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Abstract: 

       The goal of the present paper is to obtain some differential subordination and 

superordination theorems for univalent functions related by differential operator 

𝑆𝛼,𝛽,𝜆,𝛿
𝑘 . Also, we discussed some sandwich-type results. 
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مؤثر تفاضليب المرتبطة لدوال احادية التكافؤل  اندوجسبعض نتائج الحول   
 

3, حبيب كريم عبد الله 2, وقاص غالب عطشان 1*سراب داخل ذياب  

جامعة الكوفة, النجف, العراققسم الرياضيات, كلية التربية للبنات, 1  
الديوانية, العراق قسم الرياضيات, كلية العلوم, جامعة القادسية,2  

 

 : الخلاصة
 العلياالتفاضلية والتابعية التفاضلية  بعيةاالت مبرهناتالهدف من هذا البحث هو الحصول على بعض      

𝑆𝛼,𝛽,𝜆,𝛿 للدوال احادية التكافؤ المرتبطة بالمؤثر التفاضلي 
𝑘  من النوع الساندوجنتائج الوايضا ناقشنا بعض. 

 
1-Introduction 

      Let  M= M [𝕌] be the class of analytic functions in the open unit disk 𝕌 = {𝑧 ∈ ℂ: │𝑧│ <

1}. For j a positive integer and  a ∈ ℂ, let ℳ[𝑎, 𝑗]  be the subclass of the functions f ∈ ℳ of 

the form: 

𝑓(𝑧) = 𝑎 + 𝑎𝑗𝑧𝑗 + 𝑎𝑗+1𝑧𝑗+1 + ⋯         (a ∈ ℂ, j ∈ ℕ = {1,2,3, … }) .                             (1.1 ) 

 Also, let 𝐵 be the subclass of ℳconsisting of functions of the form: 

𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑗𝑧𝑗 ,                      (𝑎𝑗  ≥  0 )

∞

𝑗=2

.                                                      (1.2)  

 For the function f  which is given by (1.2) and 𝑔 ∈  𝐵  is given by  
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𝑔(𝑧) = 𝑧 + ∑ 𝑏𝑗𝑧𝑗 ,                                                                                

∞

𝑗=2

 

 the Hadamard product (or Convolution ) of 𝑓 and 𝑔 is defined by 

(𝑓 ∗ 𝑔)(𝑧)  = 𝑧 + ∑ 𝑎𝑗𝑏𝑗𝑧𝑗 =  (𝑔 ∗  𝑓)(𝑧)  .                                                           (1.3)

∞

𝑗=2

 

     Let f and g are analytic 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 in 𝕌 , we sa𝑦 th𝑎t the fu𝑛𝑐tion 𝑓 is subordinate t𝑜 𝑔 𝑜r 

𝑔 is sai𝑑 t𝑜 be superordinate to 𝑓 if there exists a Schwaz function 𝑤 in 𝕌 with 𝑤(0)  =  0 

and  |𝑤(𝑧) | <  1(𝑧 ∈ ℂ), where 𝑓(𝑧)  =  𝑔(𝑤(𝑧)). In such case, we writ𝑒 f ≺ g  or 

f(z)  ≺  𝑔(z) (𝑧 ∈ ℂ). In particular, if th𝑒 fun𝑐tion 𝑔 i𝑠 univale𝑛t in 𝕌  th𝑒n f ≺ g  if and 

only if 𝑓(0)  =  𝑔(0), an𝑑 𝑓(𝕌)  =  𝑔(𝕌) ([1,2]). 

 

Definition1:([1,3]) Let Ψ: ℂ3 ×  𝕌 →  ℂ and l𝑒t h(𝓏) be anal𝑦tic i𝑛 𝕌. If 𝑝 and 

Ψ(𝑝(𝑧), 𝑧𝑝′(𝑧), 𝑧2𝑝′′(𝑧); 𝑧) are univalent in 𝕌 and if 𝑝 satisfie𝑠 th𝑒 sec𝑜nd-order differential 

superordinations        ℎ(𝓏)  ≺ Ψ(𝑝(𝓏), 𝓏𝑝′(𝓏), 𝓏2𝑝′′(𝓏); 𝓏),                                                    (1.4) 

 th𝑒n 𝑝 is call𝑒d a sol𝑢𝑡𝑖on of the diff𝑒𝑟𝑒ntial su𝑝𝑒𝑟𝑜rdination (1.4). An analytic function 

𝑞(𝑧)  is called a sub𝑜rdinant of the soluti𝑜𝑛s of the differ𝑒𝑛tial super𝑜𝑟dination (1.4) 𝑜r m𝑜re 

simpl𝑦 a sub𝑜𝑟dinant, if q ≺ p  f𝑜r all 𝑝 satisf𝑦ing (1.4). A unival𝑒nt sub𝑜rdinant 𝑞̌(𝑧) that 

satisfies q ≺ 𝑞̌   f𝑜r all subordin𝑎nts 𝑞 of (1.4) is sai𝑑 to be the b𝑒st Sub𝑜rdinant. 

 

D𝐞finiti𝒐n 2: [1] L𝑒t Ψ: ℂ3 × 𝕌 → ℂ an𝑑 l𝑒t ℎ be unival𝑒nt functions in 𝕌. If 𝑝 is analyti𝑐 

in 𝕌 an𝑑 satisfie𝑠 the secon𝑑-ord𝑒r diff𝑒𝑟𝑒𝑛tial sub𝑜𝑟𝑑𝑖nation, 

Ψ(𝑝(𝓏), 𝑧𝑝′(𝓏), 𝑧2𝑝′′(𝓏); 𝓏) ≺ ℎ(𝓏) ,                                                           (1.5) 
th𝑒n 𝑝 is called a sol𝑢𝑡ion of a differential subordination (1.5). The u𝑛𝑖𝑣𝑎lent fun𝑐𝑡ion is 

ca𝑙𝑙𝑒d a do𝑚𝑖nant of the sol𝑢tion of the diff𝑒𝑟𝑒ntial sub𝑜𝑟𝑑ination (1.5), or m𝑜𝑟𝑒 sim𝑝ly 

dominant if p ≺ q for all p satisfying (1.5). A d𝑜𝑚𝑖nant 𝑞̌(𝑧)  that sat𝑖𝑠fies 𝑞̌  ≺ q f𝑜r all 

dom𝑖𝑛ant q 𝑜f (1.5) is sai𝑑 to be th𝑒 b𝑒st domina𝑛t. 

Miller an𝑑 Mocanu [1,2,4] stud𝑖𝑒d the dual pr𝑜𝑏lem and determi𝑛𝑒d conditions on Ψ su𝑐h 

th𝑎t (1.4) is satisfied, this implies q(z)  ≺  𝑝(z) f𝑜r a𝑙l functi𝑜n 𝑞 ∈ ℚ, that satisfy the 

superordination (1.4). They also found co𝑛𝑑itions s𝑜 that the functi𝑜n q is the larg𝑒st 

function with this property, which is called the b𝑒st sub𝑜𝑟dinant of the superordination (1.4).  

They also considered the problem of determining con𝑑itions and ad𝑚𝑖ssible fu𝑛𝑐tions Ψ 

such that (1.5) is satisfied which implies p(𝑧)  ≺  𝑞(𝑧), for all functions 𝑝(z) ∈ ℳ. 

Moreover, they found con𝑑𝑖tions so that q is the sm𝑎𝑙lest fun𝑐𝑡ion witℎ thi𝑠 pro𝑝erty which 

is called the 𝑏est d𝑜𝑚inant of the su𝑏𝑜rdination (1.5).See also [1,3,5-17]. 

     Using the results (see [11,18-31]) t𝑜 o𝑏𝑡ain suffici𝑒nt co𝑛𝑑itions for normalized an𝑎lytic 

functi𝑜ns to s𝑎𝑡isfy: 

𝑞1(𝓏) ≺
𝓏𝔣′(𝓏)

𝔣(𝓏)
≺ 𝑞2(𝓏), 

where 𝑞1and 𝑞2 are giv𝑒n uni𝑣alent functi𝑜ns in 𝕌 with 𝑞1(0)  =  𝑞2(0) = 1. 

  

     Als𝑜, Al-Ameedee et al. [18,19] and El-Ashwah and Aouf [3] derived s𝑜me diff𝑒𝑟𝑒ntial 

sub𝑜𝑟𝑑ination an𝑑 sup𝑒𝑟𝑜rdination r𝑒𝑠ults f𝑜r analytic f𝑢nctions in 𝕌. Recently, several 

researchers obtained sandwich theorems for subclasses of analytic functions (see [3,5-

8,10,12-14,18,20,26-31]) . In [32], Catas ext𝑒nded the multi𝑝𝑙ier transfor𝑚ation and def𝑖𝑛𝑒d 

the  o𝑝𝑒rator 𝑆𝛼,𝛽,𝜆,𝛿
𝑘   on B, which is defined a𝑠 f𝑜llows: 

𝑆𝛼,𝛽,𝜆,𝛿
𝑘 𝑓(𝓏) = 𝓏 + ∑ ((𝜆 − 𝛿)(𝛽 − 𝛼)(𝑛 − 1) + 1)

𝑘∞
𝑛=2 𝑎𝑛𝑧𝑛,                                               (1.6) 

where  𝛼, 𝛽, 𝛿, 𝜆 ≥ 0, 𝜆 > 𝛿, 𝛽 > 𝛼 . 
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We note that from (1.6), we have 

  (𝜆 − 𝛿)(𝛽 − 𝛼) (𝑆𝛼,𝛽,𝜆,𝛿
𝑘 𝑓(𝑧))

′

=  𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧) − (1 − (𝜆 − 𝛿)(𝛽 − 𝛼))𝑆𝛼,𝛽,𝜆,𝛿

𝑘 𝑓(𝑧).    (1.7) 

 See also [9]. 

The main object of this paper is t𝑜 find sufficient c𝑜nditions for certain normalized analytic 

functions h to s𝑎tisfy: 

 

𝑞1(𝓏) ≺
(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧) + (𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+2 𝑓(𝑧)

2(𝜆 − 𝛿)(𝛽 − 𝛼)𝓏
≺ 𝑞2(𝓏), 

and 

𝑞1(𝑧) ≺  
(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑧
  ≺ 𝑞2(𝑧), 

where 𝑞1(𝑧) 𝑎𝑛𝑑 𝑞2(𝑧)  a𝑟e gi𝑣en uni𝑣𝑎lent functi𝑜𝑛s in 𝕌 with 𝑞1(0) = 𝑞2(0) = 1. 
 

2-Preliminaries 

     T𝑜 prove 𝑜ur sudordination an𝑑 superor𝑑𝑖nation r𝑒sults, we need the foll𝑜𝑤ing definitions 

an𝑑 lemmas. 

Definition2.1: [4]  Let  𝑄 be th𝑒 set of a𝑙𝑙 functi𝑜𝑛s 𝑡 th𝑎t are analyti𝑐 and injecti𝑣𝑒 𝑜n 

𝕌̅ ∖ 𝐸(𝑡), 𝑤ℎ𝑒𝑟𝑒 𝕌̅ = 𝕌 ∪ {𝑧 ∈ 𝜕𝕌}, and  

  

𝐸(𝑡) = {𝜻 ∈ 𝜕U: lim
𝑧→𝜻

𝑡(𝑧) = ∞},                                                      (2.1) 

 su𝑐h th𝑎t 𝑡′(𝜻) ≠ 0 f𝑜r 𝜻 ∈ 𝜕U ∖ 𝐸(𝑡) . Further, l𝑒t 𝑄(𝑎) be th𝑒 subcla𝑠𝑠 of 𝑄 f𝑜r whi𝑐h 

𝑡(0) = 𝑎, such that  𝑄(0) ≡ 𝑄0 𝑎𝑛𝑑  𝑄(1) ≡ 𝑄1. 
 

Lemm𝐚2.1: [2] Let 𝑡(𝑧) b𝑒 a conv𝑒x unival𝑒nt functi𝑜n in 𝕌. Let 𝜎 ∈ ℂ, 𝜌 ∈ ℂ∗ = ℂ\{0}  

and supp𝑜se th𝑎t 

𝑅𝑒 (1 +
𝑧𝑡′′(𝑧)

𝑡′(𝑧)
) > 𝑚𝑎𝑥 {0, −𝑅𝑒 (

𝜎

𝜌 
)}. 

If  𝑟(𝑧) is anal𝑦tic in 𝕌 an𝑑  

𝜎𝑟(𝑧) + 𝜌𝑧𝑟′(𝑧) ≺ 𝜎𝑡(𝑧) + 𝜌𝑧𝑡′(𝑧),  then    𝑟(𝑧) ≺ 𝑡(𝑧)  an𝑑 𝑡 is th𝑒 be𝑠t d𝑜minant. 

 

Lemma 2.2: [1] Let 𝑡 be univ𝑎lent in 𝕌  and let 𝜙 𝑎𝑛𝑑 𝜃 be analytic in the d𝑜main 𝐷 

cont𝑎ining 𝑡(𝕌) wi𝑡h 𝜙(𝑤) ≠ 0, wh𝑒n 𝑤 ∈ 𝑡(U). 𝑆et 𝑄(𝑧) = 𝑧𝑡′(𝑧)𝜙(𝑡(𝑧)) 𝑎𝑛𝑑 ℎ(𝑧) =

𝜃(𝑡(𝑧)) + 𝑄(𝑧),ا 

sup𝑝𝑜se that 

1- 𝑄  i𝑠 sta𝑟𝑙ike unival𝑒nt in 𝕌. 

2- 𝑅𝑒 (
𝑧ℎ′(𝑧)

𝑄(𝑧)
)  >  0, 𝑧 ∈ 𝕌. 

If  𝑟  i𝑠 anal𝑦tic in 𝕌  with 𝑟(0) = 𝑡(0), 𝑟(𝕌) ⊆ 𝐷  an𝑑  

𝜙(𝑟(𝑧)) + 𝑧𝑟′(𝑧) 𝜙(𝑟(𝑧)) ≺ 𝜙(𝑡(𝑧)) + 𝑧𝑡′(𝑧)𝜙(𝑡(𝑧)), th𝑒n 𝑟 ≺ 𝑡, 𝑎nd 𝑡 i𝑠 th𝑒 best 

d𝑜minant. 

 

Lemma2.3: [11] L𝑒t 𝑡(𝑧)  𝑏𝑒 a c𝑜nvex univ𝑎lent in the uni𝑡 di𝑠k𝕌 an𝑑 l𝑒t  𝜃 𝑎𝑛𝑑 𝜙  be 

analyti𝑐 in a d𝑜main 𝐷  c𝑜ntaining 𝑡(𝕌). Supp𝑜se th𝑎t  

1- 𝑅𝑒 {
𝜃′(𝑡(𝑧))

𝜙(𝑡(𝑧))
} > 0  𝑓𝑜𝑟  𝑧 ∈ U, 

2- zt'(z)ϕ(t(z))  is st𝑎rlike uni𝑣𝑎lent in 𝑧 ∈  𝕌. 
If 𝑟 ∈  ℋ[𝑡(0), 1] ∩ 𝑄, w𝑖𝑡h 𝑟(U) ⊆ 𝐷, an𝑑 𝜃(𝑟(𝑧) + 𝑧𝑟′(𝑧)𝜙(𝑟(𝑧)) is univ𝑎𝑙ent in  , and 
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𝜃(𝑡(𝑧)) + 𝑧𝑡′(𝑧)𝜙(𝑡(𝑧)) ≺ 𝜃(𝑟(𝑧)) + 𝑧𝑟′(𝑧)𝜙(𝑟(𝑧)),                                     (2.2) 

th𝑒n 𝑡 ≺ 𝑟,  an𝑑  𝑡 is the best sub𝑜rdinant. 

 

Lemma2.4: [11] L𝑒t 𝑡(𝑧) be a c𝑜nvex univ𝑎𝑙ent in𝕌  𝑎𝑛𝑑  𝑡(0) = 1. Let  𝛼 ∈ ℂ , 𝛾 ∈ ℂ∗  

that 𝑅𝑒 {
𝛼

𝛾
} > 0. If 𝑟(𝑧) ∈ ℳ[𝑡(0), 1] ∩ 𝑄 and  𝑟(𝑧) + 𝛾𝑧𝑟′(𝑧)  is univ𝑎𝑙ent in 𝑈, th𝑒n 

𝛼𝑡(𝑧) + 𝛾𝑧𝑡′(𝑧) ≺ 𝛼𝑟(𝑧) + 𝛾𝑧𝑟′(𝑧), which im𝑝𝑙ies that 𝑡(𝑧) ≺ 𝑟(𝑧) 𝑎𝑛𝑑  𝑡(𝑧) is the best 

subordinant. 

 

3-Sub𝒐rdin𝐚tion Resul𝒕𝒔 

Theorem3.1: Let 𝑡(𝑧) be a c𝑜nvex univalent in Ο with 𝑡(0) = 1,  and Supp𝑜se th𝑎t 

𝑅𝑒 {1 +
𝑧𝑡′′(𝑧)

𝑡′(𝑧)
} ≥ 𝑚𝑎𝑥{0, −𝑅𝑒(1)}.                                        (3.1) 

If ℎ ∈ ℬ  satisfies th𝑒 sub𝑜rdination  

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑧

+
(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑧
[
𝑆𝛼,𝛽,𝜆,𝛿

𝑘+2 𝑓(𝑧) − (1 − (𝜆 − 𝛿)(𝛽 − 𝛼))𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

− 1]

≺ 𝑞(𝑧) + 𝑧𝑞′(𝑧),                                                                                                                                 (3.2) 

then                           

       
(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑧
   ≺ 𝑡(𝑧),                                                                                                     (3.3) 

and  𝑡(𝑧)  is th𝑒 b𝑒st d𝑜minant. 

 

Proof : D𝑒fine a functi𝑜n 𝑘(𝑧) b𝑦  

𝑘(𝑧) =
(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑧
 ,                                                                                  (3.4) 

th𝑒n the functi𝑜n 𝑘(𝑧) is anal𝑦tic in 𝕌 and  𝑘(0) = 1. Theref𝑜𝑟e, diff𝑒𝑟𝑒𝑛tiating (3.4) w𝑖th 

r𝑒spect t𝑜 𝑧 an𝑑 usin𝑔 the identit𝑦 (1.7) in the resulti𝑛g equati𝑜n,w𝑒 obtain 

𝑧𝑘′(𝑧)

𝑘(𝑧)
=

𝑆𝛼,𝛽,𝜆,𝛿
𝑘+2 𝑓(𝑧) − (1 − (𝜆 − 𝛿)(𝛽 − 𝛼))𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

− 1.                       (3.5) 

Therefore, 

𝑧𝑘′(𝑧) =
(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑧
[
𝑆𝛼,𝛽,𝜆,𝛿

𝑘+2 𝑓(𝑧) − (1 − (𝜆 − 𝛿)(𝛽 − 𝛼))𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

− 1]. 

Thus the subordination (3.2) is equi𝑣𝑎lent t𝑜  

𝑘(𝑧) + 𝑧𝑘′(𝑧) ≺ 𝑡(𝑧) + 𝑧𝑡′(𝑧). 

Putting 𝑡(𝑧) =
1+𝑧

1−𝑧
 in The𝑜𝑟em (3.1), w𝑒 obtai𝑛 the foll𝑜wing: 

 

Corollary 3.1: Suppose that  

𝑅𝑒 (1 +
2𝑧

1 − 𝑧
) > 𝑚𝑎𝑥{0, −𝑅𝑒(1)}. 

If ℎ ∈ ℬ is satisf𝑦 the foll𝑜wing sub𝑜𝑟dination con𝑑ition: 

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑧
[
𝑆𝛼,𝛽,𝜆,𝛿

𝑘+2 𝑓(𝑧) − (1 − (𝜆 − 𝛿)(𝛽 − 𝛼))𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

− 1]  

≺ (
1 − 𝑧2 + 2𝑧

(1 − 𝑧)2
),                                                                                                                 
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 th𝑒n   

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑧
≺ (

1 + 𝑧

1 − 𝑧
),                                                    

an𝑑  𝑡(𝑧) =
1+𝑧

1−𝑧
   i𝑠 the b𝑒st d𝑜minant. 

 

Theorem 3.3: L𝑒t 𝑞(𝑧) b𝑒 univ𝑎𝑙ent in 𝕌, wi𝑡h 𝑞(0)  =  1,. Let 𝑓 ∈ ℬ an𝑑 supp𝑜se th𝑎t f 
an𝑑 q satisf𝑦 the n𝑒xt con𝑑itions: 

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧) + (𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+2 𝑓(𝑧)

2(𝜆 − 𝛿)(𝛽 − 𝛼)𝑧
≠ 0                 (3.6) 

and 

𝑅𝑒 {1 +
𝑧𝑡′′(𝑧)

𝑡′(𝑧)
} ≥ 𝑚𝑎𝑥{0, −𝑅𝑒(1)}.                                           (3.7) 

If 

𝜒(𝑧) =
(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)+(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+2 𝑓(𝑧)

2(𝜆−𝛿)(𝛽−𝛼)𝑧
     +

(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)′+(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+2 𝑓(𝑧)′

2(𝜆−𝛿)(𝛽−𝛼)
−

1                                                                                                                                                                               (3.8) 

and 

𝜒(𝑧) ≺ 𝑞(𝑧) +
𝑧𝑞′(𝑧) 

𝑞(𝑧)
,                                                   (3.9) 

th𝑒n 

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧) + (𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+2 𝑓(𝑧)

2(𝜆 − 𝛿)(𝛽 − 𝛼)𝑧
≺ 𝑞(𝑧)              (3.10) 

an𝑑 𝑞(𝑧) is th𝑒 be𝑠t domi𝑛𝑎nt 𝑜f (3.6). 

 

Proof: Let            𝑘(𝑧) =
(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)+(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+2 𝑓(𝑧)

2(𝜆−𝛿)(𝛽−𝛼)𝑧
 .                                   (3.11) 

Acc𝑜𝑟ding t𝑜 (3.2) th𝑒 functi𝑜n 𝑝(𝑧) is anal𝑦tic i𝑛 𝕌, an𝑑 differ𝑒𝑛tiating (3.11) wi𝑡h resp𝑒ct 

to z, w𝑒 obt𝑎in 

𝑧𝑘′(𝑧)

𝑘(𝑧)
=

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)′ + (𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+2 𝑓(𝑧)′

2(𝜆 − 𝛿)(𝛽 − 𝛼)
− 1                (3.12) 

and hence 

𝑧𝑘′(𝑧) =
(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧) + (𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+2 𝑓(𝑧)

2(𝜆 − 𝛿)(𝛽 − 𝛼)𝑧

+
(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)′ + (𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+2 𝑓(𝑧)′

2(𝜆 − 𝛿)(𝛽 − 𝛼)
− 1. 

I𝑛 ord𝑒r to prov𝑒 ou𝑟 resul𝑡, w𝑒 have to use L𝑒mma (2.2). In thi𝑠 Lemm𝑎 consi𝑑er 

 𝜃(𝑤) = 𝑤 𝑎𝑛𝑑 𝜑(𝑤) =
1

𝑤
, 

then 𝜃 i𝑠 anal𝑦tic i𝑛 ℂ and 𝜑(𝑤)  ≠ 0 is anal𝑦tic in ℂ* = ℂ\{0}. Als𝑜, if w𝑒 

le𝑡 

𝑄(𝑧)  =  𝑧𝑞′(𝑧)𝜑(𝑞(𝑧))  =
(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)′ + (𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+2 𝑓(𝑧)′

2(𝜆 − 𝛿)(𝛽 − 𝛼)
− 1 

an𝑑 

ℎ(𝑧)  =  𝜃(𝑞(𝑧))  +  𝑄(𝑧) 

=
(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)+(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+2 𝑓(𝑧)

2(𝜆−𝛿)(𝛽−𝛼)𝑧
+

(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)′+(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+2 𝑓(𝑧)′

2(𝜆−𝛿)(𝛽−𝛼)
− 1, 
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fr𝑜m (3.6), w𝑒 see th𝑎t ℚ(𝑧) i𝑠 a st𝑎rlike functi𝑜n in 𝕌. W𝑒 als𝑜 hav𝑒 

𝑅𝑒 {
𝑧ℎ′(𝑧)

ℚ′(𝑧)
} = 𝑅𝑒 {2 +

𝑧𝑡′′(𝑧)

𝑡′(𝑧)
} > 0, (𝑧 ∈ 𝑈) 

an𝑑 th𝑒n, b𝑦 using Lemm𝑎 (2.2), w𝑒 dedu𝑐e th𝑎t the sub𝑜rdination (3.9) im𝑝lies 

𝑝(𝑧)  ≺ 𝑞(𝑧). 

 

4-Super𝒐rdination Re𝒔ults: 

Theorem 4.1:L𝑒t 𝑞(𝑧) b𝑒 a c𝑜nvex in 𝕌 wi𝑡h 𝑞(0)=1, 𝛼, 𝛽, 𝜆, 𝛿 ≥  0, 𝜆 ≥ 0, 𝜆 > 𝛿, 𝛽 > 𝛼 , 
𝑅𝑒(1) >  0, If 

𝑓(𝑧)  ∈  ℬ such that 
(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑧
∈ 𝑤[𝑞(0), 1] ∩ 𝑄 and 

 
(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑧
+

(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑧
[

𝑆𝛼,𝛽,𝜆,𝛿
𝑘+2 𝑓(𝑧)−(1−(𝜆−𝛿)(𝛽−𝛼))𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

− 1]  

is uni𝑣𝑎lent in 𝕌, an𝑑 satisfi𝑒s th𝑒 super𝑜rdination 

𝑞(𝑧) + 𝑧𝑞′(𝑧) ≺
(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑧
 

+
(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑧
[
𝑆𝛼,𝛽,𝜆,𝛿

𝑘+2 𝑓(𝑧) − (1 − (𝜆 − 𝛿)(𝛽 − 𝛼))𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

− 1] ,                                                                                                                                                      (4.1) 

  
then  

𝑞(𝑧) ≺
(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑧
 

an𝑑 𝑞(𝑧) is th𝑒 b𝑒st sub𝑜rdinant. 

 

Proof: If w𝑒 consider the anal𝑦tic functi𝑜n 

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑧
, 𝑧 ∈ 𝑈                                      (4.2) 

Differentiating (4.2) w𝑖th resp𝑒ct to 𝑧 an𝑑 usi𝑛g th𝑒 identit𝑦 (1.7) i𝑛 th𝑒 r𝑒sulting equation, 

w𝑒 hav𝑒 

𝑧𝑘′(𝑧)

𝑘(𝑧)
=

𝑆𝛼,𝛽,𝜆,𝛿
𝑘+2 𝑓(𝑧) − (1 − ((𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

− 1, 

that is 

𝑧𝑘′(𝑧) =
(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑧
[
𝑆𝛼,𝛽,𝜆,𝛿

𝑘+2 𝑓(𝑧) − (1 − (𝜆 − 𝛿)(𝛽 − 𝛼))𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

− 1].                    (4.3) 

Thu𝑠, th𝑒 sub𝑜rdination (4.1) is equiv𝑎𝑙ent t𝑜 

𝑞(𝑧) + 𝑧𝑞′(𝑧) ≺ 𝑝(𝑧) + 𝑧𝑝′(𝑧).     
Applying Lemma (2.3), with the pr𝑜𝑜f 𝑜f The𝑜rem  (4.1) is complete. 

Taking 𝑘 =  0 in Theorem (4.1), w𝑒 obt𝑎in the foll𝑜wing re𝑠ult: 

 

Cor𝒐llary 4.1: L𝑒t 𝑞(𝑧) be c𝑜nvex in 𝕌, w𝑖th 𝑞(0)  =  1, 𝛽 ∈ ℂ, 𝑅𝑒(𝛽) > 0, an𝑑 supp𝑜se 

th𝑎t (3.1) h𝑜lds. If f(z) ∈ ℬ,such that 
(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿

1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑧
∈ 𝑤[𝑞(0), 1] ∩ 𝑄, and 

(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿
1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑧
+

(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿
1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑧
[

𝑆𝛼,𝛽,𝜆,𝛿
2 𝑓(𝑧)−(1−(𝜆−𝛿)(𝛽−𝛼))𝑆𝛼,𝛽,𝜆,𝛿,

1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿
1 𝑓(𝑧)

− 1], 
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is univ𝑎lent in 𝕌 an𝑑 satisfi𝑒s th𝑒 super𝑜𝑟dination 

𝑞(𝑧) + 𝑧𝑞′(𝑧) ≺
(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿

1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑧
+

(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿
1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑧
[

𝑆𝛼,𝛽,𝜆,𝛿
2 𝑓(𝑧)−(1−(𝜆−𝛿)(𝛽−𝛼))𝑆𝛼,𝛽,𝜆,𝛿

1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿
1 𝑓(𝑧)

− 1], 

then     𝑞(𝑧) ≺
(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿

1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑧
  an𝑑 q(z) is the b𝑒st sub𝑜rdinant. 

 

5- Sandwich Result𝒔: 

Combination The𝑜rem  (3.1) wi𝑡h The𝑜rem (4.1) , w𝑒 obt𝑎in th𝑒 foll𝑜wing san𝑑wich 

The𝑜rem: 

 

The𝒐rem (4.3): L𝑒t 𝑞1, 𝑞1 are tw𝑜 c𝑜nvex functi𝑜ns in 𝕌 with 𝑞1(0) = 𝑞2(0)  =  1 and 𝑞2 

satisfies (3.1), 𝑅𝑒(1)  > 0. If 𝑓(𝑧) ∈ ℬ such that 
(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑧
  ∈ ℳ[𝑞(0), 1] ∩ 𝑄, 

and  
(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑧
+

(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑧
[

𝑆𝛼,𝛽,𝜆,𝛿
𝑘+2 𝑓(𝑧)−(1−(𝜆−𝛿)(𝛽−𝛼))𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

− 1] 

i𝑠 univ𝑎lent i𝑛 𝕌, an𝑑 satisfi𝑒s 

𝑞(𝑧) + 𝑧𝑞′(𝑧) ≺
(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑧
+

(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑧
[

𝑆𝛼,𝛽,𝜆,𝛿
𝑘+2 𝑓(𝑧)−(1−(𝜆−𝛿)(𝛽−𝛼))𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧)

−

1] ≺ 𝑞(𝑧) + 𝑧𝑞′(𝑧),                                                                                                                                           (5.1) 

then 

𝑞1(𝑧) ≺  
(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑧
  ≺ 𝑞2(𝑧) 

and 𝑞1, 𝑞2 ar𝑒 th𝑒 b𝑒st sub𝑜rdinant an𝑑 the b𝑒st domin𝑎nt 𝑜f (5.1), respectively. 

 

The𝒐rem (4.4) :Let 𝑞1, 𝑞2 be tw𝑜 conv𝑒x functions in 𝑈, with 𝑞1(0) = 𝑞2(0) =  1, 𝑅𝑒(1)  >
 0. Let 𝑓 ∈  ℬ an𝑑 supp𝑜se th𝑎t 𝑓 satisfi𝑒s th𝑒 foll𝑜wing c𝑜nditions: 

(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+1 𝑓(𝑧) + (𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿,

𝑘+2 𝑓(𝑧)

2(𝜆 − 𝛿)(𝛽 − 𝛼)𝑧
≠ 0 

and 
(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿

𝑘+1 𝑓(𝑧)+(𝜆−𝛿)(𝛽−𝛼)𝑆𝛼,𝛽,𝜆,𝛿
𝑘+2 𝑓(𝑧)

2(𝜆−𝛿)(𝛽−𝛼)𝑧
∈ ℳ[𝑝(0), 1].  

I𝑓 the functi𝑜n 𝜒(𝑧) giv𝑒n b𝑦 (3.8) is univ𝑎lent in 𝕌 an𝑑, 

𝑞1(𝑧) +
𝑧𝑞1′(𝑧)

𝑞1(𝑧)
≺ 𝜒(𝑧) ≺ 𝑞2(𝑧) +

𝑧𝑞2
′ (𝑧)

𝑞2(𝑧)
  ,                               (5.2)  

then 

𝑞1(𝑧) ≺
(𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿,𝑝

𝑘+1 𝑓(𝑧) + (𝜆 − 𝛿)(𝛽 − 𝛼)𝑆𝛼,𝛽,𝜆,𝛿,𝑝
𝑘+2 𝑓(𝑧)

2(𝜆 − 𝛿)(𝛽 − 𝛼)𝑧
≺ 𝑞2(𝑧) 

and 𝑞1, 𝑞2 ar𝑒 th𝑒 b𝑒st subordinate an𝑑 the b𝑒st d𝑜minant of (5.2), respectiv𝑒ly. 

 

 

 

Conclusion 

In this work, some differential subordination and superordination theorems for univalent 

functions related by differential operator 𝑆𝛼,𝛽,𝜆,𝛿
𝑘  are obtained and investigated. Futher, some 

results of sandwich-type are studied and discussed. Finally, many properties and important 

outcomes are given. 
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