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Abstract 
This paper proves the existence of face antimagic labeling for     (  (  ))  

        (      )             ( (  )     and     ( 
 )  
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1. Introduction 

        Let   (     ) be a finite connected plane graph without loops and multiple edges, 

where    and   are its vertex set, edge set and face set, respectively. Labeling of type 

(     ) assigns labels from the set *        ( ) + to the edges of a graph  . The weight of 

a face under this labeling is the sum of the labels of the edges surrounding that face. 

Labeling of type(     ) assigns labels from the set *        ( )   ( ) +to the edges and 

faces of a graph  . The weight of a face under this labeling is the sum of the labels of the 

edges surrounding that face and also the label of the same face. 

In [1], Baca defined a labeling of a plane graph   which is called (   )  antimagic if for 

every positive integer  , the set of   sided face weight is    *                  

(  ( )   )+for some integer    and      We allow different sets sW  for different     The 

concept of the (   ) antimagic labeling of the plane graphs is defined in [2], where it was 

also proved that the problem     has   antimagic labeling of type (     )for   *       + 
and    (     )  
Definition 1.3 [3]: The double duplication of a vertex by an edge of a graph is defined as a 

duplication of a vertex vk by an edge e = vk′vk″ in a graph G produces a graph G′ in which 

N(vk′)={vk, vk″} and N(vk″) = {vk,vk′}. Again duplication of vertices vk, vk′   and vk″ by edges  

e′=ukwk, e″= uk′wk′   and e‴= uk″wk″ ,respectively in G′  produces  a new graph  G″  such  that  

N(uk) = {wk,  vk},  N(wk) = {uk,  vk},  N(uk′) = {wk′,vk′},  N(wk′) = { uk′,vk′}, N(uk″) =                 

{ wk″,vk″}, N(wk″) = { uk″,vk″}. The double duplication of all vertices by edges, respectively of 

a graph G is denoted by DDVV (G). 
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Definition 1.4[4]: Let G = (V, E) be a graph. If every edge of graph G is subdivided, then the 

resulting graph is called the barycentric subdivision of graph G. In other words, the 

barycentric subdivision is the graph obtained by inserting a vertex of degree 2 into every edge 

of the original graph. 

Definition 1.5 [4]: Consider barycentric subdivision of cycle    and join each newly inserted 

vertices of incident edges by an edge. It is denoted by   (  ) as it looks like    inscribed in 

  . 
Definition 1.6[5]: Bi-armed crown       is a graph obtained from a cycle    by 

identifying the pendant vertices of two vertex disjoint paths of the same length     at each 

vertex of the cycle. 

Definition 1.7 [6]: The middle graph of a connected graph G denoted by M(G) is the graph 

whose vertex set is V (G) ∪ E(G) where two vertices are adjacent if 

(i) They are adjacent edges of G, or 

(ii) One is a vertex of G and the other is an edge incident with it. 

Definition 1.8: The graph    is obtained by joining exactly one pendant edge to every vertex 

of a graph    
2. MAIN RESULTS 

In this section, the existence of face antimagic labeling for some special graphs is discussed. 

Theorem 2.1: The graph     (  (  ))     is face antimagic labeling of type (     ) 
and (     )  
Proof 

Let  (     ) denote   (  )     with vertex set    *         +  
  *               + ∪ *     + and  
  *            + ∪ *                     + ∪ *       +   Let   (        )be 

the graph obtained from  by duplication of all vertices by edges of   with    *       
    + ∪             *                      + ∪    

and    *             + ∪      
Let    (           ) be the graph that obtained from    by duplication of all vertices by edges 

of    with     *                        + ∪   ,                                      
*                                                   + ∪   and   

    *                            + ∪         
-Type (i)(     ) 
Define a mapping       *             + as follows: 

For         
 (    )                     (    )                     (    )      (    )            
 (    )                 (    )                         (    )            
 (    )                      (    )                   (    )            
 (    )                (    )          
For          
 (        )                 (          )                 (        )          
 (    )         (     )        (     )        .  

The following are the labeling types of face antimagic labeling.     denotes the faces of the 

graph G,    denotes the faces formed after the first duplication and       denotes the faces 

formed after the second duplication. 

The calculated face weights are as follows: 

 (  
 )    (    )   (    )   (    )              

 (   
 )   (    )   (    )   (    )                  

 (   
 )   (    )   (    )   (    )                  

 (   
 )   (    )   (    )   (    )                  
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 (   )   (        )   (          )   (        )                   and 

 (   )   (    )   (     )   (     )        which forms an arithmetic 

progression *    (   )   (   )     (    ) + and the face weight of    is  
(     ) 

 
  

-Type (ii) (     ) 
Define      ∪     *               + as follows:  

 (  
 )                     (   

  )                     (     )            
         (   

  )                    (   )                      (   )      

The labeling for the   sided face is                                                     
    The calculated face weights are as follows: 

 (  
 )    (    )   (    )   (    )   (  

 )                   

 (   
  )   (    )   (    )   (    )   (   

  )                   

 (   
  )   (    )   (    )   (    )   (   

 )                   

 (   
  )   (    )   (    )   (    )   (   

  )                   

 (   )   (        )   (          )   (        )   (   )                 
     (   )   (    )   (     )   (     )   (   )          which forms an 

arithmetic progression{                                    (   

 )  +  and the face weight of n sided cycle is 
 

 
,          -  

Theorem 2.2: The graph     (      )         of types (     ) and 
(     )    face antimagic. 

Proof: 

Let G  (      )         be a graph with  

  *         + {  |      – } 

  *                                     (   ) + ∪ *           
 (   )                         (   ) ( (   ) ( (   )   (   )(   )+ ∪
*                    + ∪ *         + ∪ *        (   )(   )        + 

and    (                (   )     )  

Let   (          ) be the graph obtained from G by duplication of all vertices by edges of   

with  

   *             – +    
   *                     + *                               

  – +   and    *             + {            |      – }    

Let    (            ) be the graph obtained from    by the duplication of all vertices by 

edges of    with     *                         – }∪       
    *                                        – + ∪ *               
       + ∪ *                                   +   and 

    *                     – + ∪ *             ++ 
∪ *                     + 

Type (i) - (     ) 

Define      *            –    +    follows: 

For           
 (    )    –         (    )    –            (    )      

For       –   
 (       )        –              (       )        –    
 (          )                     

For          – , 

 (    )     –      –                (    )     –      –     
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 (    )     –         (    )      –      –    

 (    )      –     –          (    )      –       
For            
 (     )      –     –            (     )      –      –       
 (    )      –       

For       –   
  (       )      –     –             (       )      –      –      
 (          )      –       
 (      )  *    –                                      (   )  

 (            ) = 2   –              –       (       –   )      –     

 (       )  2   –            (   )                         (   ) ( (  
 ) ( (   )   (   )(   ) 

 (     –    ( – )( – ))      –     (   )           
The calculated face weights are as follows: 

 (   
 )   (    )   (    )   (    )    –           

 (   
 )   (       )   (       )   (          )          –         –  

 (   
 )   (    )   (    )   (    )      –     –           –  

 (   
 )   (    )   (    )   (    )      –         –             –  

 (   
 )   (    )   (    )    (    )      –         –           

 (   
 )   (       )   (       )    (          )      –       –        

  –  which forms an arithmetic progression *    (   )   (   )     

, (   – )   - +  

The face weight of   sided cycle is  
 

 
[      –       ]  

Type (ii) – (     ) 

Define        ∪     *                   + as follows.  (   
 )       –        

            (   
 )        –              –   

 (   
  )        –               –       

 (   
  )       –               –   

 (   
  )       –                               

 (   
  )       –              –  

The face labeling of    sided face is 

     –                                                      –         
The calculated face weights are as follows 

 (   
 )   (    )   (    )   (    )   (   

 )      –         –           

 (   
 )   (       )   (       )   (          )   (   

 )       –          –    
      –  

 (   
  )   (    )   (    )   (    )   (   

  )      –         –          –  

 (   
  )   (    )   (    )   (    )   (   

  )      –        –          –  

 (   
  )   (    )    (    )   (    )   (   

  )      –         –           

 (   
  )   (       )   (       )   (          )   (   

  )      –    

    –             –   which forms an arithmetic progression *     –    

     –    (    ) 

    –    (    )        –     , (    – )   -  + and the face weight 

of  sided face is  
 

 
,     –      -              

Theorem 2.3: The graph     ( (  ))     of types (     ) and 

(     )                             
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Proof: 

Let  (     ) be the graph  (  )      with   *             +    

  *              + ∪ *    + ∪ *          + ∪ {      |     – } ∪ *    } 

and   *                  + ∪ *       + ∪ *           +   
Let   (        ) be the graph obtained from   by duplication of all vertices by edges of   

with    *         
    

       + ∪      *                   
      

    
  
   

       + ∪   and    *           
   

       + ∪    
Let    (            ) be the graph obtained from    by the duplication of all vertices by 

edges of     with, 

    *                     
    

    
    

    
    

       + ∪      
    *                                                                      
                                   

 
      

 
 
                       + ∪    and  

' ' ' ' ' ' ' ' '

,'' { , , , , |1 } '.i i i i i i i i i i i i i i i i i iF c a d c a d v g h v g h be f b e f i n F     

Type (i) (     ) 
Define        *         + as follows: 

For            
 (    )          (    )          (    )        
 (     )            (     )            (      )         
 (    )             (    )            (    )          
 (      )            (      )            (      )         
 (    )             (    )            (    )            
 (      )             (      )             (      )          
 (    )              (    )              (    )           
 (     )             (     )              (      )           
 (        )                             
 (      )                        (      )                       

 (    )          (    )      –            (    )     . 

For            
 (   

 )   (    )   (    )   (    )    –   
 (   

 )   (     )    (     )   (      )         –    
 (   

  )   (    )   (    )   (    )          –   
 (   

  )   (      )   (      )   (      )          –   
 (   

  )   (    )   (    )    (    )          –   
 (   

  )   (     
 )   (     

 )   (      )          –   
 (   

  )   (    )   (    )   (    )          –   
 (   

  )   (    
 )   (   

 
 )   (      )           –   

 (   )   (      )   (        )   (      )        –        –  

 (   )   (    )   (    )   (      )     –    which forms an arithmetic progression 

*     (   )    (   )       (  –  ) + and the face weight of    sided face is 

(        )
 

 
  

Type (ii) – (     ) 
Define         *              +  as follows: 

 (   
 )                                  (   

 )                  
 (   

  )                                 (   
  )                  

 (   
  )                                 (   

  )                  
 (   

  )                                    (   
  )                             

  (   )                        (   )       
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The label of   sided face is                                                    . 

 (   
 )   (    )   (    )   (    )   (   

 )         –         

 (   
 )    (     )   (      )   (     )   (   

 )         –          

 (   
  )   (    )   (    )   (    )   (   

  )          –          
 (   

  )   (      )   (      )   (      )   (   
  )           –         

 (   
  )   (    )   (    )   (    )   (   

  )          –         

 (   
  )   (     

 )   (     
 )    (  

    )   (   
  )          –          

 (   
  )   (    )   (    )   (    )   (   

  )          –          
 (   

  )    (    
 )   (   

 
 )   (  

    )   (   
  )          –         

 (   )   (      )   (        )   (      )   (   ) 
                      –        –   

 (   )   (    )   (    )   (    )   (    )       –    
which forms an arithmetic progression*              (    )       (  

  )         (  –  )  + and the face weight of n sided cycle is  
 

 
,          -  

Theorem 2.4: If the graph    except for    sided faces is (   )  face antimagicof types 
(     ) and (     )  then     ( 

 ) is also a (   )   face antimagic labeling of types 
(     ) and (     )  
Proof: Let G be the graph with vertex set V =    *        +, edge set   
*        +and   *        +. 
Let                                                                                   
with vertex set     *         + edge set    *        + ∪ *            + 
and face set    *        +.Let   (        )be the graph obtained from   by 

duplication of all vertices by edges of   with   *            + ∪       
*                      + ∪   and    *   

               + ∪    Let 

  (        )be the graph obtained from   by duplication of all vertices by edges  of 

  with    *                          + ∪     
   *                                                                  + ∪    and 

   *                                                 + ∪   . 
Define       *            + as follows: 

 (    )                                  (    )                 
  (    )           ;                         (    )                    
 (    )                         (    )                 
 (    )                           (    )                  
 (    )                                 (    )                   
 (    )                          (    )                 
  (      ) = 24 m+ i ;      

We calculate the face weights as follows: 

For            
 (   

 )   (    )   (    )   (    )    –   

 (   
  )   (    )   (    )   (    )         –   

 (   
  )   (    )   (    )   (    )         –   

 (   
  )   (    )   (    )   (    )         –   

which is forming an arithmetic progression *    (   )   (   )     (    ) +  
Type (ii) (0, 1, 1) 

Define       ∪     *           + as follows:  

 (   
 )                             (   

 )                
 (   

 )                            
 (   

 )                
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The face weights are calculated as follows: 

For             
 (    )   (    )   (    )   (    )   (   

 )          –   

 (   
 )    (    )   (    )   (    )   (   

 )         –   

 (    )   (    )   (    )   (    )   (   
 )          –   

 (    )   (    )   (    )   (    )   (   
 )          –   

which is forming an arithmetic progression *            (    )       
(    )         (    )  +  
Conclusion 

The (   ) antimagic labeling for the biarmed crown graphs, the barycentric subdivision of a 

cycle graph and middle graph of a cycle are proved. If the graph   except for   - sided faces 

is (   )   face antimagicof types (     ) and (     ) then     ( 
 ) is also of the same a 

(   )   face antimagic. Recently, the face antimagic labeling of double duplication graphs 

are applied to encrypt and decrypt  secret messages and numbers in communication networks. 
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