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Abstract:

The goal of the present paper is to obtain some differential subordination and
superordination theorems for univalent functions related by differential operator
Sk pa,s- Also, we discussed some sandwich-type results.
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1-Introduction

Let M= M [U] be the class of analytic functions in the open unit disk U = {z € C: | z| <

1}. For j a positive integer and a € C, let M[a, j] be the subclass of the functions f € M of
the form:

f(2) =a+az +a,27*" + - (aeCjeN={123..}). (1.1)
Also, let B be the subclass of M consisting of functions of the form:

f(2)=z+ ) a7/, (a;i = 0). (1.2)
; j j

For the function f which is given by (1.2) and g € B is given by
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g(z)=z+ Z b;z/,

j=2
the Hadamard product (or Convolution ) of f and g is defined by
(F @ =2+ ) bzl = (g+ @) . (13)
j=2

Let fand g are analytic functions in U , we say that the function f is subordinate to g or
g is said to be superordinate to f if there exists a Schwaz function w in U with w(0) = 0
and |w(z2)| < 1(z € C), where f(z) = g(w(z)). In such case, we write f <g or
f(z) < g(z) (z € €). In particular, if the function g is univalent in U then f < g if and

only if £(0) = g(0),and f(U) = g(U) ([1.2]).

Definition1:([1,3]) Let W:C3x U —» C and let h(z) be analytic in U. If pand
Y(p(2),zp'(2),z%p" (2); z) are univalent in U and if p satisfies the second-order differential
superordinations  h(z) < ¥Y(p(2),zp'(2),2%p" (2); 2), (1.4)
then p is called a solution of the differential superordination (1.4). An analytic function
q(z) is called a subordinant of the solutions of the differential superordination (1.4) or more
simply a subordinant, if g < p for all p satisfying (1.4). A univalent subordinant §(z) that
satisfiesq < ¢ for all subordinants g of (1.4) is said to be the best Subordinant.

Definition 2: [1] Let W: C3> x U — C and let h be univalent functions in U. If p is analytic
in U and satisfies the second-order differential subordination,

Y(p(2),2p'(2),2°p" (2); 3) < h(3), (1.5)
then p is called a solution of a differential subordination (1.5). The univalent function is
called a dominant of the solution of the differential subordination (1.5), or more simply
dominant if p < q for all p satisfying (1.5). A dominant §(z) that satisfies ¢ < q for all
dominant q of (1.5) is said to be the best dominant.

Miller and Mocanu [1,2,4] studied the dual problem and determined conditions on ¥ such
that (1.4) is satisfied, this implies q(z) < p(z) for all function g € Q, that satisfy the
superordination (1.4). They also found conditions so that the function q is the largest
function with this property, which is called the best subordinant of the superordination (1.4).
They also considered the problem of determining conditions and admissible functions ¥
such that (1.5) is satisfied which impliesp(z) < q(z), for all functions p(z) € M.
Moreover, they found conditions so that q is the smallest function with this property which
is called the best dominant of the subordination (1.5).See also [1,3,5-17].

Using the results (see [11,18-31]) to obtain sufficient conditions for normalized analytic
functions to satisfy:

q1(3) < sz(—iz)) < q2(2),

where g,and g, are given univalent functions in U with g, (0) = ¢,(0) = 1.

Also, Al-Ameedee et al. [18,19] and EI-Ashwah and Aouf [3] derived some differential
subordination and superordination results for analytic functions in U. Recently, several
researchers obtained sandwich theorems for subclasses of analytic functions (see [3,5-
8,10,12-14,18,20,26-31]) . In [32], Catas extended the multiplier transformation and defined
the operator 55./3,/1,6 on B, which is defined as follows:

S pasf @) = 2+ Z2,((A -8B - ) (n—1) +1)" apz™, (16)
where «,3,6,1=>0,A1>6,8> .
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We note that from (1.6), we have

A=) B =) (SEganf @) = SEGhsf @) = (1= A= 8)(B - @)Skpsf (). (17)
See also [9].

The main object of this paper is to find sufficient conditions for certain normalized analytic
functions h to satisfy:

(A= 8B - a)SERLsf (@) + (A —8) (B — a)SER 5f (2)
20 -8)B —a)z

(A=8)(B—a)SiEhsf(2)
q:1(2) < -5 -a)z < q2(2),

where q,(z) and q,(z) are given univalent functions in U with ¢, (0) = q,(0) = 1.

q1(3) < < q2(2),

and

2-Preliminaries

To prove our sudordination and superordination results, we need the following definitions
and lemmas.
Definition2.1: [4] Let Q be the set of all functions t that are analytic and injective on
U\ E(t),whereU =U U {z € 9U}, and

E@)z{(eéﬂkggt@)zcn} 2.1)

such that t'({) # 0 for { € AU \ E(t) . Further, let Q(a) be the subclass of Q for which
t(0) = a, such that Q(0) = Q, and Q(1) = Q,.

Lemma2.1: [2] Let t(z) be a convex univalent function in U. Let o € C,p € C* = C\{0}

and suppose that
( Zt”(Z)) o
Re|1+ — > max {O, —Re (—)}
t'(z) p

If r(z) isanalytic in U and
or(z) + pzr'(z) < ot(z) + pzt'(z), then r(z) < t(z) and tis the best dominant.

Lemma 2.2: [1] Let t be univalent in U and let ¢ and 6 be analytic in the domain D
containing t(U) with ¢(w) #= 0, when w € t(U). Set Q(z) = Zt’(z)¢(t(z)) and h(z) =
0(t(2)) +Q(2),

suppose that

1- Q is starlike univalent in U.

2~ Re (Zg(g)) >0, z€U.
If r isanalyticinU with r(0) = t(0),r(U) € D and
¢(r(z)) + zr'(z) ¢(r(z)) < qb(t(z)) + Zt’(z)¢(t(z)), then r<t, and t is the best

dominant.

Lemma2.3: [11] Let t(z) be a convex univalent in the unit diskU and let 6 and ¢ be

analytic in a domain D containing t(U). Suppose that
) 0/(t()
1 Re{¢(t(z))}>0 for z€ U,
2- zt'(2)d(t(2)) is starlike univalentinz € U.
If r € H[t(0),1] n Q, withr(U) € D, and 8(r(z) + zr'(z)¢(r(z)) is univalent in , and
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H(t(z)) + Zt’(z)qb(t(z)) < B(r(z)) + zr’(z)d)(r(z)), (2.2)

thent < r, and t is the best subordinant.

Lemma2.4: [11] Let t(z) be a convex univalent inU and t(0) =1. Let a€C,y € C”
that Re {%} > 0.Ifr(z) e M[t(0),1] n Q and r(z) + yzr'(z) isunivalentin U, then

at(z) +yzt'(z) < ar(z) + yzr'(z), which implies that t(z) < r(z) and t(z) is the best
subordinant.

3-Subordination Results
Theorem3.1: Let t(z) be a convex univalent in O with ¢(0) = 1, and Suppose that

Re<{1+ 7@ > max{0,—Re(1)} (3.1)
t'(z) ) — ’ ' '
If h € B satisfies the subordination
(A =8B - )SEEhsf (2)
A=086)(B —a)z
(A= 8)(B — a)S5E5 6/ (2) [SkFasf(2) — (1 — (A= 8)(B — )SkEhsf(2) 4
A=8)(B - )z (A=8)(B — )Sghhsf(2)
<q(z) +2q'(2), (3.2)
then
(A-8)(B-a)SKBY 51 (2)
T O) (3.3)
and t(z) isthe best dominant.
Proof : Define a function k(z) by
_ _ k+1
k() = A=8)B —a)Separsf(2) , (3.4)

A=8)(B—a)z
then the function k(z) is analytic in Uand k(0) = 1. Therefore, differentiating (3.4) with
respect to z and using the identity (1.7) in the resulting equation,we obtain

2K'@) _ Sapasf () — (1= A= 8)(B — )Sapasf (2)
k(2) (A= 8)(B - D)Sghef (@)

(3.5)

Therefore,

A= 8B — A)SsEasf (@) [Shfasf (@) — (11— A= 8B~ a)Sshasf(2) 1
(A-8(B —a)z (A= 8B — )Sgphef ()
Thus the subordination (3.2) is equivalent to
k(z) + zk'(z) < t(2) + zt'(2).
Putting t(z) = = in Theorem (3.1), we obtain the following:

zk'(z) =

Corollary 3.1: Suppose that
Re (1 + %) > max{0, —Re(1)}.
If h € B is satisfy the following subordination condition:
(A=8)(B — DSapnsf (@) [Safasf (@) — (A=A =8B~ a)Sgha6f(2)
(A= 8)(B - a)z (A= 8)(B ~ Skph s (@) B

1—2%+4+2z
<< (1—2y >
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then

(A=8)(B—a)SiEhsf (2 - (1 + z>
A=8)(B -a)z 1-z/
and t(z) = g is the best dominant.

Theorem 3.3: Let q(z) be univalent in U, with q(0) = 1,. Let f € B and suppose that f
and q satisfy the next conditions:

A= 8B —a)SERLsf (@) + (A —8) (B — a)SER 5f (2) )

0 3.6
20 =6)(f—a)z (36)
and
zt"(2)
Re<{1+ 72 > max{0, —Re(1)}. (3.7)
If
() = (A-8)(B-a)SE Y o @) +(A-8) (B-a)SEH 5 (2) 4 (A=8)(B-a)Sgfinsf (@' +(A=8)(B-a)Sg sl (@)
X 20-8)(f-a)z 20-8)(B-a)
1 (3.8)
and
zq'(z)
x(2) < q(2) + @ (3.9)
then
(A= 8B~ DSufnsf () + A= OB~ OSuiasf @) _ - (3.10
20— 6)(B — a)z 1 '
and q(z) is the best dominant of (3.6).
1-6 _ k+1 1-6 _ k+2
Proof: Let k(Z) _ ( )(B a)Sa,B,A,,sf(Z)‘F( )(B a)sa,ﬁ,)“af(z) . (311)

2(A-8)(B-a)z
According to (3.2) the function p(z) is analytic in U, and differentiating (3.11) with respect
to z, we obtain

2k'(z) ~ (A=8)(B = )Sapasf (@) + (A —8)(B - )Sgpasf (@)

k(z) 20-8)(B —a) 1 (3.12)
and hence
2K (2) = (A=8)(B —a)SkEhsf (@ + (A —8)(B — a)Sktsf(2)

20=68)B —a)z
L A= OB~ @Safa s/ @' + A= B -~ DSefnaf @

2=6)(B —a)

In order to prove our result, we have to use Lemma (2.2). In this Lemma consider

1

- - - - - - W ' -
then 6 is analytic in C and ¢ (w) = 0is analytic in C* = C\{0}. Also, if we
let

Q=) = zq'(D)e(q(2) =

and

O(w) =wand p(w) =

A= 8B~ DSafiasf @' + A= B~ @Safasf @
2(1=8)(B - a)
h(z) = 8(q(2) + Q(2)

_ A=8)(B-a)S§ R 5f D +A=8)(B-a)SK 1 5 (2) N (A=8)(B-a)Sg s 6f () + A=) (B-a)Sg i sf @)
2(A-8)(B-a)z 2(A-6)(B-a)

1,
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from (3.6), we see that Q(z) is a starlike function in U. We also have
R {Zh’(z)} R {2 + Zt”(z)} >0,(zel)
ei———¢ = Re — , (z
Q'(2) t'(2)
and then, by using Lemma (2.2), we deduce that the subordination (3.9) implies
r(z) <q(2).

4-Superordination Results:
Theorem 4.1:Let q(z) be a convex in U with q(0)=1, «,3,4,6 = 0,1 =>0,1> 6,8 > «a,

Re(1) > 0, If
(A=8)(B-@)Sx 5,5 (2)
f(z) € Bsuch that PRy, € w[q(0),1]nQ and
(A-8)(B-a)SEY s (2) | (A=8)(B-a)SERY 5F(2) [slé,*ﬁ?a,af(z)—(l—(A—a)m—a))sg‘,}h,af(z) B 1]
(A-8)(B-a)z A-8)(B-w)z (A=8)(B-a)SKHY 51 (@)
Is univalent in U, and satisfies the superordination
(A =8)(B — a)SkEhsf (@)

q(z) +2q'(2) <

(A-8)(B - )z
(A =8B~ a)Sgih5f (2 [Seiasf (@) — (L= (A= 8)(B — Sk fhsf (@)
A—8)(B - )z (A= 8)(B - a)SktY 5 (2)
- 11, (4.1)

then
(A=8)(B - )SkEhsf(2)
A=98)(B—-—a)z

q(z) <
and q(z) is the best subordinant.

Proof: If we consider the analytic function
(A= 8)(B — )Sghasf(2) ,
A-80)B-a)z
Differentiating (4.2) with respect to z and using the identity (1.7) in the resulting equation,
we have

ev (4.2)

2K'(2) _ Skisf (@) = (1= (A= OB~ DSkihsf (D)
k(@) A= 8)(B — SEGL of (2) '

that is
A =8B - OS5 (@ [Saiasf (@) — (L= @A —=8)(B —a)Sikhsf(2) 1
A=8)(B—a)z A =8B — a)S5h,5f (2)
Thus, the subordination (4.1) is equivalent to
q(z) +2q'(2) < p(2) + zp'(2).
Applying Lemma (2.3), with the proof of Theorem (4.1) is complete.
Taking k = 0 in Theorem (4.1), we obtain the following result:

zk'(z) =

(4.3)

Corollary 4.1: Let q(z) be convex in U, with q(0) = 1, B € C, Re(B) > 0, and suppose
A-8)(B—a)S}
that (3.1) holds. If f(z) € B such that . zf_ 6‘;‘() B‘fg;jf @ ¢ wlq(0),1] n Q, and
(/1—5)(,3—a)551¢,3,1,5f(z) (1—5)(ﬁ—a)5é,5,1,5f(2) Séﬁ,a,gf(z)—(l—()t_&(ﬁ_a))sé,ﬁ,l,&f(z) .
A-8)(B-a)z 1-8)(p-a)z A=-8)(B-)Sy p 1 5f(2)

1,
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is univalent in U and satisfies the superordination

q(2) +2q'(2) <
A=0)(B-)S} g6l @) | A=8)B=Sk 515/ @) [SEpasf D-(U-(A-8)B-a)Skpasf @)

(A-8)(B-a)z (A-8)(B-a)z (A-8)(B-a)SL p 5 57 (2) 1
(/1—5)(3—a)501¢,5,1,5f(2) . .
then gq(z) < OB Goarz and q(z) is the best subordinant.

5- Sandwich Results:
Combination Theorem (3.1) with Theorem (4.1) , we obtain the following sandwich
Theorem:

Theorem (4.3): Let g4, q, are two convex functions in U with g;(0) = q,(0) = 1 and g,
satisfies (3.1), Re(1) > 0. If f(z) € B such that

A—8)(B—a)SkHL
AOE-D3apiadl @ ar1000), 110 Q,

(A-8)(B-a)z
and (A=8)(B-@)SE s (2) | A=8)(B-0)Sk sl () [Skfinsf (@)-(1-(A-8)(B-a)Sg s/ (2) "
(A-8)(B-a)z (A-8)(B-a)z (A-8)(B-a)SKEL 5f(2)
is univalent in U, and satisfies
, (A-8)(B-a)Sk i 5 (2) | (A=8)(B-a)Sk s 51 (2) [Seiasf (2)—(1-(A-8) (B-a))Sk B 5 (2)
92 +24'() < 5wy -8 (p-a)z A=) (F-)SEh o/ @) N
1] < q(2) +zq'(2), (5.1)

then

(A=8)(B —a)SkEhsf(2)
ql(z)< (A—(S)(ﬁ—a)z <CI2(Z)

and q4, g, are the best subordinant and the best dominant of (5.1), respectively.

Theorem (4.4) :Let q4, g, be two convex functions in U, with g;(0) = q,(0) = 1,Re(1) >
0. Let f € B and suppose that f satisfies the following conditions:

(A=8)(B—a)SERLsf (@D + A=) (B — a)SkHh s, (2) )
20 =8)(B—a)z
and
(A-8)(B-a)SELY s (@) +(A-8)(B-a)SER? 5f(2)
2(1-8)(f-a)z € M[p(0),1].
If the function y(z) given by (3.8) is univalent in U and,

2q,'(2) 2q,(2)
q:(z) + 1) <x(2) < q2(2) + 7,2

A =8B — Sy paspf (@) + A =8B — a)SyFa6,f(2)
q:(2) < 20-0)(f—a)z < q2(2)

and q4, g, are the best subordinate and the best dominant of (5.2), respectively.

0

(5.2)
then

Conclusion
In this work, some differential subordination and superordination theorems for univalent
functions related by differential operator sg,ﬁm are obtained and investigated. Futher, some

results of sandwich-type are studied and discussed. Finally, many properties and important
outcomes are given.
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