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Abstract

This paper examines a new nonlinear system of multiple integro-differential
equations containing symmetric matrices with impulsive actions. The numerical-
analytic method of ordinary differential equations and Banach fixed point theorem
are used to study the existence, uniqueness and stability of periodic solutions of
impulsive integro-differential equations with piecewise continuous functions. This
study is based on the Holder condition in which the ordering «, 8 and y are real
numbers between 0 and 1.
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1. Introduction

The importance of studying impulsive differential equations stems from the fact that they
are useful mathematical machinery for modelling a variety of processes and phenomena
investigated in mechanics, electronics, economics, optimal control, biotechnologies and other
fields [1]. Impulsive differential equations (or differential equations with impulse actions)
have a long history in control and mechanical systems, which could be explored using a
mathematical tool based on impulsive differential equations for real-world applications in
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pure and applied mathematics. The application of the classical methods of the theory of
ordinary differential equations is also used in impulsive differential equations [2-3].

The works of Samoilenko describe the broad ideas of the theory of systems with impulsive
actions from a novel point of view and examine their essential particular properties. His study
can be considered as the first work in the area of numerical analytic technique [4-5].

Later, many mathematicians' efforts were devoted to studying the problems of the
existence, uniqueness and stability of solutions of differential equations with pulse action, as
well as the creation of the periodic theory of impulsive systems. The theory of impulsive
differential equations has advanced rapidly in recent decades due to its theoretical and
practical importance [6-10].

We concentrate on nonlinear systems of differential equations with impulsive and describe
the initial and impulsive conditions using the physical meaning of initial conditions as defined
in Butris [11].

1.1 Preliminaries

The essential definitions, theorems, lemmas and conditions have been illustrated in this part
using the numerical analytical technique that has been investigated for periodic T-system
solutions. In this article, we investigate the numerical-analytical method analytically through
some theorems and the theorems that have been proven by Samoilenko. The method is
concerned with the analytical technique and demonstrated the theorems in pure form.

This study focuses on the following nonlinear T-system with impulse actions:

dx(t,xg, Vo) A
# = (Al + Bl(t))x(t, Xo,Yo) (Az + Bz(t))Y(t, X0, Yo)
+f(t, X(t, xO; J’O): Y(t: xO: J’O): u(t))r t+ Ti;

Ax|t=‘ri = I; (X(Ti»xo;J’o):y(Ti:xOIYO)'u(Ti)).
dy(t, x,,
M = (C1 + D, (t))x(t, X0,Yo) + (Cz + Dz(t))Y(t, X0,Y0)

dt
+g(t' X(t, Xo, yO)' y(t' X0, yO)' U(t)), t+ T;

Ay|t=‘ri =]i(X(Ti:Xo:J’o):J’(Ti;on’o)'V(Ti)) J
where 0 < t<t<T,x€Gy,y€EG,u€aqG,and v € G,. Gyand G, are compact subset of
R™, while G, and G, are bounded subsets of R™.

Define the piecewise continuous vector functions f(t, x(t, xo, ¥o), ¥ (t, xo, o), u(t)) and
g(t, x(t, x9,¥0), ¥(t, x0, Vo), v(t)) on the following domains:

' (D

(t,X(t, X0, yO)r y(tr X0, yO):u(t)) € Rn X GO X Gl X Gu} (2)

(t, x(t, xg, Vo), V(t, X0, ¥0), v(t)) € R™ X Gy X G; X G,

while  Go: [|x(t, x0, ¥0) — Xoll £ 7%, G2 Iy (t, %0, ¥0) — Yol <73, Gy llu(®l < dy, and
G,: [lv(®)]l < d,, are continuous in x(t, xq, ¥o), Y(t, Xo, Vo). The functions u(t) and v(t) and
periodic in t with period T.

The periodic solutions x(t, xq, o) and y(t, x,, yo) that are obtained from (1) are defined
as follows:
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x(t, x0, ¥o)

t
= xpehit 4 f 4109 (2(5) = (5, %(5, %01 0D, Y5, %0, Yo u(s)) ) ds

+ Z eAl(t W1 (x(ti, %0, ¥0), ¥y (Ti, X0, Y0), u(T;)) ®)

o<t;i<t

Af(t; X(t, xO; 3’0); Y(t; in yO)) u(t))

T
If eA1T=9)7(s) ds
0

== Ale +

A
b Y MO e %, 70), (71 xa, o), u(T) @

where det(A;) and det(e4:T —I) are defined and nonzero. The initial condition
x(0, x9,y0) = X and
z(t) = B1(£)x(t, xo, Yo) + (Az + Bz(t))J’(t: X0, Yo) + f(t,x(t, X0,Y0), Y (¢, xo:)’o);u(t))-

y(t Xo, 3’0) - yOeCZt j eCZ(t_S) (W(S) - Ag(s, X(S, X0, yO)' J’(S' X0, yO)'v(S))) ds

+ Z eCz (t_ri)]i (x(Ti' X0, yo); y(Tir X0, J’o): v(Ti)) (5)

0<t;<t

Ag(tt X(t, Xo, yO)r y(tr Xo» yO)J U(t))
T

C
= Czyo + _eCZTZ_ I'f eCZ(T—S)W(S) ds
0

q
C; e
+ eCaT — IZ et T‘)]i(x(Ti:XOIYO)'Y(Ti:XoJ’o).V(Ti)) (6)
i=1

where det(C,) and det(e®2” —I) are defined and nonzero. The initial condition is
¥(0,x0,¥0) = Yo and
w(t) = (C1 + D1(t))x(t: X0, Yo) + D2 (£)y(t, x0,¥0) + g(t,x(t, X0, Y0), Y (t, X0, ¥o), V(t))-
Furthermore, we have

u(t) = f_too f: K (t, S)¢1(t s,%(8,%0,Y0), Y (S, XO:YO)'P(S))dtdS
p(s) = o) (x(®) = y(®)) d
v(t) = [ [ Ko (t,)P(t,5,%(5, X0, ¥0), ¥ (5, Xo, ¥o), w(s) ) dsdt

8
w(s) = h"és))(x(r) y(1))dr ®)

(7)

Assume that the piecewise continuous vector functions
f(t' X(t, X0, yo); y(tf Xo» yo); u(t)); g(t' X(t, X0, yO)' y(t, X0, yO)J U(t)),

P1(t, 5, x(t, %0, ¥0), Y (£, %0, ¥0), p(£))  and 1, (¢, s, x(t, x0,¥0), ¥(t, X0, ¥o), w(t))  which
include the required conditions and inequalities:

Izl <9, llw®Il <92} €))
||Ii(x(t,x0,y0),y(t, xo:)’o),u(t))” <M, ”]i(x(t' X0, Y0), Y(t, xod’o)'v(t))” < N} (10)
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”f(t' x2(t, X0, ¥0), ¥2(t, X0, Yo), uz(t)) - f(t' x1(t, X0, ¥0), Y1 (t, X0, ¥0), u1(t)) ”

< Ty llx, (8, %0, ¥o) — X1 (¢, X0, YO I* + Tallya(t, x0, ¥0) — ¥1.(t, X0, ¥0) 1P

+ I3 luz (6) — u (O (11)
||g(t, x2(t, X0, ¥0), ¥2(t, X0, ¥0), V2 (t)) - g(t, x1(t, X0, Y0), Y1 (t, X0, Vo), 171(t)) ”

< 24122 (8, x0, ¥0) — %1 (8, %0, YOI + Zo1ly2 (8, %0, ¥0) — ¥1.(¢, X0, Yo)IIP

+ X3llv(8) — v O (12)
”Ii(xz (t, %0, ¥0), Y2(t, X0, ¥0), Uz (t)) -1 (x1(t» X0, Y0), Y1(t, X0, ¥o), u1(t)) ”

< @y |1x, (8, %0, ¥o) — %1.(t, X0, Vo) I* + @2 |2 (¢, %0, ¥0) — ¥1(t, %0, ¥0) |IP

+ @3 luz (£) — u (O (13)
”]i (xz (t, %0, Y0), Y2(t, X0, ¥0), V2 (t)) —Ji (x1(t; X0, Y0)» Y1(t, X0, o), U1(t)) ”

< ¢4 l1x2 (8, %0, o) — %1 (8, X0, Yo 1% + @2 11y2 (8, X0, ¥o) — 1 (8, %0, ¥o) IIP

+ ¢s3llvL(t) — v (DI (14)
”lpl(ti S, X3 (t: Xo, yO)r yZ(t' Xo» yO)I pZ(t' Xo» yO))

- ¢1(t; S, Xl(t, X0, yo); yl(tf X0, yO)' P (t' X0, yO)) ”

< hyllx2 (8, x0, ¥o) — %1 (8, %0, YOI + Rolly2 (8, %0, ¥0) — y1.(t, X0, ¥0) IIP

+ hsllp2 (t) — pr OIIY (15)
”1/)2 (tr S, X3 (tr Xo» yO)! Y2 (t' X0, yO)' ) (t' X0, yO))

- 1/)2 (tr S, X1 (t' X0, yO)' Y1 (t' X0, yO)' wl(t' Xo, yO)) ”

< L llxe2 (8, %0, ¥0) — %1 (8, %0, YOI + Llly2 (8, %0, ¥o) — ¥1.(t, X0, Vo) I

+ Lllw, (8) — w (O 1Y (16)

for all x,x,,x, € Gy, ¥,Y1,V2 € G1, U, Uy, U, € G, and v, vy, v, € G, Where 9;,9,, I}, I, [,
21,2523, hy,hy, hs, 1y, 15,15, 1, ¢, P35, @, and @, are positive constants. t € [0,T] and
0<ap,y<l1.

The isolated singular kernels K; (t, s) and K, (t, s) are positive matrices that is:
1K, (t, ) < 816719, Ky (2, 9)|| < 85,6772} (17)

where &y, 8,, ¥, and y, are positive constants. The matrices A; = (4y;;), 4, = (A2;),
By = (Byij), B = (Baij), Ci = (Cuij), €, =(Cj), Dy =(Dy;;) and D, = (Dy;) are
symmetric where i,j = 1,2,...,n and ||. || = max,epo 1l . |-
The non-empty sets are defined as:-
Gr =Gy — 1y = Go — (1 (R + f1(t)R1MP)} (18)
Gy = Gy — 1y, = Gy — (U2(O)RY, + & (R1Nq)
where u, (t), u,(t), & (t) and &,(t) are functions of t and defined in (22) and (23). M, N, p,
q, Ry, Ry, 9, and 9, are constants. YF_ ||1;(x(t, xo, ¥0), (£, X0, ¥0), u(t))|| = Mp and
Z?:lllji(xm(tf X0, yO)f ym(t’ X0, yO)’Um(t))” = Nq
le =] =Ry, [|e=“2|| = R} (19)
Hy(t) = |[ha(8) — hy (DI, Hp(t) = [1ha(t) — h3(®) |I} (20)
_ ha(s) _ rha(s)
where p,, (t) = fhl(s) (xm(T) - ym(T)) drand wp(t) = fh3(s) (xm(T) - ym(T)) dr.
The functions h,(t), h,(t), hs(t) and h,(t) are limits of integral and defined on G, and
G,.
H*1(6) = 1By Ix(t, x0,¥0) | + lAz + B2 (OIllly(t, x0, o)l + 191}

H*5(6) = G, + Dy (O 11Xt %0, vo) Il + 1D OV (E, X0 yo)ll + @D
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_ t(e||A1IIT_Ze||A1||t+||1||)+T(e|IA1IIt_||1||) _ ellAlT Lo lALlit_o 1|
.ul(t) - e||A1||T—||I|| ) El(t) - e||A1||T—||I|| } (22)
_ t(e||C2||T_26||C2I|t+||1||)+7~(e||C2|It_||1||) _ ellC2lT 4 ellC2lit_z| 1|
nu'Z(t) - e”CZHT—”I” ) Ez(t) - e"cZ||T—||I|| } (23)
144l Gl
(0 = el AT — 111’ RO = ellC2llT — ||1||} (24

Let {x,,(t, %0, Vo) m=0 anNd {ym(t, x0, ¥0)}m=o b€ the sequences from (3)-(6) that are
defined as follows:
xm+1(t; on’o) At

= xpet
t

+ .f eAl(t_S) (Zm(s) - Af,m(Sl xm(s, X0, yO)l ym(S, X0, yO)ﬂum(S))) ds

0
+ Z eI (x (14, %0, ¥0), ¥ (T, X0, ¥0), u(T1)) (25)
0<t;<t
p T
1 —_
Ap m(t, %0, ¥0) = A1xo + AT If e T=9)z (s)ds
0
4 P
1 —_—T
+ mz et Tl)Ii(x(Ti,xO,yO)’y(Ti' Xo, YO)'u(Ti))' (26)
i=1

while x(0, xy,v9) = xoand m=0,1,2, ....

Ym+1(t X0, Yo)
= yoe?!
t

+ ] eCZ(t_S) (Wm(S) - Ag,m(sl Xm(S, X0, yO)I y‘m(s' X0, yO)' Um(S))) dS
0

+ Z eCZ(t_Ti)]i(x(Ti'xO'yO)' y(TiﬂxO' yO)'v(Ti)) (27)
0<t;<t
c T
Byt %0,Y0) = Cayo + = J Ty, (s)ds
0
C q
2 —T
eCaT — IZ et T‘)]i(x(Ti:Xo:yo)'}’(Ti:xo'YO).V(Ti))- (28)
i=1

while y(0, xo,v9) = yoand m =0,1,2, ....

Consider the case when the maximum Eigenvalue of the matrix @(T) is less than one
where

_[@1(T)  @,(T)
*D =|gkr) i)
_ (DR, (t) + E(ODPR1x1 (1) 11 (B)R192(t) + &1 ()R x2 (1) (29)
Th pz (D R23(t) + $2(0)qR1x3 (1)  pa (D R4 (t) + & () qRyxa (D]
us
max (&(T)) = @1(N+0,(T) | J(¢1(T)+¢4(T)) ~4(®1(T) P4 (T) =02 (T)3(T)) 1 (30)

2 2
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where

LA
©,(t) = ||By(t)|| + Ty + T3 ((h1 + h3(H1(t))V) (( S (e~714 — g~V1b)gnat )>

14
@2(t) = A + B,(Ol| + T, + T3 ((h2 +hs(H (D)) (( L5 (e —erh)ent )>

93(t) = ICy + Dy (D)1 + 1 + 55 ((11 + 13 (Ho()") (M))y D
¢4(0) = 1D (Ol + 2, + I <(lz + 13(H,(0)) (M))y |
a = m e ((hl +hs(H0)") (G e —e nb)enf)>h
X2(t) = @, + @3 <(h2 + hy(H,(O)") (( L (e - Vlb)e)’lt)>y
( (32)

Y
X0 = 6 + ¢ ((11 +15(H0)") (2 “)))

14
X0 = b, + 6, ((lz + 1 (Hy0)") (2 “)))

J

Definition 1.1.1. A continuous vector function f:S — R that satisfies the Holder condition of
order @« where 0 < a < 1o0n [a,b] € R. Thus forall K > 0 and for all x,y € [a, b], |f(x) —

fI = Klx —yl|* [12].

Definition 1.1.2. Let T; be a certain set, which is given in the extended phase space M and an
operator A; defined on the set T, which is mapped into the set T', = A,T; in the extended

phase space. Then from the system of differential equations
Z=f(tx), xeRLteR
the impulsive differential system is

dx
E = f(t; X), (tr X) $ Tt

Ax|(txer, = Tex — x
where the solutions of the impulsive differential system are functions that satisfy the above
system of differential equations [13].

Lemma 1.1.1. Let the sequence a; € R and r € (0, ), then we have the following:

1. fa=0and r=1, then X2 af < Ql,a)" <m™ 1Y% a] , for1<l<m The
reverse holds if 0 < r < 1. Hence for 1 < i < m we obtain that 7%, o))" < Y%, «a
2. Ifa;, B; € Rand 0 < r < 1. Then, we obtain that ||a; — B;||" < IIai —Billfor1 <i<m.

Lemma 1.1.2. Assume the continuous vector function f(t, x(t, xo, ¥o), ¥ (¢, X0, ¥0)) on [0, T]
defined. Then ”fot (f(s,x(s, X0, Vo), Y (s, xo,yo)) — A(T)) ds” < a(t)M where a(t) =

2t (1 —%) M = maxte[o,ﬂ”f(t,x(t, X0, Yo), V (¢, xo,yo))”, vV te[0,T] and A(T) =
~Jy £ (0. x(1,20,90), y(1, %0, %)) d [14].
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Proof. Since

fot (f (5, x(s,%0,¥0), (5, %0, ¥0)) — A(T)) ds

= fot (f(s,x(s, X0, Y0), ¥ (S, X0, ¥0)) — %fOTf(T,X(T, X0, ¥0), ¥ (T, X0, ¥0)) dT) ds
= fotf(s; x(s, %o, ¥0), (5, %0, ¥0) ) ds — %fOTf(r, x(T, X, ¥0), ¥(T, X0, ) ) dt

= (1 - %) f()tf(six(SJ X0, 3’0); 3’(5, X0, J’o)) ds - %ftTf(T,X(T, X0, 3’0); Y(T' X0, )’0)) dT'
Then, we have

4 (#(s x5 x0,¥0), 9(5, %0, 90)) = A(T) ) dis |
< (1=57) [ l1F (s, xCs, %0, v0), (s, %0, y0)) | ds + £ 1 (7, 2, %0, 900, ¥ (5, %0, 0)) | de
<(1- ;) ¢ max || (£,x(t, %0, 70), ¥(6, %0, o)) |
+ F(T = 6 max || (& x (&, %0, y0), ¥ (& %0, y0) )|
< (1-7) ¢ max I (150,30, Y& 20, 30) |
+t (1 - 3) max || (& x (6 x0, y0), y (& %0, y0) )|

T
(1——)tM+t(1—§)M=2t(1—§)M=a(t)M.

Lemma 1.1.3. The following inequalities hold according to lemma (2.1) and equations (7),
(8) with condition (20).

L 1o (®) = P O < Hxm(t, X0, ¥0) = Xm—1 (& X0, YOI (Hy(8)) + 1y (8, %0, ¥0) —
Ym-1(t, X0, Y IY (Hy(8))

2. [0, () = W1 OIY < Nl (&, X0, ¥0) — Xm—1 (8, xo,)’O)”y(Hz(t))y + lym (¢, X0, ¥0) —
Ym-1(t, %0, YOI (H2(8))"

Proof. From equation (7) we subtract the sequences as

Pn() = Prna () = [, (2 (D) = Y (D) dT = 2 (-1 (1) = Y1 (D)) diT

hz(s) h ()
< Juigy Gom(t %0, 70) = Xm—1.(6,%0,¥0)) 4T + [, 5 (¥m (8, %0, Y0) = Ym-1.(& X0, ¥0)) .

Thus, we obtain the norm and from equation (20) as follows:
1o (©) = Pin-1 (Ol < l1x(t, X0, o) — Xm-1(E, X0, Yo) [IH1 ()
Flym (€, X0, ¥0) = Yim-1(t, X0, yo) [1H1 (£)
From lemma 1.1.1 and by Holder condition we have
Y
| pm (t) = pm—1 (ONY < llx (t, X0, Yo) — Xm—1(t, xo,y0)||V(H1(t))

HYm (&, X0 Y0) = ¥m-1(6, X0, ) I (H1 ()
Also from the equation (8) and the equation (20) we obtain the second item.

Theorem 1.1.1. Let lpl(t,s,x(t, X0, Vo), Y(t, xo,yo),w(t)),

V2 (t, 5, %(t, %0, ¥0), Y (t, X0, ¥0), v(1)), u(t) and v(t) be vector functions that are defined
and continuous in (2) and fulfil the inequalities and conditions (15), (16), (17) and (20). Then
the following inequalities hold.
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lum () = U1 O <

%
( + hs(Hl(t)) ) (( e (e771@ — g 11b)enit )> |26, (2, X0, Vo) — Xm—1(t, X0, YOIIY +

14
(hy + ha(Hy (0)") (53 e ~ e%b)eW)) 1Ym (& %0, ¥0) = Ym-1.(t, X0, ¥o) I

1.
2. 1V (8) — Vi 1(t)||” <

(1 + s (Hx(0)) 25 ‘”) 1t (£, X0, Vo) — X1 (£, X0, YOIY +

)
(L + 1s(H (D)) 245 ‘”) 19m (¢, X0, ¥0) = Yim—1(t, X0, Y)Y
forall t € [0,T] andm— 1,2,3,.

Proof.
From equality (7), the sequence u,,(t) belongs to G, where m =0, 1, 2, ..., then

t b
um(t) = f—oo fa Kl (t, S)l/h(t: S, xm(s), Ym(s), pm(t)) dtds.
Take the norm of subtract as follows: -

[t (&) = U1 (Ol
t b

< j f 1K (&, )2 (6 5, %o (6, Y (6), i (D)

—oa

= 1(,5, X1 (), Ym-1(8), -1 (D) || dt ds
From inequalities (15) and (17) we simplify as follows:-
1t (£) = Um—1 (DI

61
< (e e = e7)en) (bl %0, 0) = -1 (& %0, Y0 I
1

+ R llym (t, X0, ¥0) — Ym—1(6 X0, Y IF + hsllpm () — Pm—1(t)||y)-
Thus, from previous lemma 1.1.3 and from lemma 1.1.1, we obtain that

lum (®) = s
< (ks + ha(Hy(0)") (2
~ X1 (6, %0, 30
+ (s + ha(H(0)) (2

(r1)?
- ym—l(t' X0, yO)”
With the power of y we achieve the following form

() = U1 O <

14
((hl+h3(H1(t>)y) (2 (e —ebyenst )) 1 (8, X0, ¥0) = Xm-1(t, X0, Y IIY +

(e = e1s)ent) iy (£, X0, o)

(r1)?

(e—yla _ e—V1b)eY1t> ”ym(t' Xo, YO)

14
((hZ + h3 (Hl(t)) ) (( )2 (e —e Vlb)eht)) |y (£, X0, ¥0) — Ym—-1(t, X0, yo)I”-
From equation (8) with applying the same previous steps, the second part of the theorem is
achieved.

Lemma 1.1.4. Let (¢, x(t, X0, ¥0), ¥ (£, X0, ¥0), u()) and g(t, x(t, xo, ¥o), ¥(t, X0, ¥o), V(1))
be piecewise continuous vector functions with respect to ¢t on [0, T] with period T. Then the
periodic solutions with impulsive actions of the system (1) are given in equations (3) and (5).
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Proof. From system (1) and by assumption x(t,xq, yo) = u(t, x9, vo)e1t we get the
differential equation which has the form: -

d (t' ) )
% = B (t)u(t, xo, ¥o)

+(A2 + By () (t, %o, yo)e e~ + et f (8, x(t, Xo, ¥0), ¥ (t, X0, ¥o), u(1)).
Take the integral of both sides and put in x(t, xo, Vo) = u(t, xo, yo)e“1t to obtain the form
t

x(t, X9, Vo) = xoe1t + f eA1(t=9)z(s5) ds.
0

&xExo%0) \yithout impulsive actions in system (1). So that for

which is the solution of

t € [t;, Tip1],
t

x(t) X0, 3’0) = erAlt + f eAl(t_S)Z(S) ds + eAl(t_Ti)Ii(x(Ti!xO! 3’0); y(Ti'xO' yO)ru(Ti))'

0
Afterwards for all t € [0, T], we obtain the solution with impulsive actions as:-
t

x(t,xo,yo) :erAlt‘l‘.feAl(t_S)Z(S) dS
0
N Z 41T (x (15, X0, Vo), Y (Tir X0, Vo), U(TD)).

0<t;<t
To find the periodic solution with impulsive actions we subtract the A-constant to the function

£ (&, x(6), y(©),u(r)) inside z, (t) as follows to obtain equation (3) as:
t
x(t) = xpe1t + f eAr(t=s) (z(s) — Ap(t, x(t,x0,70), ¥ (8, xo,yo),u(t))) ds

0
+ Z eAl(t_Ti)Ii(x(Tl'ﬁxOﬁyO)'y(Ti’xO'yo)’u(‘[i)).

0<t;<t

Since from initial condition x(0) = x(T) = x,, where t € [0, T], we obtain that
T

x(T) = xge’1T _|_f AT=S)z(s) ds — Af(t x(t, x0,¥0), y(t, X0, Yo), u(t))f A1(T-5) 4

' 2 411 (2t X0, Y0), ¥ (71 X0, 0D, u(T)).

0<t;<t
After simplifying we achieve the equation (4)

T
Ay _
Ar(t, x(t, %0, ¥0), ¥ (t, X0, ¥0), u(t)) = Ayxq + mj e T=9)z(s) ds
0

+—_IZ A (t-T)]. (x(Tuxo,yo) y(Ti, X0, Vo), u(Tl))

eA1T
=1

Therefore the equations (3)-(4) are proved from X020 \vith impulsive actions. By

following the same steps where y(t, xo, yo) = v(t, xo, ¥o)e 2t we receive the equation (5)-(6).
Lemma 1.1.5. Suppose that the vector functionsf (¢, x(t,xo, o), ¥(t, X0, ¥o),u(t)) and

g(t, x(t, x0,¥0), ¥(t, x0,¥0), v(t)) are defined and continuous on [0, T] in ¢ of period T.
Then, the vector function
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(||E1(t’ on’o)”) < (M1(t)R1191 + f1(t)R1Mp) (33)

IIE; (t, x0, Yol t2 ()R, 9, + & ()R,Ng

holds, where the equations (3) and (5) have been derived to receive the following
t eAlt I T
Ei(t, %0, Vo) = feAl(t_s)z(s) ds — Y If eA1T=9)7(s) ds

0 0
edit —

p
- eAlT _ Iz eAl(t_Ti)Ii (X(Tiﬂ xOP }’0), y(Ti' xO' 3’0); u(Ti))
i=1

+ Z e (=T, (X(Ti» X0, Y0), Y (Ti, X0, Vo), u(Ti)),

0<t;<t
t T
Ca(t-5) e —1 [ s
E,(t,xq,y0) = f e“2 w(s)ds — G If e“2 w(s)ds
0 0
eC2t _ [ -
- eCT — Iz eCZ(t_Ti)]i(x(TiIXOI yO)' y(Tier' J’o): v(Ti))
i=1

+ Z eCZ(t_Ti)]i(x(Tile'yO)l y(TiﬂxO' yO)'v(Ti))
0<t;<t
for0<t<T.

Proof. According to the equations (3), (4) and (7) with the inequalities and conditions (9),
(10) and (19) we have

||E1(t»x0|;|3’(l)l)|| =
it ¢ _
(11 = Smyt) Jo M1zl ds +

elAlT g
lAslit_jp .
:”‘MH—T—”I”Z?:l e”Alllllt il ”IL (x(Ti' X0, yO)' y(Ti' X0, yO)' u(Ti)) ” +
20<Ti<t||1i (X(Tl-, X0, }’o)' y(Ti' X0, yO)' u(Ti)) ”
t(elAlT —_ 2ollAslit L 11711 + T(el4alt — 1 elldallT 4 ollAdlit _ 211
< ( 1) +7( I II)Rlﬁ1 N 111l
elladT — ||| ellAadIT — |||
Thus from (22) we get ||E;(t, xo, Vo)l < Ry, ()9, + R;Mpé,(t) and from the equations
(5), (6) and (8) with the assumptions (9), (10) and (19) we obtain that ||E,(t, xo, o)l <
Ryu,(t)9, + R,Ngé&,(t). Thus, the equation (33) is achieved.
2. Approximate of periodic solutions of system (1).
The approximate periodic solution of the system (1) is suggested by the following theorem.

ellAalie_ g
elA1lT |

J M T=1z(e)]| ds +

R{Mp.

Theorem 2.1. Consider that the vector functions f(t, x(t, xq, Vo), V(t, X0, ¥o), u(t)) and
g(t, x(t, x9,¥0), ¥(t, x0, Vo), v(t)) are defined and continuous on (2) and fulfilled all
inequalities (11)-(17), conditions (19)-(23) and (19)-(23). Then in t of period T, the
sequences (23) and (25) converge uniformly to the limit functions x°(t,x,v,) and
y°(t, x9,yo) @ m — oo, Then the functions (3) and (5) are unique solutions of system (1).

llx° (£, %0, ¥0) — %0 (¢, X0, Yo) |

(”y"gt, xO!.VO% - yo((t, xo.yo))lh) <) (34)
x°(t, %0, ¥0) — Xm (¢, X0, Yo m B -1

(“yo(t; X0, Yo) — Ym(t, xo:)’o)”) =@ (T)(I (D(T)) Q1) (35)

p1 (TR0, + & (T)R Mp

where Q(T) = (.Uz (T)R,9, + &,(T)R,Nq

) and [ is an identity matrix.
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Proof. The sequences of functions {x,,(t, xo, Vo) }m=1 and {y,,,(t, xo, Vo) }m=1 from (25)-(28)
are defined and continuous on (2) that are periodic in t of period T. First of all, from the
equation (25) and by induction with the assumptions (9) and (10) where m = 0 we have

121 (¢, %0, ¥0) — %ol =
t -
”xoeAlt + fo e (t=s) (ZO —Af (s, xod’o»uo)) ds + Xo<z;<t 1i (X0, Yo, o) — Xo ”

t T

ladlie — i laslie — i

e e

. lA1ll(t=s) - - 1AL NI(T-s)
0 t

elaslle _ |11\ —
+ (IIIII + —) Z elAle=zill|I; (xo, yo, uo) I

oIl — ||
i) &

t(elAlT — 2elaslle 4 |11|]) + T (et — 1)) ellAdllT 4 eli4alic — 2|1
S R1191 +
el AT — (]| el — 1]

R{Mp.

Thus, for m = 1 and by (22) we obtain that ||x,,, (¢, xo, yo) — Xoll < u1 ()R 9, + & ()R, Mp.
Also, from the equation (27) and according to the same steps with (23) we obtain that
lym (&, X0, ¥0) — Yoll < p2(t)R29, + &,()R,Nq. Thus, for all t € [0,T] where x, € G and
Yo € Gy We get that x,, (t, xo, Y9) € Go and ¥y, (t, X, ¥o) € G.

Furthermore, we must to show that the sequences {x,,(t, xo,¥o)}m=o and
{ym (t, X0, Yo) =0 are uniformly convergent on (2). Then from (25) when m = 1 we have
l|2c2 (¢, %0, ¥0) — %1 (E, %0, o)l

elladlT _ gliaslie

<
= TeladT ]|

t
f e @9)||llz,(6) — 2ol ds
0

elldallt — 1]

T
el —|i1]] f le#+“=lllz,(8) - zoll ds
t

elladdle — | : ALlllE=ll
i 2 e M G o, 700, 4 o0, 00, 1 (1)
i=1

— 1;(x0, Yo, uo)”
+ Z 9”A1””t_ri”||Ii(x1(Ti'xo')’o)')ﬁ(‘fi,on’o),u1(Ti))—Ii(xo'}’o’uo)”-

0<t;<t
Thus from (22) we receive that

(e”AlllT — 2ellAdlit _ ||I||)t + (e”Alllt — ||I||)T
= ( AT — 1]
ell4allT  ollAdllt _ 211y
AT — 1]

- Ii(xOIYOqu)”-
And from (22), (29), (31) and (32) we obtain that
ll2¢2 (¢, x0, ¥0) — %1 (t, X0, Yol

< (1 (@OR191(®) + & (OPR1X1 (D) l1x1(t, X0, ¥0) — %o

+ (.U1(t)R1<Pz(t) + f1(t)PR1X2(t))||Y1(t, X0,Y0) — Yoll
where, there exists ||z, (¢) — zoll < @1(D)lx1(t, X0, ¥0) — X0l + @2 (DIy1 (¢, X0, ¥0) — ¥oll
and 17; (1, y1,us) — 1;(x0, Yo, wo) Il < xallx1 (€, %0, ¥0) — Xoll + X21ly1(E, X0, ¥0) — Yoll.

) Ry 11z, (8) — 2l

+ pRlllli(xl(Ti'xO' yO)' yl(TiﬂxO' yO)rul(Ti))

314



Butris and Faris Iragi Journal of Science, 2023, Vol. 64, No. 1, pp: 304-324

From (27) and by the same iterations from inequalities and conditions (11)-(17), (19), (23),
(31) and (32) we have
ly2(t, x0, ¥0) — y1(t, x0, Vo)l
< (Hz(t)R2<P3(t) + Szz(t)CIRsz(t))”?ﬁ(t, X0,Y0) — Xol|
+ (Hz (B)R24(t) + &, (t)qu)(zL(t))“}ﬁ(t; X0,Y0) — Yoll-
where there exists [lwy (¢) — woll < @sllx1 (£, %0, ¥0) — Xoll + @ally1 (€, X0, ¥0) — yoll and
”]i (x1 (t, x0,¥0), ¥1(t, X0, ¥o), V1 (t)) — Ji(x0, Y0, Vo) ”

< x3llx1(t, x0, ¥0) — Xoll + xally1(t, X0, ¥0) — ¥oll.
Since for m > 1 and by induction, from (29) we demonstrate a vector form:

(||xm+1(t; X0,Y0) — Xm(t, xm)’o)”) <
|y m+1(t X0, Yo) — Ym (t, X0, YOI/ ~
( & (T) d)z(T)) (”xm(t’ X0, Y0) — Xm-1(t, xo»Yo)”)

D3(T)  Pu(T)) \|lym (t, %0, ¥0) — Ym-1(t x0, YOI/

By iterations and from (29) with the maximal value of t we receive the form
(”xm+1(T; X0,Y0) — Xm (T, xo:Yo)”) < ( @, (T) ‘pz(T))m <H1R1191 + €1R2MP>
|ym+1 (T, %0, ¥0) — Ym (T, %0, Yol = \ @3(T)  @,(T) Uz R29, + &,R,Nq

For any k > 0 we conclude that
(”xm+k(T! X0, yO) - xm(TJ X0, yO)”) < (”xm+k(T' X0, yO) - xm+k—1(Tﬂ X0» yO)”)
|y m+k (T, %0, Y0) = Y (T, x0, YO/ = \ym+x (T, %0, ¥0) = Ym+k—-1(T, X0, Yol
|41 (T, X0, ¥o) — xm (T, Xo,yo)”)
|ym+1(T) %0, ¥0) — Ym (T, X0, Yo/

(36)

bt

Rewrite the vector structure as follows:
Q4 (T) < (I = &(T) " 1o™(THQT).

As a result of condition (30) we received that lim,,_,, @™(t) = 0. So that the sequences
of functions {x,,, (t, Xy, Yo)}m=0 and {¥m (t, X0, Vo) }m=o CONverge uniformly on (18).
Consider the limits lim,,_e X (¢, X0, Yo) = x(t, X0, ¥0) and im0 Y1 (¢, X0, Yo) =
y(t, x9, Vo). Thus, we investigate that inequalities (34) and (35) hold for all m > 0, since
x(t, x0,v0) and y(t, xo,v,) are periodic solutions of period T in t.
3. Uniqueness of periodic solutions of system (1).
The following theorem states that system (1) has a unique solution.

Theorem 3.1. The periodic solutions of problem (1) are unique on (18) of period T in t under
all conditions and assumptions of theorem 2.1.

Proof. Let k(t, xy, o) and r(t, x,,yo) be another periodic solutions of system (1), that is
t

r(tr X0, 3’0) = erAlt + j eAl(t_S) (ZT'(S) - Af(sl r(sl Xo» }70)' k(sl Xo, YO),ur(S))) ds
0

£ ML (r(ry,x0,90), K (Ei X0, Y0), (1) (37)
0<t;<t
with T(O, X0, yo) = Xp and
t
k(t, Xo» 3’0) = yOeCZt + j eCZ(t_S) (WT(S) - Ag(s, r(sl X0, }70)' k(sl X0, }’0)’ vk(s))) ds

0
+ Z eCZ(t_Ti)]i (r(Ti' X0, yO)' k(Ti' X0, yO)ﬂ (%% (Ti)) (38)

0<t;<t
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with k(0, xq, yo) = yo and m = 0,1,2, ... . Thus, we have
”.X'(t, X0, yO) - T'(t, X0, yO) ”
- (e”AlllT — 2ellAdlit 4 ||I||)t + (eIIAlllt — ||I||)T
= elladT — |1
elldallT 1 glladllt — 211y
el —||1]|
— I;(r(t1, %0, o), k (Ti, %0, o), ur (1)) |
From the inequalities and conditions (12), (14), (16), (17), (19), (23), (31) and (32) we obtain
that
”.X'(t, X0, yO) - T'(t, X0, yO) ”
< (H1(t)R1<P1(t) + E1(t)PR1X1(t))”x(t, Xo,Yo) — T(t, X0, Yo)l
+ (.U1(t)R1<Pz (t) + f1(t)PR1X2(t))||)’(t, X0, ¥o0) — k(t, %0, ¥0)l (39)
To achieve the norm bellow, the same procedures are followed. Thus
ly (£, %0, ¥0) — k(t, x0, ¥o)l
< (Hz(t)R2<P3(t) + Ez(t)qu)(3(t))||x(t, X0,Y0) — T (t, X0, Vo)l
+ (#2 (BR2p4 () + &5 (t)quXzL(t))”}’(t' X0, Yo) — k(t, %0, yo)ll (40)
We receive a vector form, from (39) and (40) as follows:
lx (¢, X0, y0) — 7 (t, X0, Yo)l ] < [4)1(71) D, (T) ] [llx(E, %0, ¥0) — (X0, Vo)l
ly (£, %0, ¥0) — k(t, x0, Y1 = LD3(T) DL (T)ILIy(E, x0,¥0) — k(t, x0, yo) I I

Rillz(t) — z, (D)

+

R1P||Ii (X(Ti, X0,Y0),Y(Ti» X0, Vo), U(Ti))

Hence from condition (30), the greatest Eigen-value of @(T)’s matrix is less than one,
thus we deduce that x(t, xq, Vo) = r(t, xo,¥o) and y(t, xq,yo) = k(t, x9, Vo). This implies
that the system (1) has a unique solution.

4. Existence of periodic solutions of system (1).

The existence solutions of the system (1) in t of period T are uniquely linked with the
existence of zeroes of functions A (t, xo,¥o) € Gpy X Ggq = R' and Ay (t, xo,y0) € Gsp X
Gy, — R! that are defined by (4) and (6) respectively. Therefore, the approximate solutions
(4) and (6) provide the function sequences (26) and (28) respectively.

Theorem 4.1. Assuming that all of the conditions of theorem (2.1) are satisfied. Thus the
following vector inequality holds.

”Af(t' X0, yO) - Af,m(t' X0, yO)”

”Ag(t: X0, yO) - Ag,m(t: X0, yO)”
where, Y (T) = (Y1(T), Y»(T)), for all m > 0.

l < Y(T)e™L(T)(I - &(T)) " (T), (41)

Proof. From the equations (4) and (26) we have
”Af(t' X0,Y0) — Afm (L, xo»)’o)”
T

A
= eAlTl_ If eAl(T_S)(Z(S) - Zm(s)) ds

0

p

Aq o

+ ed1T _ IZ eAl(t W (Ii(x(ri'xO' yO)' }’(Ti'xo' yO), u(Ti))
i=1

— 1 (tm (71, X0, Y0, Y (70 X0, Y0, m (7)) )
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1Al
= e”Al”T—_”I”RlT”Z(t) — zm (Ol
_ Al laslile=il]|, (x( ), 9( ) u(t)
ella1llT — ”I” e i\X\Ti, X0, Y0), Y\Ti, X0, Yo ), UT;
i=1
- Ii(xm(Ti'xO' yO)’ ym(Ti'xO’ yO), um(Ti))”
Then we get

”Af(t' X0,Y0) — Arm (2, xo»)’o)”
< M®e1(ORT + Y1) x1(OR1p) 1% (t, X0, ¥o) — X (E, X0, Yol
+ (@O @2 (ORT + Y1) x2(OR1plY(E, X0, ¥0) — Ym (£, X0, Yol (42)

Obtaining the equation (43) under the same steps and by the inequality and constraints (6)
and (28) will achieve.
”Ag(t! X0, yO) - Ag,m(tr Xo, yO)”
< ((O@3(ORT + V(O x3(OR9)x (8, X0, ¥0) — xim (E, X0, ¥o)l
+ (O Ps(ORT + V() x4 (OR )y (£, %0, Y0) — Ym (E, X0, Yol (43)
Rewrite (42) and (43) in a vector form as
”Af(t: X0,Y0) — A m (L, on’o)”l <
”Ag(tJ X0, 3’0) - Ag,m(tr X0, yO)” B
[l’l(t)¢1 6 h)o, (t)] [le(t, X0, Y0) — X (t, X0, ¥o)l
L(O)®3(t) V(PO Ly (E, x0, yo) = Y (t, x0, Yol I

Therefore from (29) it achieved the equation (41). From the periodic functions
Ar(t,x0,¥0) and A, (L, xo,yo) there exist isolated singular points such that A¢(t, xo,y,) = 0
and  A4(t,xo,y0) = 0. Therefore, the system (1) has periodic solutions x(t,x,,y,) and

y(t, x0, Vo).

Theorem 4.2. Let the following conditions hold in Gf € E,, and G4 € E,, from system (1).

1. The operators Ag ., (£, xo, o) and Ay ., (£, x0, o) 0on (26) and (28) have an isolated singular
point Ag,(0,x°,¥°) = 0and A, ,,(0,x°,y°) = 0 for some real T and the integer m.

2. These isolated singular points have nonzero indexes.

3. There exist closed convex domains G, € Gf and G; € G, that contain singular points x°
and y?, thus from the boundaries of G, and G, which denoted by I';, and T, respectively.
The following vector inequality holds:

inf ”Af,m(tp Xo» yO) “

xEFGO
nf [[8gm (6 x0.50)|
form > 1.

> ¥(T) ||<pm+1(T)(1 —o(T)) " (T) || (44)

Then system (1) has periodic solutions x = x(t, xq,yo) and y = y(t, x,,y,) ONn G, and
Gy
respectively.

Proof. The indexes of the isolated singular points x° and y° of the operators A¢,, (t, xo, Vo)
and Ay m(t x0,y0) are equal to the characteristic of the vector fields corresponding to the
operators As,(t,x9,y0) and Ay, (t, xo,¥0) On an enough smaller spheres S™ and S™
respectively with the centres at x° and y°. Since G, and G; have no singular points
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different from x° and y©° and are homoeomorphic to the unit spheres E,, and E,,, then the
characteristic of two vector fields which contain the maps A¢ ., (t, xo, o) and Ay, (¢, X0, o)
are equal to that of the same fields on I';) and T, .

Next we have to show that the fields of operators Ay, (t, xo, ¥o) and A¢(t, xo,yo) On T,
also the fields of A, ., (¢, x, ) and A, (t, xo,y) On Iy, are homotopic. Then for m > 1 and
the parameter 0 < 8 < 1 we follow the fact that the family of the vector fields

Ve(6,%0,¥0) = Apm(t, x0,¥0) +6 (Af(t’ X0, Yo) — Brm (2, xod’o))

45
Vg(gi X0, yO) = Ag,m(t: Xo, yO) + 6 (Ag(t: X0, yO) - Ag,m(t' X0, 3’0)) ( )
are continuous everywhere on I'; and T, respectively. Since from the parameter 6 and the
equation (45) we have V¢(0,xo, o) = Arm(t, x0,¥0) and Ve(1,x0,¥0) = Ar(t, X0, o). Also
from equation (45) we get V,;(0,xp,¥0) = Agm(t, x0,¥0) and V;(1,x0,y0) = Ag(t, x0,¥0),
that does not disappear anywhere on the boundaries I';, and T, then from the equations (4),
(6), (26) and (28) and by induction we receive the vector form as follows

A7 (t, %0, ¥0) = A (t, X0, ¥0) |

”Ag(t: X0,Y0) — Bgm(t, xo,J’o)”
This implies that the infimum value of the operators Ay, (t, xo,¥0) and Ay (t, xo,¥o) In
(44) holds and as a result, the inequalities

l =¥(M) |em (1 - () " am|.

”Vf(e:xo;J’o)” = ”Af,m(tl xo,yo)” - ”Af,m(tl Xo, yO) - Af(t' xo,yo)” > 0} (46)

”Vg(e;xo;yo)” = ”Ag,m(tle'yO)” - ”Ag.m(t; xO:yO) - Ag(t' xO'yO)” >0
hold in the boundaries I';, and Ty, .

Obviously, the characteristics of homotopic vector fields V¢(6, x,,y,) and V,(8, xo, o)
are equal to one another on compact space. Therefore the characteristics of the fields of
Ar(t,x0,¥0) and Ay (t,x0,¥0) On T, and T, respectively are equal to the index of the
singular points x° and y° of the fields of A¢,,(t,x,¥0) and Ay, (¢, xo,¥,) and hence they
are different from zero. Then Af(0,xg,y5) = 0 and A4(0,x5,y5) = 0, so there exist such
points x° and y° whose Af — costant and A, — costant are zero. Therefore, the solutions
x(t, xq, o) and y(t, x,, vo) that passing through these points are periodic.

Theorem 4.3. Assume that system (1) has a period T and it is specified on the intervals
a<x<band c<y<d Then forall m > 1 the vector function sequences Ay ,(t, xo, yo)

and A, ., (t, xo,¥0) Which are defined in (26) and (28) satisfy the following inequalities:

min A t, xg, < - )
a,+e <xsb;—e, f,m( 0 yO) N1im

c1+ey<ys<di—e,

max A t,x =
ay+eiDeab, —e; f,m( 1 X0,Y0) = Nim
C1+€25y5d1—92 J

Ag,m(tr Xo, yO) < —N2m)

(47)

min
a1+elsxsb1—el
c1+eysy<di—e,

max A t,x =
a,+e,sxsbhy—e; g,m( ’ OrYO) N2m
C1+€25y5d1—32 J

(48)
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Thus, the system (1) has periodic solutions x = x(t, xo, o) and y = y(t, x, ¥o) such that

xo € [ag + 1 (O)R91 + §1(O)MRp, by — 1 ()R 9 + & () MR p] (49)
Yo € [c1 + (DR, + E,()NR,q, dy — 1z (DRI, + &,(E)NR,q]. (50)

Proof. Consider the points x; (t, xo, Vo) and x,(t, xo, y,) are defined in interval (49) and the
points y; (t, xq, ¥o) and y,(t, x,, y,) are defined in interval (50) such that

Af,m(t; X0, 3’0) = a1+61r29g2b1—81 Af,m(tl X0, 3’0)\
C1+€25y5d1—€2
; 51
Af,m(t; X0, 3’0) = a1+e1r23?sxbl—e1 Af,m(tl X0, 3’0) ( )
C1+625y5d1—ez J
Ag,m(t; X0, 3’0) = a1+e1129;2b1—el Ag,m(tr X0, }’0)\
C1+€25y5d1—€2
> 52
Bgm(t, X0, yo) = max _ Agm(t X0, Yo) (52)
c1tey Sysdl—ez J
From the inequalities of system (41), we received that
-Af(t, on’o)- _ Af,m(t' Xo, yO) + (Af(t' X0, yO) - Af,m(t' Xo, yO)) <0 (53)
-Af(t’ o, yO) _Af,m(t' X0, yO) + (Af (t' X0, yO) - Af,m(t' Xo, yO)) >0
-Ag(t, Xo,yo)- _ Ag,m(ti X0, yO) + (Ag(ti X0, yO) - Ag,m(t: X0, yO)) <0 (54)
|8t X0, Yo)| _Ag,m(t: X0, Yo) (Ag(t: X0, Y0) — Bgm(t, xod’o)) >0

and from the continuity of functions A (¢, xo,y,) and A, (t, xo, o) also the inequalities (53)
and (54) there exist an isolated singular points (x°,y°) = (xq,yo) Where x° € [x4, x,] and
y° € [y1,¥2]. Also Ar(t, xo,y0) and Ay (¢, x0,yo) are equal to zero. Thus, the system (1) has
periodic solutions x = x(t, xq, yo) and y = y(t, x,, y,) over (47) and (48).

Remark 4.1. The theorem 4.3 has been proved when x, and y, are scalar singular points that
should be isolated.

Theorem 4.4. Assume that the vector functions f(t,x(t,xg, o), y(t, X0, Vo), u(t)) and
g(t, x(t, x0,¥0), ¥(t, x0, Vo), v(t)) on (2) are defined and continuous, then they are periodic in
t of period T, bounded and fulfilled all of the theorem's assumptions 2.1 and conditions of

theorem  (2.1). Thus, the  functions f(t,x(t, X0, Vo), Y(t, xo,yo),u(t)) and
g(t, x(t, x0,¥0), ¥(t, %0, ¥0), v(t)) 0on (2) are odd functions, that is
f(_t, X(t, Xo» yO)f }/(t, Xo» yO)f U(t)) = —f(t, X(t, X0, yO)' y(t' X0, yO)' u(t))}

55
g(—t,X(t, Xo» yO)f }’(t’ Xo» yo),U(t)) = —g(t,X(t, X0, yO)’ }’(t, X0, yO)’u(t)) ( )

Then the solutions x(t, xo, ¥o) and y(t, xo, yo) of (1) for which x, € G and 1y, € G, are
periodic in t of period T.

Proof. Let {x,,(t,x0, Vo) }m=1 and {ym(t, xo, Vo) }m=1 be the sequences of functions that are
defined in  (25) and (27). Accordingly, f(t x(t, xo,¥0), ¥(t, X0, ¥0),u(t)) and
9(t, x(t, x0,¥0), ¥(t, X0, ¥0), V(1)) on (2) are odd functions, then

f(t,x(t, X0, Y0), Y (L, xm)’o)'u(t)) = 0 and g(t,x(t, X0, Y0), Y (£, xo'}’o),v(t)) = 0.
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Hence, for m = 0 we obtain that
t

x1(t, X0, ¥0) = xpe™1t + f eAr(t=s) (Zo(s) - Af,o(s; X0 (S, X0, Y0), Yo (S, xo,}’o)ruo(s))) ds

0
+ z eAl(t_Ti)Ii(xo(Ti'xo'}’o),YO(Ti;xo,YO)'uo(Ti)) = x1(t + T, %0, Y0),

o<ti<t
t

y1(t, X0, ¥0) = yoe©2t + _f e (WO(S) - Ag,o(s' x0(S, %0, ¥0), Yo (S, X0, Yo), 770(5))) ds
0

+ z ecz(t_ri)]i(xo(Ti'xo»)’o),YO(Ti,xo,)’o); Vo(Ti)) =yt + T, xp,¥0).
0<ti<t

That is x;(t, xo,v,) and y;(t, x,,v,) are periodic of period T in t. Furthermore,

|21 (t, X0, ¥0) — Xoll < 11 (OR1Y; + & (OMRp and ||y, (£, %0, Y0) — Yoll < uz ()R, +
§2(t)NR,q. That is the functions x, (¢, x, yo) € Gr and y; (¢, xo,yo) € Gy.
Finally, we obtain that x; (t, xq, yo) = x1(—t, X0, yo) and y;(t, xo, Vo) = y1(—t, x9, Vo) as the
integral of an odd function. Beside that, it is clear by induction and for m > 1 the functions
xXm (t, X0, Vo) and v, (t, xo,y,) are defined and periodic of T’s period in t. As a result, the
equation (55) to be correct.

Theorem 4.5. Consider the system (1) is known and continuous on (2), where G¢ € G, and
Gy € G;. Then, for Gr and G, to obtain points where the constants Ar(0,x,,y,) and
A4(0, x0,y0) are zero, it is required that for all m’s and the following vector inequality must
hold for any x; € G, and y; € Gy:

187.m (0, %0, y0) ] _ [xo||A1|| + Ry T91Y;(8) + PRy MY ()
||Ag’m(0, xo,yo)” ~ WollColl + Ry TO,Y5(t) + qRyNY;(t) (56)

+Y (T)S™(T)(1 — () Q(T).
Proof. From the equations (4) and (26) we have
”Af,m(o' xo»Yo)” < ”Af(o: xm)’o)” + ”Af,m(of X0, Yo) — A (0, xo,)’O)”
where ||A£(0,x0, yo) || < xollA1 Il + Ry T, (t) + pRy MY, (t) and

”Af,m(o' Xo,Yo) — A (0, on’o)” < (MO @1 (ORT + Y1 () x1 (R0 |l (£, X0, ¥0) —
x(t, %0, Yol + ()02 (DR T + Y1 () x2 (O R1p) [|ym (E, X0, ¥0) — ¥ (&, X0, Yo)ll-
Therefore,
”Af,m(oi X0, yO)”
< %ollA¢ |l + Ry T, Y1 (t) + pRy MY, (8)
+ (O @1 (ORT + Y1 (0 x1 (OR1p) 1% (8, X0, Yo) — x (8, X0, Yo)l
+ (MO @2 (ORT + Y1 (O x2(OR1p) lym (€, %0, ¥0) — ¥ (&, x0, o)l
And from the equations (6) and (28) we obtain that
”Ag,m(or Xo» yO)”
< ¥oll G2l + Ry T9,Y5(t) + qR,NY,(t)
+ ()3 (OR,T + Y5(0) x3 (DR | xm (t, X0, Vo) — x (¢, X0, yo)l
+ (@O Ps(ORT + Y2 (O) x4 (OR ) |[ym (£, X0, ¥0) — ¥ (&, X0, Yo)I-
Therefore, the vector form (56) is then found to be true.
5. Stability of periodic solutions of system (1).
The stability of periodic solutions is investigated by the following.
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Theorem 5.1. Let the functions A¢(0, xo,¥,) € Gf X Gy = R and A4(0,x0,¥,) € G X Gy
R are defined from (4) and (6) respectively, where functions x(t, x,, y,) and y(t, xq, yo) are
the limit functions of the function’s sequences that are given in (26) and (28). Then from the
functions Af(0,x5,3), Ar(0,x3,¥5), A,(0,x5,v5) and  A,(0,x5,y8), also  x(0,x5,y5),
x(0,x3,v3), y(0,x},y3) and y(0,x2,y3) we have to verify that the following vector
inequalities hold:

[llAf(o, x5,¥5) — A7 (0, xé,yé)lll

1440, x5, ¥6) — A4 (0,x5, y3) |

<[”x0_xo” @,(t) D, |llxo(t x5, ¥5) — x5 (t, x5, yo) (57)
~ [llye — w5l D3(8) DO [llyg(t x5, ¥5) — ¥5 (&, x5, ¥yl
120, x5, ¥5) — x(0, x%,yé)”
1v(0,x3,0) — ¥ (0, xo, )II
4=l [ 20 HO] O3 <Ol
~ llye - onI P3(t) 2O [ lly(0,x5,y5) — (0, x5,y

Then the system (1) has a stable solution.
Proof. From equation (4) and all of theorem (2.1)'s assumptions we conclude the following:

470,23, 78) = 8, 0,8, 59 =
||A1X3 eA1T_ IfTeAl(T Dzl (s)ds +

eAlT 12? 19A1(t Wy, (xl(Tuxo:)’o) y (TuxO'yO) u (Tz)) -
(A1x0 + A1T IfT e T=9)72(s) ds +

eAlT ,2? L e (% (7, X0, ¥0), ¥ (T, %0, Vo), U (Tz)))”

< A1 llllxg — 2§ I + L1 R T + Yy x1 Rip) |l (8, X0, ¥o) — x5 (t, %0, Yo)l

+ (Y1902R, T + Y12 R0y (&, X0, Yo) — ¥5 (t, X0, ¥o) |I.
Thus, we obtain that
||Af(0’ X0, ¥0) = Af((): xg,yg)“

< 141 llllxg — x5

+ (MO @1 (ORT + Y1 () x1 (DR |25 (¢, x0, o) — x5 (t, X0, Yo)

+ (MO @2 (ORLT + Y1() x2 (R0 yo (t, %0, ¥o) — 5 (t, %0, 70) Il (59)
Using the identical inequalities and conditions and by (6) we obtain the following conclusion:
”Ag(ol Xé, y(%) - Ag(of x(z)' yg)”

< lIC:lllys — ¥l

+ (O @s(OR,T + Y, () x3(OR2) x5 (t, x0, ¥o) — x5 (t, X0, ¥o) |

+ (L (OPLORT + V(O x4 (OR Dy (£, %0, o) — Y5 (t, %0, ¥0) I (60)
Obtaining the vector form (57) from above inequalities where x(0,x3,y3), x(0,x2,v2),
y(0,x3,vd) and y(0,x2, y2) are solutions of (1).

Next, from the solutions x (0, x3, y3), x(0,x2,v2), y(0,x3,vd) and y(0,x3,y3) we get

12 (0, x5, ¥3), —x (0, x&, yOI < llxg — xlIle?+*|| + Hf e1(=9)(z1(s) — z2(s)) ds —

f pAi(t-s) A1 fTeAl(T I (zi(s) — z%(s)) dsds +

eAlT I

[* et ((—) (=007 (P 3862580, 860) -

F(5,23(5), ¥3(),1u3()) ) dt dt + (uh(T) = w3(T)) = - (37 = 1) (xf = m))
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<
ellA1lT _gllAqlle ¢ _
”x% - xg” + Wfo ||eA1(t S)””Zl(t) - Zz(t)” ds +
ellAdlle_y ) -1 An(f— 1 2
TALIT_ ||| ft ”e 1 S)””Z (t) —z*(®)ll ds +

ellAalle_ g

ara iy 2iealle N1 (e (@ x0, 0D, ¥ (21 X0, yo), u (7)) =
Ii(xz (T4 X0, Y0), ¥ (T3, X0, Y0)> uz(Ti)) || +
Zo<ri<t||eA1(t_Ti) ” ”Ii(xl(Ti, X0,Y0), yl(rl-, X0, Y0)> ul (Ti)) -

Ii(xz (Tl'r X0, yO)r yz(Tii X0, yO)’ uz(ri)) ”
Thus, we receive

||X(Orx%'y8) - x(OJXg'yg)ll

< llxg — x5l
+ (H1(t)R1<P1(t) + E1(t)PR1X1(t))”x1(t; X0, Yo) — x%(t, %0, Yo)l
+ (H1(t)R1§02 () + f1(t)PR1X2(t))”yl(t: X0, ¥0) — ¥ (t, %0, yo)l (61)

The same iterations are used to obtain the following results.
(0, x5, ¥5) — ¥(0, x5, y§)l

< llys — ¥5|l
+ (Hz(t)Rz(P3(t) + fz(t)qu)(3(t))||x1(t, X0, Yo) — X%(t, x0, yo)l
+ (.Uz (B)R24(t) + &, (t)qu)(4(t))||y1(t, X0, Y0) — ¥2(t, %0, ¥o) |l (62)

We rewrite (61) and (62) in a vector form to get (58). Thus, the system (1) must have a stable
solution as a result of (31) and (32).
6. Another method for solution of system (1)(Banach fixed point theorem)

The existence and uniqueness of solutions of system (1) have been investigated as:

Theorem 6.1. Suppose that £ (&, x(t, %0, ¥0), ¥(t, %0, ¥0), u () and
g(t,x(t, X0, Vo), Y(t, xo,yo),v(t)) be vector functions that are defined by (2) and continuous
on (18) and periodic in t of period T and satisfy the inequalities and conditions in theorem
(2.1). Then the system (1) has a unique periodic solution that follows Banach's fixed point
theorem.

Proof. Let (S,]|.]|) is a Banach space on C[0,T] and the mapping T* is defined on S as

follows:-
t

T*X(t, Xo» 3’0) = erAlt + j eAl(t_S) (Z(S) - Af(s’ X(S, Xo, 3’0): y(sl Xo, 3’0):“(5))) ds

0
4 Z e DL (x(1y, %0, ¥0), ¥ (T X0, ¥0), u(T)), (63)
0<t;<t

with x(0, xo, yo) = x5, m = 0,1,2, ..., and
t

T*y(t, x0,Y0) = yoe 2t + f eC2(t=s) (W(S) - Ag(s'x(S, X0,Y0), Y (S, xo,yo),v(s))) ds

0
+ z e 2= (x (11, %0, ¥0), ¥ (Ti, X0, ¥0), V(1)) (64)

0<t;<t

with y(0, xq, yo) = yoand m = 0,1,2, ....
Since (S,||.|) define a mapping T* on S such as (63) and (64), then
£(t,x(t,x0,70), y(t, x0,¥0)) € C[0,T] and t € S. Thus, the integral
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t

J. eAl(t_S) (Z(S) - Af(S,X(S, X0, yO)' 3’(5' X0, yo),U(S))) ds

0
is continuous on the interval [0,T]. Also x,e4t €S, then T*x(t,x,,v,) €S, thus
T*:C[0,T] - C[0,T].
Next, we claim that T* is a contraction mapping on S. Let x(t,xo, Vo), 7(t, X0, Vo),
y(t, xo, Vo) and k(t,x,,V,) are belong to S, then

||T*x(tl X0, YO) - T*r(tl Xo» 3’0)” = tg%g%"(]{lT*x(t’ X0, 3’0) - T*T'(t, X0, YO)l};

Ty (¢, x0, ¥0) — T"k(t, x0, o)l = maxee(or{IT "y (¢, x0,¥0) — T"k(t, X0, ¥0)}-
Thus,
ITx (¢, x0, y0) — T*r (¢, x0, o)l
< &1 (T|x (¢, x0, ¥0) — (L, X0, Yo)l
+ @, (T) |y (t, x0, ¥0) — k(t, %0, o), (65)
”T*y(t' X0, yO) - T*k(t, X0, J’O) ”
< @3(DIx(t, x0, ¥0) — (&, x0, Yol
+ &, (D)ly(t, x0, ¥0) — k(t, %0, ¥o)ll- (66)

As a result of (65) and (66) the following vector structure was obtained

T (¢, 20, ¥0) — T (L, %0, o)l < P.(T) @, (T)] [llx (t, x0,¥0) — 7(t, X0, o)l

Ty (&, %0, y0) — T k(t,x0, Y] = LP3(T)  Pa(T)I LIy (¢, x0,¥0) — k(t, x0, o)l
So that T* is a mapping cause of condition (30). And from the Banach fixed point theorem
there are fixed points x(t, xq, yo) and y(t, xo, o), Where T*x(t, xq, yo) = x(t, X9, ¥o) and
T*y(t, xo,¥0) = V(t, x0, Vo). Consequently, the equations (25) and (27) are unique solutions
of system ().

Conclusions

Numerical-analytic methods are considered for the investigation of the existence and the
approximate construction of periodic solutions for nonlinear systems of multiple integro-
differential equations that containing symmetric matrices, which are subjected to impulsive
action. Theorems on the existence, uniqueness and stability of the solutions are established
under some necessary and sufficient conductions on compact space and piecewise continuous
functions. This study is based on the Holder condition, in which the ordering o, B and vy are
real numbers between 0 and 1.
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