𝑆𝐷-open. 

 

4.Preimages of soft sets with Baire property and images soft Baire spaces 

Definition 4.1 [23] A soft topological space (𝑋, 𝒯, 𝐸) is called soft Baire if the intersection of 

each countable collection of soft open dense sets over 𝑋 is a soft dense. Equivalently, each 

non-null soft open set over 𝑋 is soft non-meager.  

 

Definition 4.2 [26] Let (𝑋, 𝒯, 𝐸) be a soft topological space. A set (𝐹, 𝐸) over 𝑋 is said to 

have the soft Baire property if it is can be represented as (𝐹, 𝐸) = (𝐺, 𝐸)�̃�(𝑀, 𝐸), where 

(𝐺, 𝐸) is soft open and (𝑀, 𝐸) is a soft meager set.  

 

Proposition 4.3 Let (𝑋, 𝒯, 𝐸), (𝑌, 𝒮, 𝐸′) be a soft topological spaces and let  𝑓: (𝑋, 𝒯, 𝐸) →
(𝑌, 𝒮, 𝐸′) be a soft semicontinuous soft 𝑆𝐷-open function. If (𝑀, 𝐸′) is a soft meager set over 

𝑌, then 𝑓−1((𝑀, 𝐸′)) is a soft meager over 𝑋.  

Proof. Let (𝑀, 𝐸′) be a soft meager set over 𝑌. Then, (𝑀, 𝐸′) = ⋃ ∞
𝑖=1̃ (𝑁𝑖, 𝐸′) such that 

(𝑁𝑖, 𝐸′) is a soft nowhere set over 𝑌 for 𝑖 = 1,2,⋯. Therefore,  

𝑓−1((𝑀, 𝐸′)) = 𝑓−1(⋃ ∞
𝑖=1̃ (𝑁𝑖, 𝐸′)) = ⋃ ∞

𝑖=1̃ 𝑓
−1((𝑁𝑖, 𝐸′)).  

By Theorem 3.11 (2), we obtain 𝑓−1((𝑁𝑖, 𝐸′)) is soft nowhere dense for each 𝑖. Hence, 

𝑓−1((𝑀, 𝐸)) is soft meager set over 𝑋. 

Lemma 4.4 [26] Each soft semiopen set is of soft Baire property.  

 



Asaad et al.                                                   Iraqi Journal of Science, 2023, Vol. 64, No. 1, pp: 373-384 
 

380 

Theorem 4.5 Let (𝑋, 𝒯, 𝐸), (𝑌, 𝒮, 𝐸′) be soft topological spaces and let 𝑓: (𝑋, 𝒯, 𝐸) →
(𝑌, 𝒮, 𝐸′) be a soft semicontinuous soft 𝑆𝐷-open function. If a soft set (𝐹, 𝐸′) over 𝑌  have a 

soft Baire property, then 𝑓−1((𝐹, 𝐸′)) have a soft Baire property.  

Proof. Let (𝐹, 𝐸′) ⊆̃ �̃� be a set having a soft Baire property. Then, (𝐹, 𝐸′) = (𝐻, 𝐸′)Δ̃(𝑁, 𝐸′) 
for some soft open (𝐻, 𝐸′) and soft meager (𝑁, 𝐸′) subsets over 𝑌. Now,  

𝑓−1((𝐹, 𝐸′)) = 𝑓−1((𝐻, 𝐸′))Δ̃𝑓−1((𝑁, 𝐸′)). 
Then by Proposition 4.3, we obtain 𝑓−1((𝑁, 𝐸′)) is a soft meager set over 𝑋. It is enough to 

show that 𝑓−1((𝐻, 𝐸′)) has the soft Baire property. Since (𝐻, 𝐸′) is soft open and 𝑓 is soft 

semicontinuous, so 𝑓−1((𝐻, 𝐸′))  is a soft semiopen set over 𝑋. Hence, by Lemma 4.4,  

𝑓−1((𝐻, 𝐸′)) has the soft Baire property. Thus, 𝑓−1((𝐹, 𝐸′)) has the soft Baire property, as 

required.  

 

Theorem 4.6 Let (𝑋, 𝒯, 𝐸), (𝑌, 𝒮, 𝐸′) be soft topological spaces and let 𝑓: (𝑋, 𝒯, 𝐸) →
(𝑌, 𝒮, 𝐸′) be a soft continuous and a soft 𝑆𝐷-open surjection. If (𝐶, 𝐸) is a soft comeager set 

over 𝑋, then 𝑓((𝐶, 𝐸)) is soft comeager over 𝑋.  

Proof. Without loss of generality, let (𝐶, 𝐸) be a soft dense 𝐺𝛿-set over 𝑋. One can easily 

conclude that (𝐶, 𝐸) have Baire property. By Theorem 4.5, 𝑓((𝐶, 𝐸)) is having a Baire 

property. So 𝑓((𝐶, 𝐸)) = (𝐻, 𝐸′)Δ̃(𝑀, 𝐸′), where (𝐻, 𝐸′) and (𝑀, 𝐸′) are respectively soft 

open and soft meager. Now, it is enough to show that (𝐻, 𝐸′) is soft dense over 𝑌. Suppose 

not. Then, there exists a non-null soft open set (𝑉, 𝐸′) such that (𝐻, 𝐸′)⋂̃(𝑉, 𝐸′) = Φ̃. 

Therefore, 𝑓((𝐶, 𝐸))⋂̃(𝑉, 𝐸′) ⊆̃ (𝑀, 𝐸′) which implies that 𝑓((𝐶, 𝐸))⋂̃(𝑉, 𝐸′) is a soft 

meager set over 𝑌. Since 𝑓 is soft 𝑆𝐷-open, then by Proposition 4.3, we have 

𝑓−1(𝑓((𝐶, 𝐸))⋂̃(𝑉, 𝐸′)) is soft meager over 𝑋.But 

(𝐶, 𝐸)⋂̃𝑓−1((𝑉, 𝐸′)) ⊆̃ 𝑓−1(𝑓((𝐶, 𝐸))⋂̃(𝑉, 𝐸′)). This means that (𝐶, 𝐸)⋂̃𝑓−1((𝑉, 𝐸′)) is soft 

meager, which is not possible as (𝐶, 𝐸) is soft dense and 𝑓−1((𝑉, 𝐸′)) is non-null soft open. 

Hence, 𝑓((𝐶, 𝐸)) is soft comeager.  

 

Theorem 4.7 Let (𝑋, 𝒯, 𝐸) and (𝑌, 𝒮, 𝐸′) be soft topological spaces and let  𝑓: (𝑋, 𝒯, 𝐸) →
(𝑌, 𝒮, 𝐸′) be a function. If 𝑓 is soft semicontinuous, the following are equivalent:      

1.  𝑓 is soft 𝑆𝐷-open;      

2.  for each soft open dense set (𝐷, 𝐸′) over 𝑌, 𝐼𝑛𝑡(𝑓−1((𝐷, 𝐸′))) is soft dense over 𝑋.  

Proof. (1) ⇒(2) Let (𝐷, 𝐸′) be a soft open dense set over 𝑌. By Theorem 3.9 (2), we have 

𝑓−1((𝐷, 𝐸′)) is soft dense over 𝑋. Since 𝑓 is soft semicontinuous, then 

𝑓−1((𝐷, 𝐸′)) ⊆̃ 𝐶𝑙(𝐼𝑛𝑡(𝑓−1((𝐷, 𝐸′)))) and so by [8, Lemma 3.16], �̃� = 𝐶𝑙(𝑓−1((𝐷, 𝐸′))) =
𝐶𝑙(𝐼𝑛𝑡(𝑓−1((𝐷, 𝐸′)))). Thus, 𝐼𝑛𝑡(𝑓−1((𝐷, 𝐸′))) is soft dense over 𝑋. 

(2) ⇒(1) It follows from Theorem 3.9.  

 

Theorem 4.8 Let (𝑋, 𝒯, 𝐸)and(𝑌, 𝒮, 𝐸′) be soft topological spaces and let  𝑓: (𝑋, 𝒯, 𝐸) →
(𝑌, 𝒮, 𝐸′) be a soft semicontinuous soft 𝑆𝐷-open surjection. If (𝑋, 𝒯, 𝐸) is a soft Baire space, 

then (𝑌, 𝒮, 𝐸′) is a soft Baire space.  

Proof. If (𝑌, 𝒮, 𝐸′) is not a soft Baire space, then there is a non-null soft open set (𝐻, 𝐸′) over 

𝑌 that is meager. By Proposition 4.3, 𝑓−1((𝐻, 𝐸′)) is a soft meager set over 𝑋. Since 𝑓 is soft 

semicontinuous, then 𝐶𝑙(𝑓−1((𝐻, 𝐸′))) = 𝐶𝑙(𝐼𝑛𝑡(𝑓−1((𝐻, 𝐸′)))) and so 

𝐼𝑛𝑡(𝑓−1((𝐻, 𝐸′))) ≠ Φ̃. Contradiction to the assumption that (𝑋, 𝒯, 𝐸) is soft Baire. Hence, 

(𝑌, 𝒮, 𝐸′) must be soft Baire.  

      From Theorem 4.8 and Diagram I, one can have the following:  

Corollary 4.9 [25] Let (𝑋, 𝒯, 𝐸)and(𝑌, 𝒮, 𝐸′) be soft topological spaces and let  

𝑓: (𝑋, 𝒯, 𝐸) → (𝑌, 𝒮, 𝐸′) be a soft semicontinuous a soft 𝑆𝑊-open surjection. If (𝑋, 𝒯, 𝐸) is a 

soft Baire space, then (𝑌, 𝒮, 𝐸′) is a soft Baire space.  
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       It is worth remarking that the Example 3.2 justifies that Theorem 4.8 is a natural 

extension of [25, Theorem 3.7], because both given spaces (𝑋, 𝒯, 𝐸) and (𝑌, 𝒮, 𝐸) are soft 

Baire, while the function defined between them satisfies only hypothesis of Theorem 4.8.      

The next example shows that the soft semicontinuity of a function 𝑓 cannot be canceled in 

Theorem 4.8:  

 

Example 4.10 Let 𝑋 = 𝑌 = ℝ  be the set of real numbers and let 𝐸 = {𝑒} be a set of 

parameters. Suppose 𝒯 = {(𝑒, 𝐺(𝑒)): 𝐺(𝑒) = ∅𝑜𝑟ℝ\𝐺(𝑒)isfinite} is the soft topology on 𝑋 

and 𝒮 is the soft topology on 𝑌 generated by {(𝑒, 𝐵(𝑒)): 𝐵(𝑒) = (𝑎,∞); 𝑎 ∈ ℝ}. Define 

𝑓: (𝑋, 𝒯, 𝐸) → (𝑌, 𝒮, 𝐸) to be the identity function. Then, 𝑓 is soft 𝑆𝐷-open but not soft 

semicontinuous. On the other hand, (𝑌, 𝒮, 𝐸) is a soft Baire space but (𝑋, 𝒯, 𝐸) is not.  

 

5.Further results related to different types of soft functions 

Theorem 5.1 Let (𝑋, 𝒯, 𝐸)and(𝑌, 𝒮, 𝐸′) be soft topological spaces and let  𝑓: (𝑋, 𝒯, 𝐸) →
(𝑌, 𝒮, 𝐸′) be a soft continuous and a soft closed surjection. If (𝑋, 𝒯, 𝐸) is soft regular, then 

the following are equivalent:      

1.  𝑓 is soft 𝑆𝐷-open;      

2.  𝑓 is soft 𝑆𝑊-open;  

3.  For each soft open set (𝐺, 𝐸) over 𝑋, there is a soft open set (𝑂, 𝐸) over 𝑋 with Φ̃ ≠
(𝑂, 𝐸) ⊆̃ (𝐺, 𝐸) such that 𝑓((𝑂, 𝐸)) is soft open;     

4.  For each soft dense set (𝐷, 𝐸′) over 𝑌, 𝑓−1((𝐷, 𝐸′)) is soft dense over 𝑋.  

Proof. (1) ⇒(2) Let (𝐺, 𝐸) be a soft open set over 𝑋. By soft regularity of 𝑋, there is a non-

null soft open set (𝑈, 𝐸) such that 𝐶𝑙((𝑈, 𝐸)) ⊆̃ (𝐺, 𝐸). Since 𝑓 is soft closed, then 

𝑓(𝐶𝑙((𝑈, 𝐸))) is soft closed. By soft 𝑆𝐷-openness of 𝑓, we have that 

Φ̃ ≠ 𝐼𝑛𝑡(𝑓(𝐶𝑙((𝑈, 𝐸)))) ⊆̃ 𝐼𝑛𝑡(𝑓((𝐺, 𝐸))). Thus, 𝑓 is soft 𝑆𝑊-open. 

(2) ⇒(3) Given any non-null soft open set (𝐺, 𝐸) over 𝑋, by (2), there exists a non-null soft 

open set (𝐻, 𝐸′) over 𝑌 such that (𝐻, 𝐸′) ⊆̃ 𝑓((𝐺, 𝐸)). Put (𝑊, 𝐸) = (𝐻, 𝐸′)⋂̃𝑓−1((𝐺, 𝐸)). 
Then, (𝑊, 𝐸) shall not be a null set and 𝑓((𝑊, 𝐸)) = (𝐻, 𝐸′), which proves (3). 

(3) ⇒(4) Suppose (𝐷, 𝐸′) is a soft dense set over 𝑌 such that 𝑓−1((𝐷, 𝐸′)) is not soft dense. 

Then there is a non-null soft open set (𝐺, 𝐸) over 𝑋 such that (𝐺, 𝐸)⋂̃𝑓−1((𝐷, 𝐸′)) = Φ̃. By 

(3), there is a soft open set (𝑂, 𝐸) with Φ̃ ≠ (𝑂, 𝐸) ⊆̃ (𝐺, 𝐸) such that 𝑓((𝑂, 𝐸)) is soft open, 

which means that (𝐷, 𝐸′)⋂̃𝑓((𝑂, 𝐸)) = Φ̃. Thus, (𝐷, 𝐸′) cannot be soft dense, which is a 

contradiction. 

(4) ⇒(1) By [8, Theorem 5.9] and Diagram I.  

 

Lemma 5.2 [35, Theorem 3.1.6] Let 𝑓 be a function from a soft compact space (𝑋, 𝒯, 𝐸) onto 

a soft space (𝑌, 𝒮, 𝐸′). If 𝑓 is soft continuous, then (𝑌, 𝒮, 𝐸′) is soft compact.  

 

Lemma 5.3 [33, Theorem 5.3] Let (𝐶, 𝐸) be a subset of a soft Hausdorff space (𝑋, 𝒯, 𝐸). If 
(𝐶, 𝐸) is soft compact, then (𝐶, 𝐸) is soft closed.  

 

Remark 5.4 It should be noted that the above lemmas do not hold in the cases of soft 

Hausdorff spaces given in [3, 13, 15]. 

  

Theorem 5.5 Let 𝑓 be a soft continuous function from a soft locally compact space (𝑋, 𝒯, 𝐸) 
into a soft Hausdorff space (𝑌, 𝒮, 𝐸′). Then, 𝑓 is soft 𝑆𝐷-open if and only if 𝑓 is soft 𝑆𝑊-

open.  

Proof. By default, each soft 𝑆𝑊-open function is soft 𝑆𝐷-open. 
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Conversely, let (𝐺, 𝐸) be a soft open set over 𝑋. By soft locally compactness of 𝑋, there is a 

non-null soft open set (𝑈, 𝐸) such that 𝐶𝑙((𝑈, 𝐸)) ⊆̃ (𝐺, 𝐸) and 𝐶𝑙((𝑈, 𝐸)) is soft compact. 

Since 𝑓 is soft continuous, by Lemma 5.2 and Lemma 5.3, we have 𝑓(𝐶𝑙((𝑈, 𝐸))) is soft 

closed. As the soft SD-openness of 𝑓 guarantees that 

Φ̃ ≠ 𝐼𝑛𝑡 (𝑓 (𝐶𝑙((𝑈, 𝐸)))) ⊆̃ 𝐼𝑛𝑡 (𝑓((𝐺, 𝐸))), we obtain that  𝑓 is soft 𝑆𝑊-open.  

 

Lemma 5.6 [36] Let (𝐴, 𝐸)and(𝐵, 𝐸) be subsets of (𝑋, 𝒯, 𝐸). If (𝐴, 𝐸) is soft open and 

(𝐵, 𝐸) is soft 𝛽-open, then (𝐴, 𝐸)⋂̃(𝐵, 𝐸) is soft 𝛽-open in (𝐴, 𝐸).  
 

Theorem 5.7 Let (𝑋, 𝒯, 𝐸)and(𝑌, 𝒮, 𝐸′) be soft topological spaces. A function   

𝑓: (𝑋, 𝒯, 𝐸) → (𝑌, 𝒮, 𝐸′) is soft 𝛽-open if and only if 𝑓 is soft 𝑆𝐷-open on each soft open set 

over 𝑌.  

Proof. Suppose that 𝑓 is a soft 𝛽-open function and (𝑉, 𝐸′) is any soft open set over 𝑌. Let 

(𝐺, 𝐸) be soft open over 𝑋. By Lemma 5.6, 𝑓((𝐺, 𝐸))⋂̃(𝑉, 𝐸′) is soft 𝛽-open in (𝑉, 𝐸′). If it 

is null, then by definition, 𝑓((𝐺, 𝐸))⋂̃(𝑉, 𝐸′) is soft 𝑆𝐷-open. Otherwise, by [24, Proposition 

2.8], 𝑓((𝐺, 𝐸))⋂̃(𝑉, 𝐸′) is soft 𝑆𝐷-open in (𝑉, 𝐸′). Thus, 𝑓 is soft 𝑆𝐷-open on each soft open 

set over 𝑌. 

Conversely, assume that 𝑓 is a soft 𝑆𝐷-open function on each soft open set over 𝑌. Given 

𝑦𝑒′ ∈ �̃� and let (𝐺, 𝐸) be soft open over 𝑋 such that 𝑦𝑒′ ∈̃ 𝑓((𝐺, 𝐸)). If (𝐻, 𝐸′) is a soft open 

set containing 𝑦𝑒′, then 𝑓((𝐺, 𝐸))⋂̃(𝐻, 𝐸′) ≠ Φ̃. By assumption, we have 

 Φ̃ ≠ 𝐼𝑛𝑡(𝐶𝑙(𝑓((𝐺, 𝐸))⋂ ̃ (𝐻, 𝐸′))) = 𝐼𝑛𝑡(𝐶𝑙(𝑓((𝐺, 𝐸))))⋂ ̃ (𝐻, 𝐸′). 
This implies that  𝑦𝑒′ ∈̃ 𝐶𝑙(𝐼𝑛𝑡(𝐶𝑙(𝑓((𝐺, 𝐸))))). Hence, 𝑓 is soft 𝛽-open.  

 

Theorem 5.8 Let (𝑋, 𝒯, 𝐸) be a soft regular space and let (𝑌, 𝒮, 𝐸′) be any soft space. Let  

𝑓: (𝑋, 𝒯, 𝐸) → (𝑌, 𝒮, 𝐸′) be a soft continuous and a soft closed surjection. Then, the 

following are equivalent:  

1.  𝑓 is soft 𝑆𝐷-open;   

2.  𝑓((𝑅, 𝐸)) is a soft regular closed set over 𝑌 for each soft regular closed (𝑅, 𝐸) over 𝑋.  

Proof. (1) ⇒(2) Suppose otherwise that there is a soft open set (𝐻, 𝐸′) over 𝑌 such that 

(𝐻, 𝐸′)⋂ ̃ 𝑓((𝑅, 𝐸)) ≠ Φ̃, but (𝐻, 𝐸′)⋂ ̃ 𝐼𝑛𝑡(𝑓((𝑅, 𝐸))) = Φ̃. Now, setting (𝑊, 𝐸) =

𝑓−1((𝐻, 𝐸′))⋂ ̃ 𝐼𝑛𝑡((𝑅, 𝐸)), then we get a non-null soft open set (𝑊, 𝐸). On the other hand,  

𝐼𝑛𝑡(𝑓((𝑊, 𝐸))) = 𝐼𝑛𝑡((𝐻, 𝐸′))⋂̃𝐼𝑛𝑡(𝑓(𝐼𝑛𝑡((𝑅, 𝐸)))) 
 ⊆̃ 𝐼𝑛𝑡((𝐻, 𝐸′))⋂ ̃ 𝐼𝑛𝑡(𝑓((𝑅, 𝐸))) = Φ̃. 
This is impossible from Theorem 5.1 (2). Hence, 𝑓((𝑅, 𝐸)) must be soft regular closed. 

(2) ⇒(1) Assume that (𝐺, 𝐸) is a non-null soft open set over 𝑋 such that 

𝐼𝑛𝑡(𝐶𝑙(𝑓((𝐺, 𝐸)))) = Φ̃. By soft continuity of 𝑓, we have 𝑓(𝐶𝑙((𝐺, 𝐸))) ⊆̃ 𝐶𝑙(𝑓((𝐺, 𝐸))) 
and so 𝐼𝑛𝑡(𝑓(𝐶𝑙((𝐺, 𝐸)))) = Φ̃. But 𝐶𝑙((𝐺, 𝐸)) is soft regular closed, which is a 

contradiction to (2). Thus, 𝑓 is soft 𝑆𝐷-open.  

       We shall note that for condition (2) ⇒(1), we have only used "soft continuity of 𝑓". 

 

Theorem 5.9 Let (𝑋, 𝒯, 𝐸) be a soft regular and let (𝑌, 𝒮, 𝐸′) be any soft space. If  

𝑓: (𝑋, 𝒯, 𝐸) → (𝑌, 𝒮, 𝐸′) is a soft continuous and a soft 𝑆𝐷-open surjection, then 

𝑓|(𝑅,𝐸): (𝑅, 𝐸) → 𝑓((𝑅, 𝐸)) is soft 𝑆𝐷-open, where (𝑅, 𝐸) is a soft regular closed set over 𝑋.  

Proof. Since every soft continuous function is soft semicontinuous, we now apply Theorem 

4.7. Let (𝐷, 𝐸′) be a soft open dense set over 𝑓((𝑅, 𝐸)). By Theorem 5.8, 𝑓((𝑅, 𝐸)) is soft 

regular closed over 𝑋. Set (𝐹, 𝐸′) = ((𝐷, 𝐸′)⋂ ̃ 𝐼𝑛𝑡(𝑓((𝑅, 𝐸))))⋃̃(�̃�\𝑓((𝑅, 𝐸))), then (𝐹, 𝐸′) 
is a soft open dense over 𝑌. By Theorem 4.7, we have 𝑓−1((𝐹, 𝐸′)) is soft open dense over 𝑋, 
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and so  

 (𝑓|(𝑅,𝐸))
−1((𝐷, 𝐸′)) = 𝑓−1((𝐷, 𝐸′))⋂ ̃ (𝑅, 𝐸) ⊇̃ 𝑓−1((𝐹, 𝐸′))⋂ ̃ (𝑅, 𝐸) 

is soft open dense in (𝑅, 𝐸). Hence, we obtain the result.  

Theorem 5.10 Let (𝑋, 𝑑, 𝐸) be a soft Baire metric space and let (𝑌, 𝒮, 𝐸′) be any soft space. 

Let 𝑓: (𝑋, 𝑑, 𝐸) → (𝑌, 𝒮, 𝐸′) be a soft continuous and a soft closed surjection. Then, the 

following are equivalent: 

1.  𝑓 is soft 𝑆𝐷-open;  

2.  𝑓|(𝐷,𝐸) is soft open, for some soft dense 𝐺𝛿 set (𝐷, 𝐸) over 𝑋; 

3.  𝑓|(𝐷,𝐸) is soft open, for some soft dense set (𝐷, 𝐸) over 𝑋; 

4.  𝑓|(𝐷,𝐸) is soft 𝑆𝐷-open, for some soft dense set (𝐷, 𝐸) over 𝑋.  

Proof. (1) ⇒(2) Let 𝒢 = {(𝐺, 𝐸): Φ̃ ≠ (𝐺, 𝐸) ⊆̃ �̃�and𝑓((𝐺, 𝐸))issoftopen}. This is 

possible by Theorem 5.1 (3). For each 𝑛 ∈ ℕ, we define 

𝒢𝑛 = {(𝐺, 𝐸) ∈̃ 𝒢: sup{𝑑(𝑥𝑒 , 𝑦𝑒′): 𝑥𝑒 , 𝑦𝑒′ ∈̃ (𝐺, 𝐸)} < 1/𝑛}. Then, ⋃̃𝒢𝑛 is soft open and 

Theorem 5.1 (3) guarantees that ⋃̃𝒢𝑛 is soft dense. Since (𝑋, 𝑑, 𝐸) is soft Baire, then (𝐷, 𝐸) =

⋂ ∞
𝑛=1̃ ⋃̃𝒢𝑛 is a soft dense 𝐺𝛿 set over 𝑋. The soft openness of 𝑓|(𝐷,𝐸) follows from the 

definition of 𝒢.  

(2)⇒(3) Clear. 

(3)⇒(4) Diagram I. 

(4)⇒(1) Theorem 3.7.  

 

6.Conclusion 

      This paper contributes to the area of soft topology introduced by Shabir and Naz [3] in 

2011. We have described soft somewhere dense open functions using some celebrated types 

of soft continuous and soft open functions. Then, we have defined soft sets that have Baire 

property and soft comeager sets. We determine some conditions under which the preimage of 

soft sets with Baire property are preserved. On the other hand, under such conditions, the 

image of soft comeager sets (resp. soft Baire spaces) are preserved. To support the obtained 

results and relationships, we have provided a couple of examples. 

     For future work, our plan is to study further properties of soft somewhere dense sets and 

soft sets with Baire property. 
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