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Abstract
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1. Introduction

Let G = (V,E, F) be a finite connected plane graph without loops and multiple edges,
whereV/, E and F are its vertex set, edge set and face set, respectively. Labeling of type
(0,1, 0) assigns labels from the set {1, 2, ..., |[E(G)|} to the edges of a graph G. The weight of
a face under this labeling is the sum of the labels of the edges surrounding that face.
Labeling of type(0, 1, 1) assigns labels from the set {1, 2, ..., |E(G) + F(G)|}to the edges and
faces of a graph G. The weight of a face under this labeling is the sum of the labels of the
edges surrounding that face and also the label of the same face.
In [1], Baca defined a labeling of a plane graph G which is called (a, d) —antimagic if for
every positive integer s, the set of S —sided face weight is Wy ={a,, as+d,..., as +
(JF(G)| — 1)}for some integer a,; and d > 0. We allow different sets W, for different ‘s’.The

concept of the (a, d) antimagic labeling of the plane graphs is defined in [2], where it was
also proved that the problem D,, has d —antimagic labeling of type (1,1, 1)ford € {2, 3,4, 6}
and n = 3(mod 4).

Definition 1.3 [3]: The double duplication of a vertex by an edge of a graph is defined as a
duplication of a vertex v, by an edge e = v,'v," in a graph G produces a graph G’ in which
NV )={Vv,, v} and N(v,") = {v,,v,/}. Again duplication of vertices Vv,, v,' and v\" by edges
e'=uw,, e"=u/'w,’ and e"=u"w," ,respectively in G’ produces a new graph G” such that
N(u) = {w, v} Nw) = {u, vt N = {w. v, Nw) = {ulv't, Nu”) =
{w,".v."}, N(w,) = {u/,v.}. The double duplication of all vertices by edges, respectively of
a graph G is denoted by DD,,, (G).
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Definition 1.4[4]: Let G = (V, E) be a graph. If every edge of graph G is subdivided, then the
resulting graph is called the barycentric subdivision of graph G. In other words, the
barycentric subdivision is the graph obtained by inserting a vertex of degree 2 into every edge
of the original graph.

Definition 1.5 [4]: Consider barycentric subdivision of cycle C,, and join each newly inserted
vertices of incident edges by an edge. It is denoted by C,(C,) as it looks like C, inscribed in
Cp.
Definition 1.6[5]: Bi-armed crown C,, © 2B,is a graph obtained from a cycle C,, by
identifying the pendant vertices of two vertex disjoint paths of the same length m — 1 at each
vertex of the cycle.

Definition 1.7 [6]: The middle graph of a connected graph G denoted by M(G) is the graph
whose vertex set is V (G) U E(G) where two vertices are adjacent if

(i) They are adjacent edges of G, or

(ii) One is a vertex of G and the other is an edge incident with it.

Definition 1.8: The graph G* is obtained by joining exactly one pendant edge to every vertex
of a graph G.

2. MAIN RESULTS

In this section, the existence of face antimagic labeling for some special graphs is discussed.
Theorem 2.1: The graph DDy, (C,(Cy)),n = 4 is face antimagic labeling of types(0, 1, 0)
and (0, 1, 1).

Proof

Let G(V,E, F) denote C,(C,,),n = 4 with vertex set V = {v;|1 <i < 2n},
E={vv,]1<i<2n-1}U{v,v,,}and

F = {v,0,V¢ ... Vo U2} U {U5iV5;41V2i42|1 ST <n— 1} U {v;v,v,,}. Let  G'(V',E',F")be
the graph obtained from Gby duplication of all vertices by edges of G with V' = {a;b;|1 <
i < Zn} U V, E' = {'Uiai, vibi, aibill <i< Zn} UE

and F' = {viaibill <i< Zn} UF.

Let G""(V",E",F") be the graph that obtained from G’ by duplication of all vertices by edges
of G' withV" = {Ci, di, ei,fi,gi, hlll <i< Zn} V) VI, E" =
{aici, Cll'di, Cidil bl’ei, bifi' eifi, gihi' Vigi, vihill <i< 271} U E’and

F' = {aicidi, bl-el-fl-,givihill <i< Zn} UF'.

'Type (I)(O' 1, O)

Define a mapping I': E"' - {1, 2,3,...,27n} as follows:

Forl<i<2n,

F(viai) = 3i —2; F(vibi) =3i—1; F(aibi) = 3i;F(aiCi) =6n+3i—2;
I"(aidi) =6n+3i—1; F(Cl'di) = 6n + 3i; F(biei) =12n+3i—2;
I'(eif;) = 12n + 3i; r;f;) =12n+3i—1; TI(g;v;) =18n+ 3i —2;

I'(vih;)) =18n+3i—1; TI'(g;h;) = 18n+ 3i.

Fori1<i<n-1,

F'(Vy;V1421) = 24n+ 30 — 2, T(Vyi41V2i42) =24n+3i — 1, '(VyV514,) = 24n + 3i,
I'(vivy) = 27n — 2; T (v,vy,) = 27n; I'(V1V,,) = 27n— 1.

The following are the labeling types of face antimagic labeling. f;; denotes the faces of the
graph G, f;'denotes the faces formed after the first duplication and f;;"" denotes the faces
formed after the second duplication.

The calculated face weights are as follows:

B(f) =T (va;) + '(a;b) +T'(vib;)) =9i—3,1<i<2n

B(f) =T (aic) + I'(a;d) + T (c;d;) =18n+9i—3,1<i<2n
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B(fir) = T (V2iv2142) + T'(V2i41V2i42) + T (V2iV142) =72n+9i—-3,1<i<n-—1land
B(fn1) = F'(v1vy) + T'(vyve,) + T'(vqv,,) = 81n —3which  forms  an  arithmetic
progression {6,6 + (1x9), 6+ (2%x9),...,6 +(9n —1)9} and the face weight of C, is

(51n+3)n

2
-Type (ii) (0,1,1)
Define:E" UF" - {1,2,3,...,36n + 2} as follows:
r(f)=2m+i,1<i<2n;, Ir'(fD)=2m+i,1<i<2n; I'(fp")=3In+i1<i
<2n; I'(fz)=33n+i,1<i<2n; I'(fiy)=35n+i,1<i<n—-1; [I(fp) =36n
The labeling for the n sided face is 36n + 1 and the labeling for the external face is 36n +
2. The calculated face weights are as follows:
B(f]) =T(va;)) + '(a;b) +T'(wib) + T (ff) =27n+10i —3;1<i<2n
B(f]) =T(aic)) +T'(aid) +T'(c;d) + T (f]) =47n+10i —3;1<i<2n
B(f5) = T'(bie)) + T'(bif;) + I'(eif;) + ' (f3) =67n+10i —3;1<i<2n
B(f5) =T'(giv)) + T'(v;hy) + T'(g;hy) +T'(f3) =87n+10i —3;1<i<2n
B(fir) = F'(V2iV2142) + T (V2i41V2i42) + T (02i0142) + T'(fi1) =107+ 10i —3;1 < i <
n—1, f(fn) = T'(wvy) + T'(vave,) + T'(wivy,) + I'(fr1) = 117n — 3 which forms an
arithmetic progression{27n +7,27n+7+1x 10, 27n+ 7+ 2 x 10, ...,27n+ 7 + (9n —
1)10} and the face weight of n sided cycle is % [51n?% + 75n + 2].
Theorem 2.2: The graph DDy, (C,, © 2B,),m =4,n=>3o0f types(0,1,0) and
(0,1,1) is face antimagic.
Proof:
Let G=(,O2P)m=3,n>4be a graph with
V={yl1<i< mn}U{Wl-|1 <i< mn—m},
E ={vjv;41]1 < i <mn—1except forn,2n,3n,..,(m—1Dn}U{ww; 4|1 <i<
mn—1)—1 except for (m—-1),2n-1),Bn-1),..,(m—1)(n-1)}u
{vni—n+1vin+1|1 <ism-1}U {vnm—n+1v1} U {vni—n+1W(i—1)(n—1)+1|1 i< m}

Let G'(V', E', F") be the graph obtained from G by duplication of all vertices by edges of G
with
V' =A{a;,b;|]1 <i <2mn-m},
E' = {via;, v;by, a;bi|1 < i < mnyU{wiamn+iWibmnti Gmnsibmnsil 1 <1<
mn-m}UE and F' = {v;a;b;|1 < i < mn}U{w;@mn+ibmnsi|1 < i < mn-m} UF
Let G"(V", E"”, F'"") be the graph obtained from G’ by the duplication of all vertices by
edges of G’ with V' = {¢;,d;, e;, fi, g1, hil1 < i < 2mn-m}u V',
E" ={cdyeifi,  cay bifi, diay, bigill < i < 2mn-m} U {g;v;, vihy, gihy
11 < i <mn}U{W;iGmn+i Wilmn+ir Gmn+ibmnsill < i <mn—m}pU E'and
F" ={a;c;d;, bieif;|1 < i < 2mn-m} U {g;v;h;|1 <i < mn}}
U {Wihmn+igmn+i|1 Ssismn-— m}
Type (i) - (0,1,0)
Define I': E' - {1, 2,3, ..., 26mn- 13m} as follows:
Forl1<i<mn,
r'(via;) =3i-2, T'(y;b;)) =3i-1, TI'(a;b;) = 3i.
Forl<i<mn-m,
I'W;amnsi) = 3mn + 3i-2; I'(Wibpnsi) = 3mn + 3i-1;
I'(biymnmn+i) = 3mn + 3i.
Forl1<i < 2mn-m,
I'(c;a;) = émn-3m + 3i-2; r(d;a;) = 6mn-3m+ 3i-1;
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I'(c;d;) = émn-3m + 3i; r'(bje;) = 12mn-6m + 3i-2;

r'(;f;) = 12mn-6m + 3i-1; r'(f;e;) = 12mn-6m + 3i.

Forl < i <mn,

I'(g;v;) = 18mn-9m + 3i-2; I'(hjv; ) = 18mn-9m + 3i-1;

r'(g;h;) = 18mn-9m + 3i.

Forl1<i<mn-m,

I'(Wigmn+i) = 21mn-9m + 3i-2; Ir'Wihpmnei) = 21mn-9m + 3i-1;
I'(hmntigmnsi) = 21mn-9m + 3i;

IF'(vivizq) = {24mn-12m +i,1 < i <mn— 1except forn,2n,3n,..,(m—1)n
I'(Vni—n41Vnis1) = 24mn-12m+ni, 1< i <m-1 TI'(vyv,,,,.,, ) = 25mn-12m
F(wiwiy1) =25mn-12m+i,1<i<mn-—-1) -1 except for n—-1),2n-
1),B(n—-1),..,(m—-1)(n—-1)

F'(VitniaWitG-nmen) = 25mn-12m+ (n—1)i;1< i <m.

The calculated face weights are as follows:

B(f1) =T (wa;) + I'(a;b;) + T'(v;b;) =9i-3; 1 <i<mn

B(f5) = TWiamnsi) ¥ T Wibmnsi) + T(biymnGmnyi) = 9mn + 9i-3;1 <i <mn-m
B(fi) = I'(cia;) + I'(d;a;) + I'(cidy) = 18mn-9m +9i-3;1 < i < 2mn-m

B(fiz) = ['(bie)) + T'(bify) + T'(fie)) = 36mn-18m + 9i-3; 1 < i < 2mn-m

B(fiz) = T(wig)) + T (why) + T (g;hy) = 54mn-27m + 9i-3; 1 <i<mn

B(fia) = T WiGmnsi) + T Wikimni)) + T (RonpsiGmnss) = 63mn-27m +9i-3; 1 < i <
mn-mwhich forms an arithmetic progression {6,6 + (1 X9),6 +(2X9),...,6 +
[4(2mn-m) — 1]9}.

The face weight of m sided cycle is —[49 mn - 24m + n |.

Type (ii) — (0,1,1)

DefineI: E" UF”’ - {1,2,3,... 34mn — 17m + 2} as follows. I'(f};) = 26mn - 13m + i;
1<is<smn; I'(fi)=27mn-13m+i;1<i<mn-m

r(fi)=28mn-14dm+i;1 <i <2mn-m;

I'(fy;) =30mn-15m+i;1 <i<2mn-m;

I'(fz) =32mn-16m +i; 1 <i < mn;

I'(fiy) =33mn-16m+i; 1 <i<mn-m

The face labeling of m sided face is
34mn - 17m + land the labeling for the external face is 34mn - 17m + 2.

The calculated face weights are as follows

B(f1) = T'(v;a;) + I'(a;b;) + T'(v;ib;) + I'(f;1) = 26mn-13m + 10i-3; 1 <i < mn
ﬁ(ﬁlz) =TI (Wimn+i) + T'Wibmnii) + T (biymnmnasi) + F(ﬁlz) =36mn-13m + 10i - 3;
1<i<mn-m

B(f]) =T (c;a)) +'(d;a;) +T'(c;dy) + T'(f]) =56mn-23m+10i-3;1 <i <2mn-m
B(fi5) = I'(bie;) + T'(bify) + I'(fie;) + I'(fi,) = 66mn-33m+10i-3;1 <i <2mn-m
B(f5) = '(wig) + F'(w;hy) +T'(gihy) + T (fi5) =86mn-43m+10i-3;1 <i < mn
,B(fL:L’) = I'(Wigmn+i) + TWihmnii) + T'(hmnsiGmnei) + F(ﬁ_x) = 96mn-43m +

10i-3; 1 < i < mn-m,which forms an arithmetic progression {26mn-m+ 7,
26mn-m+ 7+ (1 x10),

26mn-m+ 7 + (2 x 10), ..., 26mn-m + 7 + [4(2mn -m) — 1]10} and the face weight
of msided face is %[49mn -24m+n]+34mn —17m + 1.

Theorem 2.3: The graph DDy, (M(C,)),n = 4 of types (0,1,0) and
(0,1, 1)is face antimagic labeling.
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Proof:
Let G(V,E, F) be the graph M(C,),n =4 withV ={u;,v;|1 <i<n},
E={wvl1<i<n-1}u{vvIuf{yr|l<i<n}u {ui+1vi|1 <i<n-1}U{mu}
and F = {vjvj;uipq|1 < i <n—-1} U {v,vu } U {vv,vs o)
Let G'(V',E', F") be the graph obtained from G by duplication of all vertices by edges of G
withV' ={qa;, b;, a, bj|l1 <i<n}uV, E' ={v;a; v;b; a;b; wa;, u;b;,
a;b{|1 <i<n}UEand F’' = {v;a;b;,u;a;bj|1 <i <n}UF.
Let G"(V", E", F'") be the graph obtained from G’ by the duplication of all vertices by
edges of G’ with,
V" ={c,d; e, fi, 9ihi ¢ di el fi, gi hill <i<n}ulV’,
E" = {cid;, eifi, cia, bifi, diag, biey, givi, vihy, gihi, ¢i'd’ €' fi' ¢i'ay’,

b/'fy!, di'a;',b'ie;, 9" wi',wi'h', g'ih'|1 < i <n}UE and
F'={cad,cad,v,gh,vgh, befbef [1<i<n}fUF"

Type (i) (0,1,0)

Define a:E" - {1,2,...,27n} as follows:

Fori1<i < n,

a(va;) = 3i —2; a(v;b;)) =3i —1; a(a;b;) = 3i;

a(u;a;") =3n+3i — 2; a(u;b;’) =3n+3i—1; a(a;'b;") = 3n + 3i;
a(aic;) =6n+3i—2; a(a;d;) =6n+3i —1; a(c;d;) = 6n+ 3i;
a(a'ic;)=9In+3i—-2; aldyd)=9n+3i—-1; a(qg'dy)=9n+ 3i;
a(bje;)) =12n+3i — 2; a(e;f;) = 12n + 3i; a(b;f;) =12n+3i — 1;
a(b’ie;) =15n+3i—2; a('if;)=15n+3i—1; a(e';f;’) = 15n + 3i;
a(giv;)) =18n+3i—2; a(hjv;))=18n+3i—1; a(g;h;)) =18n+3i;
a(gi'v;)) =21n+3i—2; a(h;ju) =21n+3i—1; a(g;'h'")=21n+3i;
aA(WipqUiz) =24n+3i—1; 1 <i<n-—1;

aiugp) =24n+3i—2;1 <i<n-1; a(vjv4;) =24n+3i;1 <i<n-—-1;
a(viuy) =27n—1; a(vyuy) =27n-2;  a(v,vy) =27n.

Fori1<i <n,

B(fiD) = a(v;ay) + ala;by) + a(v;b;) = 9i-3

,B(fllz) = a(uiai') + +a'(uibi') + a(a'ib'i) =9n + 9i-3

B(f]) = ala;c;) + a(a;d;) + a(c;d;) = 18n + 9i-3

B(fy) = a(a;'c"y) + a(a’d;") + a(c’;d;') =27n +9i-3

B(f3) = a(bie) + a(bif) + a (e;f;) =36n + 9i-3

B(fis) = a(b'ie)) + a(b'if]) + ale/f;’) = 45n + 9i-3

B(fis) = a(vigy) + a(v;h) + a(g;h;) = 54n + 9i-3

B(fis) = a(wig;) + a(w;h’y) + a(gi'h’y) = 63n + 9i-3

B(fir) = a(Wiuiy1) + a(Wipitiyg) + a(ivyy) =72n+9i-3;1 <i<n-1

B(fn1) = a(viuy) + a(vuy) + a( v, v, ) = 81n- 3 which forms an arithmetic progression
{6,6 +(1x9), 6 +(2x%x9),...,6 + (9n-1)9} and the face weight of n sided face is
(51n +3 )g.

Type (i1) — (0,1,1)

Define a: E"" —» {1,2,3,...,36n + 2} as follows:

a(fl)=2n+i;1<i<n a(fp)=28n +i;1<i<n
a(fi{)=29m +i;1<i<mn a(fz) =30n +i;1<i<n
a(fy)=3In+i;1<i<mn a(fiy) =32n +i;1<i<n
a(fs)=33n+i;1<i<n a(fig) =34n + i; 1<i<n

a(fiy) =35n+i;1<i<n—-1; a(f,) =36n
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The label of n sided face is 36n + 1 and the label for the external face is 36n + 2.
B(fi) = a(v;a;) + ala;b;) + a(v;b) + a(f}) =27n+10i-3;1<i<n
B(f5) = a(uia;’) + a(a’;b'y) + a(u;b’y) + a(f,) =37n+10i-3; 1 <i<n
B(f]) = ala;c;)) + a(a;dy) + alc;d;) + a(fj) =47n+10i-3; 1 <i<n
B(f5) = a(a;'c;') + ala;'d;") + a(c;'d;") + a(f3) =57n+10i-3;1<i<n
B(fi5) = a(bie;) + a(b;fy) + ale;fy) + a(fi3) =67n+10i-3;1<i<n
B(fix) =a'ie)) +alb' ff)+ aleifi') +a(fy) =77n+10i-3; 1 <i<n
B(fis) = a(vig;) + a(vih;) + a(gih) + a(fis) =87n+10i-3;1<i< n
B(fie) = alug)) + a(u;h'y) + a(gih';) + a(fig) =97n+10i-3;1<i<n
B(fir) = aWiuiy1) + a(Wipquiye) + a(iviyy) + a(fiy)
=107n+10i-3;1<i<n-1
B(fr1) = a(wiwy) + a(vauy) + a(vpvy) + a( fr) = 1170 - 3
which forms an arithmetic progression{27n + 7, 27n +7 4+ (1% 10), 27n+ 7+ (2 X
10), ..., 27n + 7 + (9n-1)10} and the face weight of n sided cycle is %[Sln2 + 75n + 2].

Theorem 2.4: If the graph G* except for 3 — sided faces is (a, d) —face antimagicof types
(0,1,0) and (0,1,1), then DD, (G*) is also a (a, d) — face antimagic labeling of types
(0,1,0) and (0, 1, 1).

Proof: Let G be the graph with vertex set V = V = {v;|]1 <i<m}, edge SetE =
fell<i<nlandF ={fi[1<i<r}

Let G* be the graph obtained from G by attaching a pendant edge to each vertex of G
with vertex set V* = {v;|1 <i <2m}edge setE* ={e;|1 <i <n}U{vv; |l <i<m}
and face set F* ={f;|1 <i<r}.Let G'(V',E',F')be the graph obtained from G*by
duplication of all vertices by edges of G*withV' ={a; b;|1 <i<2m}uUV,E' =
{via;, vibj,a;bj|l <i<2m}UEand F' = {f}] : via;b;|1 <i <2m}UF.Let

G (V',E',F")be the graph obtained from G'by duplication of all vertices by edges of
G'with. V" = {a, (ofp di, ei,fi,gi, hlll <i< Zm} V) V’,

E" = {viai, vibi, aibi, a;c;, al-di, Cidi' biei, bifil eifl-,gihi,vigi, vihill <i< Zm} V) E’ and
F'={ fa"aicid;, f"i:bieify, fiz":vigihi|1 <i<2m}UF.

Define a: E" — {1, 2,3, ...., 25m} as follows:

a(viai)=3i—2;1SiS2m; a(vlbl)=3l—1,1SLS2m,

a(a;b;) =3i;1<i<2m, a(aic;)=6m+3i—2;1<i<2m;
ala;d;))=6m+3i—1;1<i<2m; a(cd;)) =6m+3i;1<i<2m;

a(bje;)) =12m+3i—2;1 <i < 2m; a(bif)) =12m+3i—1;1<i<2m

aleif;) =12m+3i;1 <i < 2m; a(vig;)) =18m+3i—2;1<i<2m;

a(vih)) =18m+3i—1;1<i<2m; «a(g;h) =18m+3i;1<i<2m.

A (ViViym) =2dm+i;1<i<m

We calculate the face weights as follows:

Forli< i < Z2m,

B(f) = a(via;) + alaib;) + a(vb;) = 9i-3

B = ala;c;)) + a(a;d;) + a(c;d;) = 18m + 9i -3

B(f2) = a(bie) + a(bif;) + a(e;f;) = 36m + 9i -3

B(f3) = a(vigy) + a(v;hy) + a(g;hy) = 54m +9i -3

which is forming an arithmetic progression {6,6 + (1 X 9),6 + (2 X 9),...,6 + (8m — 1)9}.
Type (ii) (0, 1, 1)

Define a: E" UF" - {1,2,...,33m + 1} as follows:

a(fl) =25m+i; 1<i<2m; a(fh) =27m+i; 1<i<2m

a(fiz) =29m+i; 1<i<2m;

a(fy) =3Im+i;1<i<2m
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and the labeling for the external face is 33m + 1.

The face weights are calculated as follows:

For1< i < 2m,

B(fii") = ala;cy) + ala;d;) + a(c;d;) + a(f;) = 45m + 10i -3

B(fi1) = a(viay) + a(a;by) + a(v;b;) + a(f}) = 25m + 10i-3

B(fi.") = a(bje;)) + a(b;f;) + ale;f;) + a(fz) = 65m + 10i -3

B(fis") = a(vig) + a(v;hy) + a(g;h) + a(f;y) = 85m + 10i -3

which is forming an arithmetic progression {45m + 7, 45m + 7 + (1 x 10), 45m + 7 +
(2 x 10), ...,45m + 7 + (8m — 1)10}.

Conclusion

The (a, d) antimagic labeling for the biarmed crown graphs, the barycentric subdivision of a
cycle graph and middle graph of a cycle are proved. If the graph G *except for 3 - sided faces
is (a, d) — face antimagicof types (0,1,0) and (0,1, 1) then DDy, (G™) is also of the same a
(a,d) — face antimagic. Recently, the face antimagic labeling of double duplication graphs
are applied to encrypt and decrypt secret messages and numbers in communication networks.
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