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Abstract

The concepts of nonlinear mixed summable families and maps for the spaces that
only non-void sets are developed. Several characterizations of the corresponding
concepts are achieved and the proof for a general Pietsch Domination-type theorem
is established. Furthermore, this work has presented plenty of composition and
inclusion results between different classes of mappings in the abstract settings.
Finally, a generalized notation of mixing maps and their characteristics are extended
to a more general setting.
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1. Notations and Preliminaries
In the beginning, some notations are introduced that will be used throughout this article.
Let I be an index set. The symbols N, R, and R* represent the sets of natural numbers, real
numbers, and positive real numbers, respectively. The letter K denotes the field of real or
complex numbers. Let A, B, C, C; and D be non-void sets and H be a non-void family of
mappings from A into B. Let E, F and G be Banach spaces and the closed unit ball of a
Banach space E is denoted by Bg. The dual space of E is denoted by E*. The letters X and Y
stand for pointed metric spaces. Suppose T be a map from X into Y, then T can be defined to
be Lipschitz if there is a nonnegative constant C such that dy (Tx;,Tx,) < C dyx(xq,x5), for
all x;, x, in X, where C is the Lipschitz constant of T(Lip(T)). In addition, let the space X*
be the Lipschitz dual of X that is the Banach space of real-valued maps defined on X send the
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space point 0 to O with the Lipschitz norm Lip(-).Let K and W be compact Hausdorff
topological spaces. The symbols W(W), W(Bg+) and W (B,+) stand for the set of all Borel
probability measures defined on W, Bg+ and By, respectively. The value of a at the element
x is denoted by (x, a).
2. Introduction
The usual mathematical problems include nonlinear operators, occasionally influential on
arbitrary sets with few (or none) algebraic structures, hence the extension of linear
mechanisms to the nonlinear setting, besides its essential mathematical interest, is an
important duty for potential applications. The full general version of maps (with no structure
of the spaces included) would certainly be interesting for potential applications. Botelho et al.
[1] defined the concept of R-—S-abstract p-summing map as follows. Let 0 <p < oco. A
mapping T € H is said to be R-S-abstract p-summing if there is a constant § > 0 such that

1

1

(X721 ST, ¢, b)P]r < 8- Zglg[z% R(¢,c;, bp)P ] (1)

forall ¢y,+-, ¢y € C, by,+++, b, € G and m € N. The infimum of such constants & is denoted
by g5, (T). They established a quite general Pietsch Domination-type Theorem under certain
hypotheses on R and S as follows.

1- For each T € H, there is ¢, € C such that R(¢,cy, b) = S(T,cy, b) = 0 for every ¢ € K
and b € G.

2- The mapping R.,: K — [0,00) is defined by R, (¢) = R(c, b, ¢) which is continuous
foreveryc e Cand b € G.

3- It holds that R(¢,c,n b) <n-R(p,c,b) and n-S(T,c,b) < S(T,c,n b) for every ¢ €
K,ceC,0<n<1,beGandT e H.

Theorem 1 (Botelho et al. [1]) If R and S satisfy conditions 1, 2 and 3 and 0 < p < oo, then
T € H is R-S-abstract p-summing map if and only if there are constant 6 > 0 and Borel
probability measure v on K such that

1
S(T,c,b) <6 - ([, R(c,b,@)Pdv(p)]?,
wheneverc € Cand b € G.
Building upon the observation was made by M. Mendel and G. Schechtman that appears in P.
Farmer and Johnson [2]. D. Pellegrino and J. Santos [3]defined the equivalent to inequality (1)
as follows. A mapping T € H is said to be R-S-abstract p-summing if there is a constant
& > 0 such that

1 1
(X721 4 S(Tc P <6 z‘ég[zﬁl % R(p,¢;,b)P PP (2)

for all ¢;,-++,¢c,, €C, by, by, € G, A1,-++,1,, € RY, and m € N. From inequality (2) and
invoking Theorem 2.1 in [1] Boteho et al. proved a general Pietsch Domination-type
Theorem with no assumption on S and just supposing that R satisfies condition 2 as follows.
Theorem 2 (Pellegrino and Santos [3].) If R satisfies condition 2, and 0 < p < oo, then
T € H be R-S-abstract p-summing map if and only if there is constant 6 > 0 and Borel
probability measure v on K such that

1
S(T,c,b) <6 - ([, R(c,b,@)Pdv(p)]?,
whenever c € C and b € G.
Pellegrino et al. [4] defined the concept of Ry, ..., R;—S-abstract (py, ..., p)-Summing map as
follows. Let 0 < p < oco. A map T from A; X -+ X A; into B is called R4, ..., R,—S-abstract
(p1, ---, p)-summing if there is a constant § > 0 such that

1 1

1 i

[Z7Ly S(T. ¢}y . cf b}y, BP]P < 6 - 1oy 531? [Z™ |Ri(c}, ., ], bE, )| K
PEK
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forall ¢i,--,ch, € Cg, b}, -+, bl € G, me N and (s,1) € {1,...,7} x {1, ..., t}. They proved
a quite general Pietsch Domination Theorem as follows.
Theorem 3 (Pellegrino et al. [4]) A map T € H is R-S-abstract p-summing if and only if

there are constant 6 > 0 and Borel probability measure v on K such that
1

S(T, ¢t ..., ™, b, .., bY) < & - T1E-, (ij R (c',....c", b, g)Pidv;() )"

forallc' € ¢, 1 =1,..,rand b’ € G;, withj =1, ..., ¢.
Several authors have investigated a special case version of the class of R-S-abstract p-
summing maps starting with the seminal papers [4], [5], [6] and [7] (linear version) and
(Lipschitz version) and further explored applications in the nonlinear case can be found in [8]
and [9].
This paper consists of 7 sections. In Section 3, inequality (2) is modified to construct the
concept of H-Q-abstract p-summing map which is quite useful to prove the main results
under certain assumptions in the forthcoming sections. In Section 4, the nonlinear version
concept of M—mixed (s; q)-summable family is defined in which the spaces are just arbitrary
sets and establish an important characterization for this notion under certain hypotheses in
abstract settings. In Section 5, the concept of H-M-((s; q), p)-mixing maps between arbitrary
sets is constructed and several characterizations are proved. Afterwards, various compositions
and inclusion results between different classes of mappings in abstract setting and a quite
general of Pietsch [10] Domination-type Theorem are proved. Section 6 presented the proof of
how Proposition 11 and Proposition 13 can be appealed in order to get some of the familiar
characterizations that have appeared in the different generalizations of the concept of (s; q)-
mixing operators. It is obvious to see that for suitable choices of A, B, C, G, H, K, W, H, and
M, for a mapping to belong to one of such classes of mixing maps is equivalent to be H-M-
((s; @), p)-mixing map and the corresponding characterizations that hold for this class is
nothing but Proposition 11 and Proposition 13. Fnally, in Section 7, a notion of mixing maps
is generalized and characterization for this notion to a more general setting is showed.
3. Properties of H-Q-abstract p-summing maps
Let #; and H, be non-void families of mappings from B into D and A into D, respectively,
and let

QHXAXCXG—R HAXCXGXK—>R,

Q :H, XBXC, xG—R, H:BXC, xGxW — R,

Q,H,XxAXCxG—R
be arbitrary maps satisfy the following conditions:

I- The mapping H, . 4,: K — R is defined by
Ha,c,g (p) =H(a,c,g,9)
Which is continuous foreverya € A,c e Cand g € G.
II- Q,(S°T,a,¢c,9) < Q.(S,Ta,c,g) for every TEH, SEH,;, a€ A, c€C and

g EG.
Definition 4 Let 0 < p < oo, amap T € H is said to be H-Q-abstract p-summing if there is
a constant § > 0 such that

1 1
(2721 oy 10(T. 6, 9T < 8- sup[ STy || |H (g, 01, I 3)
¢
for all nonzero oy, ...,0,, INR, a4, ...,ap INA, ¢4, ..., C, INC, g4, ..., gm IN G and m € N. The

infimum of such constants & is denoted by myq,(T). Let Hg_Q(A,B) be the class of all H-

Q-abstract p-summing maps from A into B. The next proposition has a similar implications as
the nonlinear general Pietsch [10] Domination-type Theorem [Theorem 3.1], therefore it is
omitted.
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Proposition 5 Suppose that Q is an arbitrary map and H satisfies condition l and let 0 < p <
. A map T € H be H-Q-abstract p-summing if and only if there are constant 6 > 0 and
Borel probability measure v on K such that

1
1Q(T,a,c, )| <6 [[, IH(ac g, @)Pdv(e)]?,
whenevera € A,c € C,and g € G.
4. Properties of M-mixed (s; q)-summable families

Throughout this section we assume 0 < g < s < oo and that r can be determined by the

equation %+ % = g. Let MH X AXCXGXW — R be an arbitrary map satisfy the

following conditions:

I11- The mapping M7, . ,: W — R is defined by

MT,a,c,g ) =M(T,a,c g,¥)

Which is continuous forevery T e H,a € A,c e Cand g € G.

V- The mapping M is a homogeneous of degree 1 in the variable W if

M(T,a,c,g,A Y)=A1 M(T,a,c, g,9¥).

V- My,(S°T,a,cgy) <M., Ta,cg,p) for every TEH, SEH;, a€ A, c €EC,
gEGandyp e W.

VI- H{(Ta,c,g,¥) < M(T,a,c,g,y) forevery TEH,a€ A, ceC,geG and Y €
w.

VII- Let 1<s<o , and p € W(W).Consider the map J, € ‘13?1"01(B,D) with
TH,0,sUJ ) < 1such that

1
[, IM(T,a,c, g, p)I*du@)]* < |Q2Up° T a,c,9)| 4)

foreveryT€H,J, €H,,a€A,ceCand g €G.
Remark 6 Condition VII can be applied in the following special cases.
1. Set A:i=E, B:=F, C=0Cy;:={1}, D:= Ly(Bp+, 1), G: =R, and W:= Bp~. Let H, H;
and #, be non-void families of mappings from E into F, F into Ly(Bg+, 1), and E into
Ls(Bg+, 1), respectively. Let T be an operator from E into F and let u € W(Bg+) . Consider an
operator J,, from F into Ls(Bp+, 1) assigning to y € F the function £, with £, (y*): = (y,y"),
for more information see [4]. Now, define the following maps.

H{:F x{1} XRX B > R, Hi(y,1,0,¥%) =(y,y"),

Qu:Hy X F X {1} XxR—R, QU y,1,0) = ||fyILs(Be- W),

QH, XxEX{1} xR —R, Q;(J,°T,x,1,0) = ||frx|Ls(Bp, ),

M:H XEX{1} X RXBp = R, M(T,x,1,0,y") =(Tx,y").
With these choices one can obtain J, € iBgl_Ql (F, Ls(Bp+, 1)) with gy o, <(J,) = 1,and he
can satisfy inequality (4).
2. SetA:=X,B:=Y,C:=X,C;:=Y, D:=Lg(By#, 1), G:= R, and W:= By+. Let H, H;
and H, be non-void families of mappings from X into Y, Y into Ly(By#,u), and X into
Ls;(By#, 1), respectively. Let T be a Lipschitz map from X into Y and let u € W(B+),
consider Lipschitz map J, from Y into Lg(By+,u) assigning to points y; and y, in Y the
function £y, y,) With f(y,. .7 (§): = (y1, ) — (¥2, §), for more information see [4]. Define the
following maps.

Hl: Y XY XRX BY# - ]R’ H1(J’1,}’2'U'9~) = <}’1'§> - <y2»§>.

Qu:Hy XY XY XR = R, Q104 ¥1,Y2,0) = ||fiy, y)|Ls(By, W)

Q:Hy X X XX XR—= R, QU T, x1,%2,0) = ||firxyrx) | Ls By, )|

M:H X X X X X RX By# — R, M(T,xq,%,,0,§) = (Txy, §) — (Tx, §)-

)

)

1288



Al-Bayati et al. Iragi Journal of Science, 2022, Vol. 63, No. 3, pp: 1285-1298

With these choices one can obtain J, € SBfl_Ql(Y, Ly(By#, 1)) with my_o,sJ,) =1 and

satisfy Inequality (4). The concept of M-mixed (s; g)-summable family can be constructed as
follows.

Definition 7 A family ((o;, T, a;, c]-,g]-,q;))jeI cR—{0}xH xAxCxGxW is called M-
mixed (s;q)-summable if there exists a nonzero family (tj)je € ¢-(I) such that
; C]-,gj,L|J)|S < oo, The class of all M-mixed (s;q)-summable families is

denoted by mt(s q)(]R {0} X H xAXCxGxW,I). Moreover, for a family
((G]-,T, aj, ¢j, gj.lIJ))].EI M, q)(R {0} x H x Ax CxGxW,I).Define

misqy((95,T, a, Cj»gj»ll’))j = inf[%; |5 ] sup [21 T 06, 95 ¥)] ] ()

where the infimum is taken over all nonzero famllles (tj) jer € £-(I). The next result will be
used in the forthcoming section.
Lemma 8 Let ((0;,T, aj,cj,g]-,q;))j be an arbitrary family in P\ (R — {0} X H X A X

CxXGxXW,D. If q=s, then
1
M _ q a1g
meq) (05, T, aj’Cj’gi'qj)),-el = 3‘;&[21 |0 " [M(T, ay, ¢;, g, )| ]
Proof. Suppose that ((0;,T,aj, Cj,gj,l,ll))jel ML (R—{0} X H XAXCXGXW,I),
since s = g, then r = oo. By Definition 7, there exists a family (z;);e; € £o(I) such that
q
I |M(T, a,¢;, gj, )| < co. Therefore

1

q
sup[ E |0'j|q|M(T,aj,cj,gj,1/J)|q]
pew | &

s s
< (el - sup [ 5" mr, a,-,c,-,g,-,wr] |
pew | &

1
q d1q
Hence mfs,q)((0; T, a5, ¢, 9, ), 2 225/[21 lo;| " |M(T, aj,c;, g, )| ]%. For the other
direction, choose (7;) je; = 1 € 2o, (I). Then ||(7) jes € (D] = 1 and

1
o S S ;
T_j| |M(T,a],C],g],l/))| ] .

1
supl3, || "IMCT, 4., 0,0 = sup [£
YeEW Yew

Then
1

q q q
= |M(T'aj'cj'gj;¢)|]

mis.o (9. T.a5,¢, 95, W) ., = i“f||(Tj)j61|4’ooU)||zg‘IA)/[ 1

1
< sup [Z, |aj|q|M(T, a;, Cj,gj,l/J)lq]q-
YeEW

Inspired by analogous result in the linear theory of Pietsch [10] [Theorem 16.4.3], an
important characterization of M—mixed (s; g)-summable family can be given.

Proposition 9 Let 0 < q <s<o and let M satisfies Condition (III). A family
((o;, T, aj,cj,sg,j,qj))jeI Mg R—{0} X H XAXCXGXxW,I) be M-mixed (s;q)-

summable if and only if
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[z, 011", IM(T 01,61, ;0] du@))* | < (6)
for every u € W(W). In this case
Sup lzl |51 (f,, [MCT, aj'Cj'gj'¢)|Sd#(1/’))§] =mf5. (9.7, 0,6,95,%)),,

Proof. Suppose that the family ((aj, T, aj,Cj,gj,ll}))jEI satisfies (6). Define a number N as
follows.

Q=

N = sup lZl |‘71| (Jy IM(T,a5,¢;, 9, %) d“(lp));l

Then N is finite. Put u = 5 and V= 5. Then ; + ; = 1. Now consider the compact, convex
subset

={&=(8),; % & <N and & = 0
of £, (I). Note that the equation

S -V S
¢(€) = ZI |o—]| (E} + E) ' fW |M(T' ajrcj' g]rlp)l d,u(lll),

where u € W(W), € > 0, it defines a continuous convex function ¢ on Z. Take the special
family (fj)jeN with

1
&=y ol 1M, 05, 6,95, W) du())™"
Then & € Z and ¢ (&) < N4. Since the collection Q of all functions ¢ obtained in this way is
concave, by Saleh [7] [Lemma E.4.2], it can be found that £° € Z such that ¢(£°) < N4 for
all ¢ € Q. In particular, considering the Dirac measure &, at i € W, hence

i ol (&) + €) T M(T, 4, ¢, 9 W] < WO
1
Set7;(e) = (&7 + e)ﬁ. Then

5 [l = tim 5 5 T G ] 5 @ < NP =Ni, @)
and fory e W

1
o S S E
= [ mcr, a,-,c,-,g,-,w)l |- [z, | |M (T4 6,9,,9) ]
= ell)%l+ [21 (f°+ €)v |M(T a],C],g],l/J)l ] = NS NU
Hence
21V [0 |2 Mer a0 T <n

This proves the necessity of the above condition. Conversely, suppose that a family
((0,, T, qj, Cj,gj,l,l))) is M-mixed (s; q)-summable. Take any family (z;);¢; € ¢,(I) such

that Z, T C],g],l/J)l < oo. Applying Holder inequality, hence
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©|Q
QR

D ol ( f M, a,-,c,-,g,-.zmlsdu(w))

1 w
1 1
' r s s S
E |Tj| ] sup[ E |M(T,aj,cj,gj,1/))| ]
T vew |5

whenever u € W(W). This proves the sufficiency of the above condition.
5. Properties of H-M-((s, q), p)-mixing maps
Throughout this section, assume that V be a vector space over the field K and let 7 = (P,)I_;
be a finite family of semi-norms on V. The topology induced by a finite family of semi-norms
on V is denoted by P-topology on V. If P, (1 < ¢ < r) be a finite family of semi-norms on a
vector space V, then the function P = max P, defined by

P(v) = maxP,(v)

1=<i=r

be also a semi-norm on Pellegrino and Santos [3] [Proposition 2.16] it is known that the
topology associated with the semi-norm P is identical with the P-topology on V. Suppose that
B be a compact unit P-ball defined as follows.

Bp={veV:P(v) <1}
The concept of H-M-((s; q), p)-mixing map can be constructed as follows.
Definition 10 A map T from A into B is called H-M-((s; q), p)-mixing, where 0 < q <s <
oo and p < q, if there is a constant § > 0 such that

1
m) (9.7, 41,9, %)), <6 ;gg[m’il l|"|H (@), .95, 0[]

for all nonzero ay,++, 0, ER, ay,**,a,, €A, 1, ,cn €C, g1, gm € G and m € N. The
infimum of such constants & is denoted by HM 5,4y ,)(T). The class of all H-M-((s; q), p)-
mixing maps from A into Bis denoted by M, (4, B) .

Inspired by analogous result in the linear theory of A. Pietsch [10] [Theorem 20.1.4] and the
similar proof [4] of [Theorem 4.1], the following characterization of H-M-((s; q), p)-mixing
map can be given.

Proposition 11 Let 0 < g <s < o ,and p < q and let H and M satisfy conditions I, 111 and
IV, respectively. A map T from A into B is H-M-((s; q), p)-mixing if and only if there is a
constant § > 0 such that

<

9
i

1
m n .1 m D
q s 4 = p 14
D 51" MT.a;.6.9; 00 1510 < 8- sup | > |0y |HCe 61,95, 0)]
=1 k=1 PEK 1T
1
- [Xk=1 P(r)°s 8)

for every nonzero o4,:,0,, ER, a4,*, a0, €A, c1,*,cm €C, g1, ,Gm € G; V1,*++, vy €
¥V and m,n € N. Moreover

HM((S;q),p) (T) = inf§.
Proof. Assume that T is H-M-((s, q), p)-mixing map. Consider v,,:--, v, € V and define the
discrete probability u = Y7_; tx6k, Where t, = P(v,)° - [Xh=; P(vy)*]7! and &, denotes

the Dirac measure at y, = % € Bp; k=1,,n. Then u € W(Bp). For ay,:*, 0 E R,
k

ay, -, am €A, ¢y, 0y € C,and gy, -+, g1y € G, from Proposition 9, it can be obtained that:
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s .4 =
D 1gl'D). M. q;.6.g;,v0] 151
j=1 k=1

m < 1
= [Z |aj|"[f |M(T, aj,¢;, gj,v)| du(v)]s]e
j=1 Bp

1
: Z P(Uk)S]
k=1

1 1
p n s
. Z P(Uk)S] .
k=1
In order to show the converse, (8) can be explained as

27 o] [y, IM(T, )¢5, 95, 0)| du(w)] <o Sup[Z L |oj|"[H (a1, 9, 9)| ]

for every dlscrete probability measure u on Bp and 0, 0m ER, aq, -, a, € A4,
¢, Cm €C, and gq,+,gm € G. Since o(C(Bp)*,C(Bp))-dense the set of all finitely
supported probability measures on Bp, then (9) in the set of all probability measures on Bp, it
follows that (9) satisfies all probability measures u on 8Bp and g, -+, 0,, € R, a4+, a,, € A4,
¢, Cm €C, g1, gm € G. Taking the supremum over u € W(Bp) on the left side of (9)
and using Proposition 9, it can be found that

M m
< migq((9:, T ¢, ), V)),-=1

m
p p
< HM (5,9)7(T) - sup Z || |H a5, 95, )]
1 -
=1

1
m (9T, a5,6,9;, 7)), <8 sup| 27 lo51" | (e, 1, 95, ) -

The following multiplication formula represents the main-point of the theory of H-M-
((s; 9), q)-mixing maps and it is somewhat inspired by analogous result in the linear theory.
Proposition 12 Let 0 < q < s < oo. If the maps Q;, Q,, H; and M satisfy conditions Il and
VI, respectively, then

m?“wbmmmu[mmmmmHmmmknﬁ%ﬁawmm.
Proof. Suppose that S € B9 (B,D) and T € MY ,,(4,B). Given oy, ...,0,, in R,
g, ey Ay inA Cir vy Cmy 91 - Gm IN G, ande>0 then

Z |r]| ] Sup [Z ‘ ‘ |M(T a],c],g],lp)| <(l+e)- m(sq)((aj,T a],c],g],tp))] L

1

S +e) HM(5,0),)(T) - Sup[ =1 |UJ| |H(aJ'CJ'gJ"p)| ]
It can be noticed from
1
[7;Mﬂm@m%@wr<wmmwmmz1MHm<quwr
that

(2721 |oi['1@1(5. Ty 1, 9Dl T < (Hi@()sup [ ol 1Hi (T, 1,9, 0T
By applying Holder inequality and conditions (11) and (VI) one can obtain

[ j=1 |Uj| |Q2(5 T'aj'cj'gj)l ]q 5[ =1 |UJ| |Q1(5 Ta],c],g])| ]q

1292
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1
S s
! |Q1(SrTaj1Cj!gj)|S:|

Ty

<[ ol T |2,

1
oilS sTs
T—j’ |Hi(Taj, c;, g5, 9)| ]

< (1,00:(9IT 5| T"sup |27

< (1,00:(9IT I T"sup |27 90|

< (1+6€) - (H1Q1)s(S) HM«sq)q)(T)sup[ | |H(a,,c],g,,¢)|]

Hence SoT € £Bq ~%2(4 D) with (HQ3)q(S°T) < (HlQl)S(S) “HM ((5,q),)(T).

The following characterization is a quite general of unified Pietsch [10] domination theorem
[Theorem 3.1].

Proposition 13 Let 0 < q <s < o ,and let the maps M, H, J, and Q, satisfy conditions I,
111, and VII, respectively. A map T is H-M-((s; q), q)-mixing if and only if there exists a
constant & > 0 such that for any probability measure p on W there exists a probability
measure v on K such that

1 1
[ IM(T.a,c. g, Y)Idu)]* < 8- [[, IH(a c,g,9)17dv(9)]",
whenever a € A, ¢ € C and g € G. Moreover HM ((5,4) o (T) = infé.
Proof. Let ¢ be an arbitrary nonzero sequence in R. By the assumptions, one can have

QR

q
s

™ g[S, IM(T.a;.¢5, 95 9| du(w)]

5[y lojl” fi |H(az, ¢, 95,0 )] < - sup[2] ol |H @, ¢, 95,0 I". o
Taking the supremum over p on W on the left side of (10) and from Proposition 9, then

m, q)((UJ'T a],cj,g],lp)) j=1 <6 SUP[ =1 |01| |H(aJ'CJ'91"P)| ]q

Conversely, suppose that T is H-M-((s; q), q)- mlxmg map. From Proposition 12 and using
condition VIlI, JueT be H-Q,-abstract g-summing map with
THQ,q U o T) < HM((s,q)(T). Hence, by using Proposition 5, there exists a probability

measure v on K such that
1

[ j IM(T,a, c,g,zp)lSdu(w)] <|Q:(J,°T acg)
w

1

q
f H(a, ¢, g, 9)|7dv(p)
K

for all a€ A, ceC and g € G. The next inclusion result follows immediately from
Proposition 13.
Proposition 14 If g, < q, <s, < sl, then

m (51 q1), ‘h)(A B) - 9]1 (52 az), Q2)(A’B)'
Proposition 15 Let the maps M,, M,, H; and M satisfy conditions V and VI, respectively. If
0<p<s<t<oo,then

H{—-M H-M
M (1.57.9(Br D) © M50,y (4, B) € M.y (4, D).

Proof. From Definition 7, one can have

< HM (5 4),¢)(T) -

1293



Al-Bayati et al. Iragi Journal of Science, 2022, Vol. 63, No. 3, pp: 1285-1298

1
my (9,5 o T,a5,¢,95,)) ., = inf[SL, ITJIT]’;gg [23-11 -+

Tj
1

et . s ) et
T,a;,¢,9;W)| | = inf [ZfL; |7} - 77[ ]"sup lzﬁl e °T,a;,¢;, g, )| l '
T1°T2 PEW i

Puto’ =2, Since— + — = %With Holder inequality give us

71 T1 2
m
m(2 (05,5 ° T, aj, Cj'gj»ll’))j:l
<
1
t
P T T [2 2l 70,6, |
Cm 7
o;
1nf Z |rl| mf Z |rl| - sup z ] |M1(S Taj,c],g],tp)|
PEW = T

= ipf[ “1 |T1|T1]” -mek (@S, Taj'cj'gj'lli))jl:l
1 1
< HM((ts)s)(S)mf[Z L | ”3“53[ ™o 1 (T, g 9,0 T

L 1
< HM((ts)s)(S)mf[Z L | ”3“53[ ™ o M, a5, ¢, W)
= HM (1,5)5 () - m{5,) (0}, T, @, Cj'gj'lli))m

< HM (5,5 (S) - HM((sq)q)(T)SuP[ |UJ| |H(aJ'CJ'91"P)| ]

6. Recovering the known fundamental characterlzatlons of mixing maps

6.1 The characterizations of (s; q)-mixing operators

1. If T is a bounded operator from E into F, then T is (s; g)-mixing if and only if there is a
constant § > 0 such that

qz 1
[, [0y |(b, T ) Ts]e < 6 - sup = K ]q L IbplsTs.
x

for every xy,:-,x, € E, functional bj,-:-, b* EF* and m,neN. Set A:=E, B:=F,
C:={1}, G:=R,V =F*, W:= Bg+, K: = Bg~, H be a family of bounded linear operators
from E into F, and the family of semi-norms 2P can be taken to be the single norm P,-
defined on F* by P+ = sup |[{x, b*)| (for more details find [10] [Theorem 20.1.4]). Define the

XEBE
maps as follows.
M:H XE X {1} X RX B —» R, M(T,x,1,0,b*) = (Txc;b )’
H:EX{1}XxRXxBg —» R, H(x,1,0,x*) = (xx)'

where ¢ # 0. With these choices and applying Proposition 11 we get T is (s; g)-mixing
operator if and only if T be H-M-((s; q), g)-mixing operator. In this context Proposition 11
coincides with Theorem 20.1.4 Saleh [7] for (s; q)-mixing operator.
2. [Saleh [7], Theorem 20.1.7] says that a bounded operator T from E into F is (s; g)-mixing
if and only if there is a constant § > 0 such that for any probability measure p on B+ there
exists a probability measure v on B+ such that

1

[f,,. 172 ) duo) | < 5[4, |(x,x*)|qdv(x*)]%.
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whenever x € E. Define the maps as follows.

M:H XE x {1} X RX Bpx — R, M(T,x,1,0,b*) = (Tx,b*),

H:EX{1} X RX Bg = R, H(x,1,0,x") = (x, x*).
With the previous choices, and applying Proposition 13, we get T is (s; g)-mixing operator
if and only if T be H-M-((s; q), g)-mixing operator. In this context Proposition 13 coincides
with Theorem 20.1.7 in [7] for (s; q)-mixing operator.
6.2 The characterizations of Lipschitz (s; g)-mixing maps
1. [Saleh [8], Theorem 4.4] says that a Lipschitz map T from X into Y is Lipschitz (s; q)-
mixing if and only if there is a constant § > 0 such that

sql
!

(27 105 TZRer (90 X)) gy = (900 TE) | T2

1 1

< C- sup [Ty |o|"|Fxy — Fxi| " Ta[ERes Lip(9i)°)s
fEBy#

for every nonzero oy, 0, ER, x'y, -, X, "1, X" €EX, 91,7, gn EY* and m,n €
N. Set A:=X, B:=Y, C:=X, G:=R, V:=Y* W:= By#, K:= By#, H be a family of
Lipschitz maps from X into Y, and the family of semi-norms P can be taken to be the single

norm P; defined on Y* by P; = sup 1912931 " Hyefine the maps as follows.
g xrxn Ax (X1

M:HxXxXXxRXBy+ — R, M(T,x',x",0,3) = (g, Tx’)(y#,y) —
(g, Tx”)(y#,y)'

H: X XX X RX Bys = R, HX',x",0,f) = {f, X'} x# 5y = (£, X"} x# x)-
With these choices, and applying Proposition 11, we get T is Lipschitz (s; g)-mixing map if
and only if T is H-M-((s; q), g)-mixing map. In this context Proposition 11 coincides with
Theorem 4.4 in for Lipschitz (s; q)-mixing map.
2. [Chavez-Dominguez [9], Theorem 4.1] says that a Lipschitz map T from X into Y is
Lipschitz (s; g)-mixing if and only if there is a constant § = 0 such that for any probability

measure p on By« there exists a probability measure v on B+ such that
1

N

' " S
[ k.72 m, = 0,75 Yy i)

y#

B

<6 f|(f,x’)(X#,X)—(f,x”)(X#,X)|qdv(f) ,
BX#

whenever x'y, -, x', x4, -, x"",, € X, and m € N. With the above choices and applying
Proposition 13, T is Lipschitz (s; q)-mixing map if and only if T is H-M-((s; q), q)-mixing
map. In this context Proposition 13 coincides with Theorem 4.1 in [2] for Lipschitz (s; q)-
mixing map.
6.3 Properties of R 1, ..., R -S-((S, ), P 1, ---, P ¢)-Mixing maps
Let A,,:-+,A;, B and Cy, -+, C, be non-void sets, H be a non-void family of mappings from
Ay XX A; into B, and Gy,---,Gs; be Banach spaces. Let W and K,,---, K, be compact
Hausdorff topological spaces. Put A:= A; X ---x A;, C:=C; X - X C, and G:= G; X +-- X
Gs.
Let MiH XAXCxGxW —Rand H:AxC xG, xK, — R, k=1,..,s be arbitrary
maps satisfy the following conditions:

VIII- The mapping M7, . a.cincrgr.gs: W — R defined by

MT,al,...,at,cl,...,cr,gl,...,gs (l/}) = M(T' A, - A, C1p s Cry G150 -y s l/))
is continuous forevery T € H, a4, ...,a; € A, ¢4, ...,c, ECand g4, ...,g5 € G.
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VI111- The mapping M be a homogeneous of degree 1 in the variable W if
M(T,ay,...,at,C1) oy Cry 91y - s A W) = A M(T, a4, ..., Q¢,Cqy ey Cry 91y 0r s W)
X- The mapping (Hy)q,,..a;cq,.c.g: Kk — R defined by
(Hk)al,...,at,cl,:.,cr,g ((P) = ch (al’ vy Aty €y ey €y 9, (,0)
is continuous for every aq, ...,a; € 4, ¢4, ..., ¢, € C and g € Gy.
The concept of H 4,..., H ;-M-((s; q9), p1, ..., pr)-mixing map can be constructed as follows.
Definition 16 Let 0 < q < s < o, and p < q. Amap T from A into B is called H 4,..., H -M-
((s;9),p1,--., po)-mixing if there is a constant § > 0 such that
ml(‘g:q)((aj'T' ajl a aJ'C = G '91" '91"/’))

1

<6 -[I5., sup [Z L, |aj| |Hk(a ,...,af,cjl,...,cjr,g}‘,(p)|pk]ﬁ (11)

for all nonzero oy, 0, € R, al, v, €A, ct,-,ch€C, gt -, g5 €GandmeN. The
infimum of such constants § is denoted by H 4,..., H :-M ((5,q),p,...p0 (T). Let us denote by
ElJt((S """ (A B) the class of all Hy,..., H ;-M-((s; q),py, ..., ps)-mixing maps from A
into B.

Proposition 17 Let 0 < q <s < o ,and p < q and let H, and M satisfy conditions X, VIII
and V1111, respectively. A map T from A into Bis H ..., H -M-((s; q), P, ..., p¢)-mixing if
and only if there is a constant 6 > 0 such that

|0']| Z< 1 |M(T at ,...,a] ],... ],g],. ,g],v5)|
<0l pekt [25"=1 |oj]™|Hy(af, ., ab ) 9}190)|pk]”" [2%-1 P(v)° ] (12)
k

for every nonzero oy,-+, 0, €R, af,...,af €A, cf,,cl, €C, gi,,gm € G, vy, , v, €
VV and m,n € N. Moreover
Hl, . Ht - M((S.'q),P1,---,Pt) (T) = inf$.
Proof. There are two cases.
Case 1: When s = q. Assume that inequality (12) holds and take { = 1, then
1
q q.=
m. |aj| |M(T, a-1,...,ajt, cjl,...,c]-r,g},...,gf,v)| &
1
Prip,
<6 [Ty sup[ L, |a]| |Hk(a s @, CF ...,c]-r,g}‘, DG

for all v € Bp. Hence

1
sup[ |a]| |M(T at ,...,a] ],...,c]-r,g},...,gf,v)|q]q
vEBp

1
<6 [l sglg[ i |0j|pk|Hk(a-1, . a],c} , ...,cjr,g}‘, (p)|pk]”k. (13)
PEK}

From Lemma 8 and using of inequality (13), one can obtain

M 1 1 t v 1 s m
m(s;q)((o_j, T, aj ) ey aj ey aj, Cj ,gj, ""gj' v))j=1

QR

m

q q

= sup Z |aj| |M(T,a-1,...,ajt,cj1,...,cjr,g},...,gf,v)|
vEBp =1

1
14 Pklp,
<8 Tlicy sup [S2 | M@}, ., 0.} .. . )| T
k
Hence T is Hio H :-M-((s; ), p1, ..., p)-mixing map and
Hy,...,H; = M((5,0)p,,.00(T) < 6. Conversely, suppose that T is Hy4,..., H.-M-

.....
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((s;9),p1,---,Pe)-Mixing map. Given oy, 0, ER, ai,,at, €4, cf, -, ch €C,
q),P1 ~pt g p 1 m 1 m 1 m
gt,, 95, € G, vy, ,v, EVandm,n € N.

1
1 |O-]| Z{ 1 |M(T a’ ) ] C] ) "'lcj:r’g}' "'lg;’vz)lq]q

q
v 1
P(Ug)q M(T al ) een aj,le, ---'er'gjl' '--'g}?'P(lfc))| ]

II(TJ-)}":lH’wII L
<
1

q - 1
qla =
- |M(T,a-1,...,ajt,cj1,...,cjr,g]l-,...,gf,v)| ] [Z?=1 P(v))e. (14)

Ty

” (Tj);n=1|€°° ” USEL:BF; [Z;n=1

Taking the infimum over all sequences (rj)r,n_ € 4, of inequality (14), then

1
m. |a]| P |M(T at ,...,a] ]1,...,cjr,g]l-,...,g]s-,vg)|q]q
i S o e g )
<

1
[¥2_, P(v)|“Hy,..., H, —

M (q:0).p1,.00 (1) [Ti=1 SUP[ =1 |UJ| |Hk(a y e ]’ J""'Cj'r'g}c"p)l

Case 2: When g <'s. Suppose that T is H 4,..., H --M-((s; q), p1, - .., p¢)-mixing map. Given
01, 0m € Rv a%;""af‘n € Aa C%:"':C;n € Ca g%:'gfn € G. From PropOSItlon 9 and
condition (VI III) one can have

1
pk]ﬁ.

1

|a]| Z( 1|M(Ta,...,01 cj,... J,g],. ,g],v<)| ]a

2N

m
q
= [Z |0 [f |M(T,d},...,a}, ¢}, ..., g}, .. ,g],v)| d,u(v) z P(v)’
=1

Bp
M
< m(s;q)((aj,T, ajl, ...,ajt, cjl, s €l G ...,gf,v))jzl . [Z?zl P(vk)s]s

1
<Hyooo, He — Mo gy oo (T) <[22y P00

.....

1

1 Pk]ﬁ.

k 1 Sup [Z =1 |O}| |Hk(a'1:---,a]?,cj.---,cjr'gjl'{,(P)l
To show the converse, notethat inequality (12) means

q1
DA s, IM(T,a}, ..., qf,c}, gl e, g ) du)]5]e

L
<6 [Ty sup[ L, |a]| “|Hy(a}, ...l ¢}, ... ], b, <p)|pk]pk (15)
pe

for every discrete probablllty measure u on Bp and oy,-+,0, ER, al,---,al, € A4,
ct, -, ch €C, gt - -,gm € G. It follows that (15) holds for all probablllty measures u on Bp
and oy,-, 0, €ER, a},-+,at, €4, ci,---,ch €C, gi, -, g3 €G. Taking the supremum
over u € W(Bp) on the left side of (15) and usmg Proposition 9, therefore
"‘I(z:q)((aj'T' ajl - aJ'C - 91" '91"/’))
1

<8Il sup| j=1 |Jj| |Hk(a‘1""'ajt' le""’cfr’g}{' (p)lpk]p_k'
PEKy
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7. Conclusions and discussion
This work is concerned with the development of the unified version of mixing maps

between arbitrary sets. The innovative general approach has been avoided the multiplication

and the appearance of apparently different proofs of Pietsch Domination-type theorems.

Based on the good results are achieved in the present proofs, it has encouraged the

forthcoming work to focus on developing new nonlinear prototypes of mixing operators with

new general settings.
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