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Abstract  

        The aim of this paper is to obtain a set of traveling wave solutions for klein –

Gorden equation with kerr law non-linearity. More precisely, we apply a new path of 

popularized homogeneous balance (HB) method in terms of using linear auxiliary 

equations to find the results of non-linear klein-Gorden equation, which is a 

fundamental approach to determine competent solutions. The solutions are achieved 

as the integration of exponential, hyperbolic, trigonometric and rational functions. 

Besides, some of the solutions are demonstrated by the3D graphics. 

 

Keywords: Klein–Gorden equation, Traveling wave, Homogeneous balance method, 

NLEEs. 

 
 جهردون -كلاين لمعادلة المتنقمة المهجات وحمهل المتجانس التهازن  طريقة لاحتداب جديد مدار

 اللاخطية
 

 4معن عبد الكاظم رشيد، 3وفاء محي طه ،*2حميد عهاد رعد ،1ابراهيمعبد الله اسراء 

العخاق, كخكؾك, وزارة التخبية, المجيخية العامة لتخبية محافغة كخكؾك1  
 العخاق, تكخيت, تكخيت جامعة, الرخفة لمعمؾم التخبية كمية, الخياضيات قدؼ2
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  الخلاصة 
جؾردن مع -الهجف مؽ هحا البحث  هؾ الحرؾل عمى مجمؾعة مؽ حمؾل المؾجات المتنقمة لمعادلة كلايؽ    

( ويتؼ ذلػ HBقانؾن كيخ غيخ الخظية.  بتعبيخ أدق ، نظبق مدارًا ججيجًا لظخيقة التؾازن المتجانس الذائعة )
جؾردن غيخ الخظية ، وهي طخيقة -المداعجة الخظية لمعثؾر عمى نتائج معادلة كلايؽباستخجام المعادلات 

أساسية لتحجيج الحمؾل المخترة بهحه الظخيقة.  يتؼ تحقيق الحمؾل مؽ خلال تكامل الؾعائف الأسية والقظعية 
 د.والمثمثية والكدخية.  إلى جانب ذلػ ، يتؼ عخض بعض الحمؾل بؾاسظة رسؾمات ثلاثية الأبعا
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1. Introduction 

      Nonlinear evolution equations (NLEEs) have been used extensively to describe many 

physical, biology, chemistry, plasma physics, optical fibres and solid-state phenomenon that 

occur naturally or unnaturally, so they have been studied by many authors, see for instance [1-

5]. Studying  travelling waves is a key point to understanding the mechanism of any physical 

problem described by nonlinear evolution. Many PDEs do not have the exact solution, and 

thus require applying numerical methods to compute approximate solutions. Therefore, it 

becomes crucial to find the exact solution for the travelling wave problem which plays a 

vitally important role in understanding such physical problems.  

Finding an exact solution for travelling waves has widely been studied in the literature, and 

many researchers have proposed different methods. One of the first algebraic methods for 

calculating the exact travelling wave solutions is the homogeneous balance method. This 

method has been proposed by Fan [6] and later developed by other researchers [7-11]. 

According to Fan's study [6], there is a connection between the HB method, Wiess, Tabor, 

Carnevale (WTC) method and Clarkson, Kruskal(CK) method.  

Recently, an enormous number of studies have used the homogeneous balance (HB) method 

to determine a nonlinear transformation and exact solutions [12],[13] and auto Bäcklund 

transformations [6], [14]. Additionally, the HD method has also been  used in the reductions 

of nonlinear partial differential equations (PDEs) in mathematical physics. According to 

Wang et al.[15],[16] and Abdel-Rady et al.[17-19], the HD methods have been introduced to 

calculate new exact traveling wave solutions of particular nonlinear partial differential 

equations. In 2014, El-Wakil et al. [14] suggested using the homogeneous balance method to 

obtain new exact solitary wave solutions of generalized shallow water wave equation and 

generalized variable coefficient 2D KdV equation. Many other methods such as Hirota’s 

method, Bäcklund and Darboux transformation, Painlevé expansions, Jacobi elliptic function, 

Extended tanh-function method, F-expansion method and extended F-expansion method have 

been proposed and developed for calculating exact travelling wave solutions of nonlinear 

evolutions equations in which each method has its own advantages and drawbacks, also there 

are many methods could be applied for solving nonlinear partial differential equations by 

kamal implemented, such as the sine collocation method, which used to solve the fisher’s 

reaction-diffusion equation, the polynomial deferential method, the cubic B-spline method, 

the Runge-kutta method and so on.   

 In this article, the explanation of the enhanced new path popularized HB technique is given 

in section 2. Also, this technique is to search the advanced and wide-spectral soliton solutions 

for the Klain-Gorden equation, and some of the important graphical depictions of the 

solutions obtained are given in the same section. Finally, in the last section, the conclusion is 

given. 

2. Application of New Path Popularized HB method 

    In this portion, the procedure of reliable treatment of the Klain –Gorden equation is 

explored with the help of new path popularized HB method [20] .  

                                                                                                 ( 2.1.1)  

Where     and    are arbitrary constants. Now we use the travelling wave         to 

transform the non-linear into O.D.E as follows: 

                                               ,                                                 (2.1.2)                   

where     remains as a constant and   stands to wave speed. 

Operating the complex transformation  

                                                                                                   (2.1.3) 

Where   and    are  constants. Now we look for the solutions of (2.1.2) in the form 
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                                    ∑ (   
     

  )  
                                                     (2.1.4) 

Where       are constants  and   satisfies the equation [21] 

                                                                                                       (2.1.5) 

Where            are real numbers, and we are balancing     with    in (2.1.2)  gives   
    , so that    . 

Thus, the new path popularized HB method admits the following solution  

             ∑     
     

    
                

     
      

            (2.1.6) 

By substituting Eq. (2.1.5), (2.1.6) in (2.1.2), with derivatives of  , and equating the 

coefficients of    to zero, we obtain a set of equations, solving the system of algebraic  

equation by using Maple software, we obtain: 
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Table 1- Comparison between the solution of the new path popularized HB method and the 

solution of the hyperbolic tanh method [22]. 

The solution of new path popularized HB 

method 

 The solution of tanth method 

If suppose                   
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Figure1-  The diagram 3D of the travelling wave if 

                                                   

 
Figure2- The diagram 3D of the travelling wave if 
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Figure 3-The diagram 3D of the travelling wave if 

                                                 

 
Figure 4-The diagram 3D of the travelling wave if 

                                                 

 
Figure 5- The diagram 3D of the travelling wave if 

                                                               
 
3. Conclusion 

 The complex valued solutions, periodic solutions and soliton solutions are obtained. In this 

paper, new path popularized HB method for the Klein-Gorden equation as a basic tool to find 

many exact travelling wave solutions. When compared with the methods in the literature, 

more solutions have been found with our method in Table 1. We noted that our solutions are 

in more general forms results and many known solutions to these equations are only special 

cases from our solutions. Also, by plotting 3D graphics of the some exact solutions, we noted 
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that our results contain different of travelling wave solutions such as, periodic, solitary, 

soliton and kink waves.  
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