
Hmood and Majeed                                Iraqi Journal of Science, 2022, Vol. 63, No. 10, pp: 4429-4444 
                                                               DOI: 10.24996/ijs.2022.63.10.29 

______________________________________________________ 
mohammed.hammoud1103a@ihcoedu.uobaghdad.edu.iq*Email:  

 
4429 

 
Pairwise Regularity and Normality Separation Axioms in  ̌ech Fuzzy Soft 

Bi-Closure Spaces 

 
Mohamad Th. Hmood*, R. N. Majeed

 

University of Baghdad, Faculty of Education for Pure Sciences Ibn Al-Haitham, Department of Mathematics, 

Baghdad, Iraq 

     

 Received: 8/9/2021             Accepted: 7/6/2022           Published: 30/10/2022 
 

Abstract 

    In this paper, some new types of regularity axioms, namely pairwise quasi-

regular, pairwise semi-regular, pairwise pseudo regular and pairwise regular are 

defined and studied in both  ̌ech fuzzy soft bi-closure spaces ( ̌   bicsp’s) and their 

induced fuzzy soft bitopological spaces. We also study the relationships between 

them. We show that in all these types of axioms, the hereditary property is satisfied 

under closed  ̌fs bi-csubsp of (         ). Furthermore, we define some 

normality axioms, namely pairwise semi-normal, pairwise pseudo normal, pairwise 

normal and pairwise completely normal in both  ̌   bicsp’s and their induced fuzzy 

soft bitopological spaces, as well as their basic properties and the relationships 

between them are studied.  
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1. Introduction 

     The concept of a Fuzzy set is introduced by Zadeh [1]. Moldtsov [2] introduced the basic 

notions of the theory of soft sets and he presented the first results of the theory. The concept 

of fuzzy set and soft set are combined to establish a new concept named fuzzy soft set [3]. 

Tanay and Kandemir [4] introduced a concept of a topological structure based on fuzzy soft 

sets. 

 ̆ech [5] introduced the concept of  ̆ech closure spaces. Mashhour and Ghanim [6] 

introduced a new concept of  ̆ech fuzzy closure space. They replaced sets with fuzzy sets in 

the description of  ̆ech closure space. Rao and Gowri [7] introduced the concept of biclosure 

space(       ). Such space is equipped with two arbitrary  ̆ech closure operators    and   . 

Tapi and Navalakhe [8] introduced later the concept of fuzzy biclosure spaces. After the 

concept of soft theory appeared by Moldtsov [2], many authors used the principle of soft sets 

to introduce the concept of soft  ̌ech closure spaces [9,10]. However, Gowri and Jegadeesan 

[11] introduced the concept of soft bi ̌ech closure spaces.  

 

     Majeed [12] recently established the definition of  ̌ech fuzzy soft closure spaces, which 

were motivated by the concept of fuzzy soft set and fuzzy soft topology in Chang’s sense 

[13]. Majeed and Maibed also studied the architecture of  ̌ech fuzzy soft closure spaces 

including separation axioms and connectedness [14, 15, 16, 17]. As a generalization to  ̌ech 

fuzzy soft closure space [12], the concept of  ̌ech fuzzy soft bi-closure spaces ( ̌fs bicsp's) is 

recently presented in [18] and some additional properties have been studied of  ̌fs bicsp's in 

[19]. 

In the current work, some new kinds of pairwise regularity and normality in  ̌fs bicsp's are 

introduced and studied. In section 3, regularity axioms are defined, namely pairwise quasi-

regular, pairwise semi-regular, pairwise pseudo regular, and pairwise regular in both  ̌fs 

bicsp's and their induced fuzzy soft bitopological spaces. The relationships between them are 

also studied. We show that in all these types of axioms, the hereditary property is satisfied 

under closed  ̌fs bi-csubsp of (         ). Finally, in Section 4, some normality axioms are 

introduced, namely pairwise semi-normal, pairwise pseudo normal, pairwise normal, and 

pairwise completely normal in both  ̌fs bicsp's and their induced fuzzy soft bitopological 

spaces. The relationships between them are studied, and its basic properties are also discussed 

as in the previous section.  

 

2. PRELIMINARIES 

     In this paper,   the universe set is denoted by  ,  the unit interval [0,1]is denoted by I and  

   (    , the set of parameters for   is represented by    and   will be an empty subset of 

 . If   is a mapping from   into I, it is named a fuzzy set of   [1].    stands for the 

family of all fuzzy sets of  . 

 

Definition 2.1 [20] A fuzzy soft set (   )    on the universe set   is a mapping from   

to                       , where   ( )   ̅ if       and   ( )   ̅ if    , 

where  ̅ is the empty fuzzy set on  . The family of all       over   is denoted by 

  (   )  
Definition 2.2 [21] Let         (   ) so that we have the following:  

1.         iff    ( )     ( ), for all      
2.         iff        and         
3.              iff     ( )    ( )    ( )  for all      
4.              iff     ( )    ( )    ( )  for all      
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5. The complement of    is denoted by   
  where   

 ( )   ̅    ( ),      , where 

 ̅( )          
6.     is called null    , which is denoted by  ̃   if   ( )   ̅  for all      
7.     is called universal    , which is denoted by  ̃   if   ( )   ̅  for all      
 

Definition 2.3 [22] A          (   ) is called fuzzy soft point (  -point), denoted 

by   
 , if there exists     and     such that   ( )( )    (      ) and  ̅ 

.Otherwise for all     * +, the fs-point   
  is said to belong to the       , denoted by 

  
  ̃    , if for the element      such that     ( )( ).  

 

Definition 2.4 [21] Let   (   ) and   (   ) be families of all       over   and  , 

respectively. If        and       be two functions. Then,     is named fuzzy soft 

mapping from    (   ) to   (   ) and denoted by        (   )    (   )  

1. If      (   )  then the image of    under the fuzzy soft mapping     is the     

over   defined by    (  )  where     ( )                  

   (  )( )( )  {
  ( )   (  ( )    ( ))( )         ( ) 

                                                      
 

2. If      (   )  then the pre-image of    under the fuzzy soft mapping     is the     

over   defined by    
  (  )  where       ( )               

   
  (  )( )( )  {

  ( ( ))( ( ))                                       ( )    

                                                                                
 

    is called surjective (respectively  injective) if   and   are surjective (respectively 

injective),  it is also said to be constant if   and   are constant.  

 

Proposition 2.5 [43] Let        (   )    (   ) be a fuzzy soft mapping and let   
  be 

a fuzzy soft point in  , then the image of   
  under the fuzzy soft mapping     is a fuzzy soft 

point in  , which is defined as    (  
 )   ( ) 

 ( )
. 

Proposition 2.6 [43] Let        (   )    (   ) be a bijective fuzzy soft mapping and 

let   
  be a fuzzy soft point in  , then the inverse image of   

  under the fuzzy soft mapping 

    is a fuzzy soft point in  , which is defined as    
  (  

 )=  
    ( )    and  ( )   . 

Definition 2.7 [4] A triple (     ) is said to be a fuzzy soft topological space where   is 

the collection of       over   such that. 

1.  ̃ ,  ̃   , 

2.                   , 

3.  (  )            (  )   . 

  is called a topology of       on    Each member of   is called an  -open        is called 

a  -closed     in (     ) if   
      

 

Definition 2.8 [23] A quadruple (         ) is said to be a fuzzy soft bi-topological space 

where       are arbitrary fuzzy soft topologies on    
 

 In the following, we  recall the concept of  ̌fs bicsp and its fundamental properties for 

        where      Otherwise , we will mention the value of   and  . 
 

Definition 2.9 [18] A  ̌fs bicsp is a quadruple (         )  where   is a non-empty set 

and          (   )    (   ) are two fuzzy soft closure operators on   which are 

correct according to the following axioms: 
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   (  )   ( ̃  )   ̃  , 

   (  )     (  )  for all      (   ), 

   (  )   (     )    (  )    (  ) for all         (   ). 

 

Definition 2.10 [48] A        of a  ̌fs bicsp (         ) is said to be   -closed (  -open) 

    if   (  )     (  (  
 )=  

 ) and it is called a closed     if and only if   (  (  ))  

    For            where      The complement of a closed     is called an open    . 

 

Proposition 2.11 [47] Let    be a     of a  ̌fs bicsp (         )  Then, 

1.  A fuzzy soft set    is a closed     in (         ) if and only if    is   -closed       

2. If    is an open     in (         ), then   (  (  
 ))    (  (  

 ))  For            

where      
 

Lemma 2.12 [18] Let (         ) be a  ̌fs bicsp and if *(  )     + is a family of       

over    then   (    (  ) )        ((  ) )  
 

Now, we need to introduce the following two definitions which we need in the sequel.  

Definition 2.13 Let (         ) be a  ̌fs bicsp, the induced fuzzy soft bitopological space 

(induced fs-bits) of (         ), is denoted by (     
    

  ) where 

   
 *  

    (   )    +  

 

Definition 2.14 Let (     
    

  ) be the induced fs-bits of the  ̌fs bicsp (         ) and 

     (   )            
           is called an    

-open     in (     
    

  ). The 

complement of an    
-open        is a    

-closed     and if    is an    
-open,then     is 

called an open     in (     
    

  ) for        

  

proposition 2.15 [19] Let (         ) be  ̌fs bicsp and if  (     
    

  ) is the induced 

fs-bits of  (         ), then for any      (   ),the following hold   

   
-   (  )      (  )       (   )      

-  (  ). 

 

Definition 2.16 [47] Let (         ) be a  ̌fs bicsp and      The quadruple 

(     
    

  ) is called a  ̌ech fuzzy soft bi-closure subspace ( ̌fs bi-csubsp) of 

(         )  where       (   )    (   ) which is defined by    
(  )   ̃  

  (  ) for all      (   )  The  ̌fs bi-csubsp (     
    

  ) is said to be a closed 

(open) subspace if  ̃  is a closed (open)     over    
 

Proposition 2.17 [47] Let (         ) be a  ̌fs bicsp and (     
    

  ) be a  ̌fs bi-

csubsp of (         )  If       (   ), then    is a closed     over   if and only if 

   
(  )      

 

Lemma 2.18 [19] Let (         ) be a  ̌fs bicsp and (     
    

  ) be a  ̌fs bi-csubsp of 

(         ). If    is an   -open     of (         )  then     ̃   is an    -open     

in (     
    

  ), for           . 

 

Definition 2.19 [48] Let (         ) and (    
    

   ) be two  ̌fs bicsp's. If 

   (  (  ))    
 (   (  )), then  a fuzzy soft mapping 
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    (         )   (    
    

   ) is called a pairwise  ̌ech fuzzy soft continuous (P ̌-fs-

continuous) mapping for every          (   )  
 

Theorem 2.20 [47] Let (         ) and (    
    

   ) be two  ̌fs bicsp's.  

    (         )   (    
    

   ) is a P ̌-fs-continuous mapping if and only if 

  (   
  (  ))     

  (  
 (  )) for every       (   ). 

 

3. Pairwise Regularity in  ̌ech Fuzzy Soft Bi-Closure Spaces 

        In this section, we define and study some new types of pairwise regularity axioms, 

namely pairwise quasi-regular, pairwise semi-regular, pairwise pseudo regular, and pairwise 

regular in both  ̌fs bicsp's and their induced fs-bits and we study the relationships between 

them. We also show that in all these types of axioms hereditary property satisfies under closed 

 ̌fs bi-csubsp of (         ) (see Theorems 3.4, 3.9, 3.16, and 3.21). 

Definition 3.1 A  ̌fs bicsp (         ) is said to be pairwise quasi-regular- ̌fs bicsp (P-

quasi-regular- ̌fs bicsp), if for every fuzzy soft point   
  disjoint from a   -closed         

there exists an   -open        such that   
  ̃    and   (  )       ̃    

Example 3.2 Let   *   +   *     +  Define fuzzy soft closure operators 

         (   )    (   ) as follows: 

  (  )   

{
 
 

 
  ̃                                                    ̃                                              

*(     ) (        )+            *(     ) (        )+         

 *(     )+                                   *(     )+                                   

   ̃                                                                                                   

 

And  

  (  )   

{
 
 

 
 

 ̃                                                    ̃                                                           

*(     ) (        )+            *(     ) (        )+                       

 
*(       )+                                 {(      

)         }                     

*(     )+                                   {(      
)         }                       

   ̃                                                                                                                  

 

 

     To show (         ) is a P-quasi-regular- ̌fs bicsp, we must find all   -closed       in 

(         ) and all fuzzy soft points which are disjoint from these   -closed      . Thus 

we have the following: 

1.     =*(     ) (        )+ is a   -closed     and *  
      + be the set of all fuzzy soft 

points which are disjoint from      For any     , there exists an   -open        
*(     )+ such that   

   ̃    and   (  )       ̃  . Similarly,    =*(     ) (        )+ 

is a   -closed     and *  
      + be the set of all fuzzy soft points which are disjoint from 

     For any     , there exists an   -open        *(     )+ such that   
   ̃    and 

  (  )       ̃  . 

2.     =*(     )+ is a   -closed     and the fuzzy soft points which are disjoint from     are: 

*   

       +, {   

       } and *   

       +. For all these fuzzy soft points there exists an 

  -open        *(     ) (        )+ such that     

   ̃    and   (  )       ̃  , 

   

   ̃    and   (  )       ̃   and    

   ̃    and   (  )       ̃  . Similarly, 

   =*(     )+ is a   -closed     and the fuzzy soft points which are disjoint from     are: 

*   

       +, {   

       } and *   

       +. For all these fuzzy soft points there exists an 

  -open        *(     ) (        )+ such that    

   ̃    and   (  )       ̃  , 
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   ̃    and   (  )       ̃   and    

   ̃    and   (  )       ̃   .Hence, 

(         ) is a P-quasi-regular- ̌fs bicsp. 

 

Lemma 3.3 Let (         ) be a  ̌fs bicsp, (     
    

  ) be a closed  ̌fs bi-csubsp of 

(         ) and let      (   ). If    is    -closed     of (     
    

  ), then    

is   -closed     of (         )              
Proof: We prove the Lemma when     and the proof is similar for    . Let    be a    

-

closed     over (     
    

  ), we must show    is an   -closed     over    i.e, we must 

show   (  )      Since    
(  )    , then  ̃     (  )      Since  ̃  is a closed 

    in  , then   ( ̃  )   ̃  . This implies   ( ̃     )    ( ̃  )    (  )     
  , then   (  )    . On the other hand, from the definition of          (  )  Hence, 

  (  )      Therefore,    is an   -closed     over  . 

 

Theorem 3.4 Every closed  ̌fs bi-csubsp (     
    

  ) of a P-quasi-regular- ̌fs bicsp 

(         ) is a P-quasi-regular - ̌fs bi-csubsp.  

 

Proof: Let   
  be a fuzzy soft point in (     

    
  ) and     be a    -closed     in 

(     
    

  ) such that   
       ̃  , this implies   

  ̃    . By Lemma 3.3, we get    be 

a   -closed     in   does not contain   
 . But (         ) is a P-quasi-regular- ̌fs bicsp. 

This yield, there exists an   -open        such that   
  ̃    and   (  )       ̃    From 

Lemma 2.18     ̃  is an    
-open     in (     

    
  ) and   

  ̃     ̃  . That is 

mean we found an    
-open         ̃  in   contains   

 . Now, it remains only to show 

   
(    ̃  )       ̃    

   
(    ̃  )     = ̃     (    ̃  )             (BY Definition 2.16)  

                            ̃     (  )    ( ̃  )                (BY Lemma 2.12)  

                            ̃     (  )      

                            ̃  . 

Hence, (     
    

  ) is a P-quasi-regular- ̌fs bi- csubsp. 

  

 

Definition 3.5 The induced fs-bits (     
    

  )  of a  ̌         (         ) is said to be 

P-quasi-regular-fs-bits, if for every fuzzy soft point   
  disjoint from a    

-closed         in 

(     
    

  ), there exists an    
-open        in (     

    
  ) such that   

  ̃    and 

   
-  (  )        ̃  . 

 

Theorem 3.6 If (     
    

  ) is a P-quasi-regular- fs-bits, then (         ) is also a P-

quasi-regular- ̌fs bicsp. 

 

Proof: Let   
  be a fuzzy soft point disjoint from a   -closed         in (         ). That 

means   
  ̃    . Since     is a   -closed     in (         ). Then     is a    

-closed     in 

(     
    

  ). But (     
    

  ) is a P-quasi-regular-fs-bits. Therefore, it follows, there 

exists    
-open        such that   

  ̃    and    
-  (  )        ̃  . From Proposition 

2.15, we get   (  )       ̃  . Hence, (         ) is a P-quasi-regular- ̌fs bicsp .  
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Definition 3.7 A  ̌fs bicsp (         ) is said to be pairwise semi-regular- ̌fs bicsp (P-

semi-regular-  ̌fs bicsp), if for every fuzzy soft point   
  disjoint from a   -closed    , there 

exists an   -open        such that        and   
  ̃   (  )  

Example 3.8 Let   *   +   *     +. Define fuzzy soft closure operators 

         (   )    (   ) as follows: 

  (  )   

{
 
 

 
  ̃                                                       ̃                                                           

*(        )+                               *(        )+                                      

 *(        )+                              *(        )+                                       

   ̃                                                                                                                    

 

And  

  (  )   

{
 
 
 
 
 

 
 
 
 
 

 ̃                                               ̃                                                                      

*(            )+                *   

           +                                      

 

*(        )+                     *   

           +                                       

*(            )+                 {   

           }                                      

*(        )+                       {   

           }                                       

  (   

  )    (   

  )              {(          
)         }                       

*(        )+                     *(        )+                                                

   ̃                                                                                                                     

 

 

To show  that  (         ) is P-semi-regular-  ̌fs bicsp, we must find all fuzzy soft points 

which is disjoint from a closed       in (         ). Thus, we have the following: 

1.  (  ) =*(        )+ is a   -closed     and the fuzzy soft points which are disjoint 

from (  )  are: *   

       + and *   

       +, there exists an   -open     (  )  such that 

(  )  (  )  and    

      

   ̃   (  ) . Similarly, (  ) =*(        )+ is a   -closed     

and the fuzzy soft points which are disjoint from (  )  are: *   

       + and *   

       +, 

there exists an   -open     (  )  such that (  )  (  )  and    

      

   ̃   (  )   

2.  (  ) =*(        )+ is a   -closed     and the fuzzy soft points which are disjoint 

from (  )  are: *   

       + and *   

       +. For all these fuzzy soft points there exists an 

  -open     (  )   Similarly, (  )  is a   -closed     satisfied the required conditions of 

P-semi-regular-  ̌fs bicsp. Then (         ) is  P-semi-regular-  ̌fs bicsp.  

 

Theorem 3.9 Every closed  ̌fs bi-csubsp (     
    

  ) of a P-semi-regular- ̌fs bicsp 

(         ) is a P-semi-regular- ̌fs bi- csubsp. 

Proof: Let   
  be a fuzzy soft point in (     

    
  ) and     be a    -closed     in 

(     
    

  ) such that   
       ̃  , this implies   

  ̃    . By Lemma 3.3, we get    be 

a   -closed     in   does not contain   
 . But (         ) is a P-semi-regular- ̌fs bicsp. 

Then, there exists an   -open        such that        and   
  ̃   (  ). Now,        

and      ̃ , this implies         ̃  which is an open     from Lemma 2.18. Next, 

we must show   
  ̃    

(    ̃ ). Suppose,   
  ̃    

(    ̃ )   ̃    (   

 ̃ )   ̃    (  )    ( ̃ ), it follows   
  ̃   (  ) which is a contradiction with the 

hypothesis. Hence, (     
    

  ) is a P-semi-regular- ̌fs bi- csubsp.    

The  next example shows that the converse of Theorem 3.9 is not true in general. 
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Example 3.10: Let   *   +   *     +.   * +   . Define fuzzy soft closure 

operators          (   )    (   ) as follows: 

  (  )    (  )  {

 ̃                                                  ̃            

*(     ) (     )+         *(     ) (     )+ 

   ̃                                                                     

 

Then, it is clear that (         ) is not a P-semi-regular- ̌fs bicsp,  since there exists 

    *(     ) (     )+  is a   -closed fss and there exists a fuzzy soft point     
   which is 

disjoint from     and there exists only     ̃   is   -open fss such that       .However, 

    
   ̃   (  )   ̃  . 

On the other hand, the closed  ̌fs bi-csubsp (     
    

  ), where    
    

    (   )  

  (   ) as follows: 

   
(  )      

(  )  {
 ̃                                      ̃              

   ̃                                                      
 

is a P-semi-regular- ̌fs bi- csubsp. 

 

Definition 3.11 The induced fs-bits (     
    

  )  of a  ̌fs bicsp (         ) is said to be 

a P-semi-regular-fs-bits, if for every fuzzy soft point   
  disjoint from a    

-closed         in 

(     
    

  ), there exists an    
-open        in (     

    
  ) such that        and 

  
  ̃    

-  (  ). 

 

Theorem 3.12 If (     
    

  ) is a P-semi-regular-fs-bits, then (         ) is also a P-

semi-regular- ̌fs bicsp. 

 

Proof: Let   
  be a fuzzy soft point disjoint from a   -closed         in (         )  That 

means   
  ̃    . Since     is a   -closed     in (         ). Then     is a    

-closed     in 

(     
    

  ). But (     
    

  ) is a P-semi-regular-fs-bits. It follows, there exists    
-

open        such that        and   
  ̃    

-  (  ). From Proposition 2.15, we get   
  ̃ 

  (  ). Hence, (         ) is a P-semi-regular- ̌fs bicsp .  

The next example shows that the  converse of Theorem 3.12 is not true in general. 

 

Example 3.13: Let   *   +   *     +. Define fuzzy soft closure operators 

         (   )    (   ) as follows: 

  (  )  {

 ̃                                                  ̃            

*(            )+         *(            )+ 

   ̃                                                                     

 

And 

  (  )

 

{
 
 

 
 

 ̃                                    ̃                              

*(            ) (        )+     (  )  *(            ) (        )+ 
*(            )+                (  )     *(            )+ 

*(            ) (        )+            (  )     *(            ) (        )+ 

 ̃                                                                         

 

Then, it is clear that (         ) is a P-semi-regular- ̌fs bicsp. However, the induced fs-bits 

(     
    

  ) is not a P-semi-regular-fs-bits since there exists     *(            )+ is 

a    
-closed fss and there exists a fuzzy soft point     

   which is disjoint from     such that for 
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each    *(            )+ and  ̃   are    
-open       we have        but     

   ̃    
-

  (  )   ̃  . 

Definition 3.14 A  ̌fs bicsp (         ) is said to be pairwise pseudo-regular- ̌fs bicsp (P-

pseudo-regular- ̌fs bicsp), if it is both P-quasi-regular- ̌fs bicsp and P-semi-regular- ̌fs bicsp. 

 

Example 3.15 In Example 3.2, (         ) is P-pseudo-regular-  ̌fs bicsp. 

       The next theorem follows directly from Theorem 3.4 and Theorem 3.9. 

 

Theorem 3.16 Every closed  ̌fs bi-csubsp (     
    

  ) of a P-pseudo-regular- ̌fs bicsp 

(         ) is a P-pseudo-regular- ̌fs bi- csubsp.   

  

Definition 3.17 The induced fs-bits (     
    

  )  of a  ̌fs bicsp (         ) is said to be 

a P-pseudo-regular-fs-bits, if it is both P-quasi-regular-fs-bits and P-semi-regular-fs-bits. 

 

Theorem 3.18 If (     
    

  )is a P-pseudo-regular-fs-bits, then (         ) is also a P-

pseudo-regular- ̌fs bicsp. 

 

Proof: The proof directly follows from Theorem 3.6 and Theorem 3.12. 

   
Definition 3.19 A  ̌fs bicsp (         ) is said to be pairwise regular- ̌fs bicsp (P-regular- 

 ̌fs bicsp), if for every fuzzy soft point   
  disjoint from a   -closed    , there exist disjoint 

open          and     for    and    respectively, such that   
  ̃   ,        and    

     ̃    
 

Example 3.20 Let   *   +   *     +. Define fuzzy soft closure operators 

         (   )    (   ) as follows: 

  (  )   

{
 
 

 
  ̃                                                         ̃                                                         

*(     ) (        )+                *(     ) (        )+                   

 *(     )+                                       *(     )+                                             

   ̃                                                                                                                 

 

And  

  (  )   

{
 
 

 
 
 ̃                                                   ̃                                                           

*(     ) (        )+          {(     ) (         
)      }    

 
*(       )+                              {(      )         }                    

*(     )+                              {(      )         }                 

   ̃                                                                                                              

 

Then (         ) is P-regular-  ̌fs bicsp. 

  

Theorem 3.21 Every closed  ̌fs bi-csubsp (     
    

  ) of a P-regular- ̌fs bicsp 

(         ) is a P-regular- ̌fs bi-csubsp. 

 

Proof: Let   
  be a fuzzy soft point in (     

    
  ) and     be a    -closed     in 

(     
    

  ) such that   
       ̃  , this implies   

  ̃    . By Lemma 3.3, we get    be 

a   -closed     in   does not contain   
 . But (         ) is P-regular- ̌fs bicsp. Then, 

there exist open          and     with respect to    and    such that   
  ̃   ,         and 

        ̃    Thus, we have   
  ̃     ̃  and          ̃  and from Lemma 
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2.18,     ̃  and      ̃  are open       with respect to     and    
. Moreover, it is 

clear that (    ̃ )  (     ̃ )=  ̃    Hence, (     
    

  ) is a P-regular- ̌fs bi- 

csubsp.  

 

Definition 3.22 The induced fs-bits (     
    

  ) of a  ̌fs bicsp (         ) is said to be 

P-regular-fs-bits, if for every fuzzy soft point   
  disjoint from a    

-closed     , there exist 

disjoint open          and     for    
 and    

 respectively, such that   
  ̃   ,        , 

and         ̃    
 

Theorem 3.23 The induced fs-bits (     
    

  ) is P-regular- fs-bits if and only if  

(         ) is P-regular- ̌fs bicsp. 

 

Proof: Let   
  be fuzzy soft point disjoint from a   -closed         in (         ), Since 

(     
    

  ) is P-regular-fs-bits, then there exist a disjoint open          and     with 

respect to    
 and    

 such that   
  ̃   ,        , and         ̃    From Proposition 

2.15, we get    and     are open       with respect to    and    such that   
  ̃   ,     

   ,  and         ̃    Thus, (         ) is P-regular- ̌fs bicsp. 

 Conversely, let   
  be fuzzy soft point disjoint from a    

-closed         in (     
    

  ). 

From Definition 2.13, this implies     is   - closed     in (         ). Since (         ) 

is a P-regular- ̌fs bicsp, then there exist a disjoint open          and     with respect to    

and    such that such that   
  ̃   ,        , and         ̃    From Proposition 2.15, 

we get    and     are open       with respect to    
 and    

 such that such that   
  ̃   , 

       , and         ̃    Thus, (     
    

  ) is a P-regular-fs-bits.  

 

       To study the topological property in P-regular- ̌fs bicsp's we need first to define the 

notion of homeomorphism mappings between  ̌fs bicsp's and we give propositions about the 

image and inverse image of the fuzzy soft points in  ̌fs bicsp's. 

 

Definition 3.24 Let (         ) and (    
    

   ) be two  ̌fs bicsp's. A fuzzy soft 

mapping     (         )  (    
    

   ) is said to be pairwise  ̌ech fuzzy soft 

homeomorphism (P ̌-fs-homeomorphism) mapping, if  and only if     is injective, surjective, 

P ̌-fs-continuous, and    
   is P ̌-fs-continuous mapping. 

The next example explains Definition 3.24. 

 

Example 3.25 Let   *   +   *     +   *   +  and   *     + Define fuzzy 

soft closure operators          (   )    (   ) as follows: 

  (  )   

{
 
 

 
  ̃                                                    ̃                                              

*(     ) (        )+            *(     ) (        )+         

 *(     )+                                   *(     )+                                   

   ̃                                                                                                   

 

And  
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  (  )   

{
 
 

 
 

 ̃                                                    ̃                                                           

*(     ) (        )+            *(     ) (        )+                       

 
*(       )+                                 {(      

)         }                     

*(     )+                                   {(      
)         }                       

   ̃                                                                                                                  

 

Define fuzzy soft closure operators   
    

     (   )    (   ) as follows: 

  
 (  )     

 (  )  {
 ̃                                      ̃              

   ̃                                                      
 

Let       and       be two functions defined as  ( )     ( )    and 

 (  )      (  )    . Then, it is clear that the fuzzy soft mapping        (   )  

  (   ) is P ̌-fs-homeomorphism. 

 

Proposition 3.26 A fuzzy soft mapping    :(         )  (    
    

   ) is P ̌-fs-

homeomorphism mapping if and only if     is injective, surjective, P ̌-fs-continuous, and  ̌-

fs-open mapping. 

 

Proof: The proof directly follows from the definition of  P ̌-fs-homeomorphism mapping.

   

Theorem 3.27 The property of being P-regular- ̌fs bicsp is a topological property. 

 

Proof: Let (         ) and (    
    

   ) be two  ̌fs bicsp's and let    : (         )  

(    
    

   ) be a P ̌-fs-homeomorphism mapping and (         ) is a P-regular- ̌fs 

bicsp. We want to show (    
    

   ) is also a P-regular- ̌fs bicsp. Let   
  be a fuzzy soft 

point in (    
    

   ) and     be a   
 -closed     in (    

    
   ) such that   

      

 ̃ . Since     is P ̌-fs-homeomorphism mapping, then    
  (  

 ) is a fuzzy soft point in   

and    
  (    ) is a   -closed     in (         ) such that    

  (  
 )     

  (   )   ̃  . But 

(         ) is P-regular- ̌fs bicsp this implies there exist disjoint open          and     

with respect to    and    such that    
  (  

 )     and    
  (   )     . It follows, 

   (   
  (  

 ))     (  ) and    (   
  (   ))     (   ). Since     is P ̌-fs-homeomorphism 

mapping, then     is  ̌-fs-open mapping, this yields there exist open          (  ) and 

   (   ) with respect to   
  and   

  such that   
     (  ) and        (   ). Moreover, 

   (  )     (   )   ̃ . Hence, (    
    

   ) is also a P-regular- ̌fs bicsp. Similarly, if 

(    
    

   ) is a P-regular- ̌fs bicsp, then (         ) is a P-regular- ̌fs bicsp.  

 

4 . Pairwise Normality in  ̌ech Fuzzy Soft Bi-Closure Spaces  

     In this section, we define some pairwise normality axioms, namely pairwise semi-normal, 

pairwise pseudo normal, pairwise normal, and pairwise completely normal in both  ̌fs bicsp's 

and the induced fs-bits's. The relationships between them and their basic properties are 

studied as in the previous section.  

  

Definition 4.1 A  ̌fs bicsp (         ) is said to be pairwise semi normal- ̌fs bicsp (P-

semi normal- ̌fs bicsp), if for each pair of disjoint closed          and    for    and    

respectively, either there exists an   -open        such that       and   (  )    =  ̃   

or there exists an   -open         such that         and   (   )    =  ̃  . 

If both conditions hold, then (         ) is said to be P-pseudo normal- ̌fs bi csp. 
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Example 4.2 Let   *   +   *     +, and let (  ) =*(        )+, (  ) =*(      
  )+, (  )  *(     ) (        )+  Define fuzzy soft closure operators 

         (   )    (   ) as follows: 

  (  )   

{
 
 

 
  ̃                                        ̃                                             

(  )                                (  )                                       

 (  )                               (  )                                        

   ̃                                                                                        

 

And  

  (  )   

{
 
 

 
 

 ̃                                ̃                                                                                   

 (  )                        (  )                                                                               

 
(  )                       (  )                                                                               

(  )                      (  )     {(      ) (         )         } 

   ̃                                                                                                                     

 

Therefore, (         ) is P-semi normal- ̌fs bicsp. Since the only disjoint closed       are 

(  )  and (  )  for    and    respectively and there exists an   -open     (  )  such that 

(  )  (  )  and   (  )  (  ) =(  )  (  ) = ̃  . 

 

Next, we show that the hereditary property is satisfied under closed  ̌fs bi-csubsp. 

Theorem 4.3 Every closed  ̌fs bi-csubsp (     
    

  ) of a P-semi normal- ̌fs bicsp 

(         ) is a P-semi normal- ̌fs bi- csubsp. 

 

Proof: Let    and    be closed       in     and    
 respectively such that      = ̃  . 

Since  ̃  is closed     in (         ), then by Lemma 3.3,    and     are disjoint closed 

      in    and    respectively. But (         ) is P-semi normal- ̌fs bicsp, it follows there 

exist an   -open        such that       and   (  )    = ̃  . Since      , then 

       ̃  which is    
-open     in (     

    
  ). And 

   
(    ̃ )    = ̃    (    ̃ )     

                             ̃    (  )    ( ̃ )     

                           = ̃    (  )     

                             ̃  . 

Similarly, if there exists an   -open         such that        and   (   )    = ̃  . We 

have an    -open          ̃  in (     
    

  ) such that         ̃  and    (    

 ̃ )    = ̃  . Hence, (     
    

  ) is a P-semi normal- ̌fs bi-csubsp.  

 

Definition 4.4 The induced fs-bits (     
    

  ) of a  ̌fs bicsp (         ) is said to be 

P-semi normal-fs-bits, if for each pair of disjoint closed           and    for    
 and    

, 

respectively, either there exists an    
-open        such that        and    

-  (  )  

  = ̃  , or there exists an    
-open         such that        and    

-  (   )     = ̃  . 

 

Theorem 4.5 If (     
    

  ) is a P-semi-normal-fs-bits, then (         ) is also a P-

semi normal- ̌fs bicsp. 

 

Proof: Let    and    be disjoint closed       in    and    respectively. So that     and    be 

disjoint closed       in    
 and    

 respectively. By hypothesis, there exists an    
-open     
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   such that       and    
-  (  )    = ̃  , or there exists an    

-open        such that 

      and    
-  (  )     = ̃  . From Proposition 2.15, we get either there exists an   -

open        in (         ) such that       and   (  )    = ̃    or there exists an 

  -open        in (         ) such that        and   (  )    =  ̃  . Hence, 

(         ) is a P-semi normal- ̌fs bicsp.  

 

Definition 4.6 A  ̌fs bicsp (         ) is said to be pairwise normal- ̌fs bicsp (P-normal-

 ̌fs bicsp), if for each pair of disjoint closed          and    for    and    respectively, there 

exist disjoint open          and    for    and    respectively, such that       and 

     .  

  

Example 4.7 Let   *   +   *     + and let (  )    (   ),          , such 

that (  )  *(       )+ (  )  *(       )+ ,(  )  *(            ) (        )+ and 
(  )  *(        ) (            )+. Define fuzzy soft closure operators 

         (   )    (   ) as follows: 

  (  )    (  )  

{
 
 
 
 
 

 
 
 
 
 

 ̃                                       ̃                                                        

(  )                               (  )                                                     
(  )                               (  )                                                    

 

(  )  (  )              (  )  (  )                                      

(  )                                  {
(          

) (          
) 

                     
}  

(  )                                {
(          

) (          
) 

                     
}     

   ̃                                                                                                   

 

Therefore, (         ) is a P-normal- ̌fs bicsp. Since the only disjoint closed       are 

(  ) , (  )  for    and    respectively, and there exist disjoint   -open        
*(            )+ and   -open         *(            )+ such that (  )     and 

(  )    .  

Theorem 4.8 Every closed  ̌fs bi-csubsp (     
    

  ) of  P-normal- ̌fs bicsp 

(         ) is P -normal- ̌fs bi- csubsp.  

 

Proof: It is similar to the proof of Theorem 4.3. 

   
Definition 4.9 The induced fs-bits (     

    
  ) of a  ̌fs bicsp (         ) is said to be 

P-normal-fs-bits, if for each pair of disjoint closed           and    for    
 and    

 

respectively, there exist disjoint open          and    for    
 and    

 respectively, such that 

       and      . 

 

Theorem 4.10 (     
    

  ) is a P-normal-fs-bits if and only if (         ) is a P-

normal- ̌fs bicsp. 

 

Proof: The proof follows from the hypothesis and Proposition 2.15.           

 

Theorem 4.11 Let (         ) and (    
    

   ) be two  ̌fs bicsp's. If    : 

(         )  (    
    

   ) is P ̌-fs-continuous mapping, then    
  (   ) is an   -closed 

    of (         ) for every   
 -closed     fuzzy soft set     of (    

    
   )         . 
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Proof: Let    be a   
 -closed     of  . Therefore, from Theorem 2.20, we have 

  (   
  (  ))     

  (  
 (  )). Since    is a   

 -closed, we get   (   
  (  ))     

  (  ). From 

Definition 2.9 part (  ),    
  (  )    (   

  (  ))  This implies   (   
  (  ))     

  (  ). 

Hence,    
  (  ) is a   -closed     of (         )  Similarly, when     we have    

  (  ) 

is a   - closed      for each    be a   
 -closed       

 

Theorem 4.12 The property of being P-normal- ̌fs bicsp is a topological property. 

 

Proof: Let (         ) and (    
    

   ) be two  ̌fs bicsp's and let    :(         )  

(    
    

   ) be a P ̌-fs-homeomorphism mapping and (         ) is a P-normal- ̌fs 

bicsp. We want to show (    
    

   ) is also a P-normal- ̌fs bicsp. Let    and    be disjoint 

closed       in   
  and   

 , respectively. From hypothesis,     is P ̌-fs-homeomorphism 

mapping and from Theorem 4.11, we get    
  (  ) and    

  (  ) are closed       in    and    

respectively, such that    
  (  )      

  (  )   ̃  . But (         ) is a P-normal- ̌fs bicsp. 

This implies, there exist disjoint open          and    for    and    respectively, such that 

   
  (  )      and    

  (  )    . It follows,    (   
  (  ))     (   ) and 

   (   
  (  ))     (  ). Since     is P ̌-fs-homeomorphism mapping, then     is  ̌-fs-

open mapping, this yields there exist open          (  ) and    (   ) in   
  and   

 , 

respectively, such that       (   ) and       (  ). Moreover,    (  )     (   )  

 ̃ . Hence, (    
    

   ) is also a P-normal- ̌fs bicsp.   

 

Definition 4.13 A  ̌fs bicsp (         ) is said to be pairwise completely normal- ̌fs bicsp 

(P-completely normal-  ̌fs bicsp), if for each pair of disjoint closed          and    for    and 

   respectively, there exist disjoint open          and     for    and    respectively, such that 

      and       and   (  )    (  )= ̃  . 

 

Example 4.14 Let   *   +   *     +, and let (  ) =*(        )+, 
(  ) =*(        )+, (  )  *(        ) (     )+  Define fuzzy soft closure operators 

         (   )    (   ) as follows: 

  (  )   

{
 
 

 
  ̃                                         ̃                                             

(  )                                (  )                                       

 (  )                               (  )                                        

   ̃                                                                                        

 

And  

  (  )   

{
 
 

 
 

 ̃                              ̃                                                                                      

(  )                     (  )                                                                                

 
(  )                    (  )                                                                                 

(  )                     (  )     {(         ) (      
)         } 

   ̃                                                                                                                     

 

Therefore, (         ) is a P-completely normal- ̌fs bicsp. Since the only disjoint closed 

      are (  )  and (  )  for    and    respectively, and there exists disjoint   -open     

(  )  and   -open  (  ) , such that (  )  (  ) , (  )  (  )  and   (  )  
  (  ) =  ̃   
 

Proposition 4.15 Every P-completely normal-  ̌fs bicsp is  P-normal- ̌fs bicsp. 
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Proof: Suppose (         ) is  P-completely normal- ̌fs bicsp and let   ,    be any 

disjoint closed       in    and    respectively. From the hypothesis, there exist disjoint open 

         and      for    and    respectively, such that       and       and   (  ) 

   (  )= ̃  . By using (  ) of Definition 2.9, we have      = ̃  . Thus, (         ) 

is  P-normal- ̌fs bicsp. 

 

Remark 4.16 The converse of the above proposition is not true, as in Example 4.7. Since 

  (  )    (  )=(  )  (  )  *(            ) (            )+   ̃    

 

 Next, we show that the hereditary property is satisfied under closed  ̌fs bi-csubsp. 

 

Theorem 4.17 Every closed  ̌fs bi-csubsp (     
    

  ) of P-completely normal- ̌fs bicsp 

(         ) is  P-completely normal- ̌fs bi-csubsp. 

 

Proof: Let   ,    be any two disjoint closed       in     and    
 respectively. Then, by 

Lemma 3.3,   ,    are disjoint closed       in    and   , respectively. But (         ) is  

P-completely normal- ̌fs bicsp, then there exist   ,    disjoint open       in    and    

respectively such that       and       and   (  )    (  )= ̃  . By Lemma 2.18, 

    ̃  and     ̃  are open       in     and    
 respectively, such that        ̃  

and        ̃ . To complete the proof, we must show    (    ̃ )     
(    

 ̃ )=  ̃  . 

Now,    (    ̃ )     
(     ̃ ) =  ̃    (    ̃ )   ̃    (     ̃ ) 

                                                     ̃    ( ̃ )    (  )    ( ̃ )    (   ) 

                                                     ̃    (  )    (   ) 

                                                     ̃  . 

Hence, (     
    

  ) is  P-completely normal- ̌fs bi- csubsp.  

 

Definition 4.18 The induced fs-bits (     
    

  ) of a  ̌fs bicsp (         ) is said to be 

P-completely normal-fs-bits, if for each pair of disjoint closed           and    for    
 and    

 

respectively, there exist disjoint open          and     for    
 and    

 respectively, such that 

       and       and    
-  (  )     

-  (  )= ̃  . 

 

Theorem 4.19 If (     
    

  ) is  P-completely normal-fs-bits. Then, (         ) is also 

P-completely normal- ̌fs bicsp. 

 

Proof: The proof follows from the hypothesis and Proposition 2.15.   

 

Remark 4.20: From Definition 4.1 and Proposition 4.15, we have the following diagram: 

P-semi normal- ̌fs bicsp               P-semi normal- ̌fs bicsp 

 

 

 

P-completely normal- ̌fs bicsp              P-normal- ̌fs bicsp 
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5. Conclusion 

     Researchers are highly interested in fuzzy soft sets. This work is more general than fuzzy 

and soft sets can be used in a variety of ways. In this paper, some new kinds of pairwise 

regularity and normality in  ̌ech fuzzy soft bi-closure spaces and their induced fuzzy soft 

bitopological spaces have been introduced and studied as well as the relationships between 

them are also studied. We have been proved that hereditary property satisfies under closed 

 ̌ech fuzzy soft bi-closure spaces in all of these kinds of axioms. 
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