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Abstract

The aim of this paper is to obtain a set of traveling wave solutions for klein —
Gorden equation with kerr law non-linearity. More precisely, we apply a new path of
popularized homogeneous balance (HB) method in terms of using linear auxiliary
equations to find the results of non-linear klein-Gorden equation, which is a
fundamental approach to determine competent solutions. The solutions are achieved
as the integration of exponential, hyperbolic, trigonometric and rational functions.
Besides, some of the solutions are demonstrated by the3D graphics.

Keywords: Klein—-Gorden equation, Traveling wave, Homogeneous balance method,
NLEEs.
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1. Introduction
Nonlinear evolution equations (NLEEs) have been used extensively to describe many
physical, biology, chemistry, plasma physics, optical fibres and solid-state phenomenon that
occur naturally or unnaturally, so they have been studied by many authors, see for instance [1-
5]. Studying travelling waves is a key point to understanding the mechanism of any physical
problem described by nonlinear evolution. Many PDEs do not have the exact solution, and
thus require applying numerical methods to compute approximate solutions. Therefore, it
becomes crucial to find the exact solution for the travelling wave problem which plays a
vitally important role in understanding such physical problems.
Finding an exact solution for travelling waves has widely been studied in the literature, and
many researchers have proposed different methods. One of the first algebraic methods for
calculating the exact travelling wave solutions is the homogeneous balance method. This
method has been proposed by Fan [6] and later developed by other researchers [7-11].
According to Fan's study [6], there is a connection between the HB method, Wiess, Tabor,
Carnevale (WTC) method and Clarkson, Kruskal(CK) method.
Recently, an enormous number of studies have used the homogeneous balance (HB) method
to determine a nonlinear transformation and exact solutions [12],[13] and auto Béacklund
transformations [6], [14]. Additionally, the HD method has also been used in the reductions
of nonlinear partial differential equations (PDESs) in mathematical physics. According to
Wang et al.[15],[16] and Abdel-Rady et al.[17-19], the HD methods have been introduced to
calculate new exact traveling wave solutions of particular nonlinear partial differential
equations. In 2014, EI-Wakil et al. [14] suggested using the homogeneous balance method to
obtain new exact solitary wave solutions of generalized shallow water wave equation and
generalized variable coefficient 2D KdV equation. Many other methods such as Hirota’s
method, Béacklund and Darboux transformation, Painlevé expansions, Jacobi elliptic function,
Extended tanh-function method, F-expansion method and extended F-expansion method have
been proposed and developed for calculating exact travelling wave solutions of nonlinear
evolutions equations in which each method has its own advantages and drawbacks, also there
are many methods could be applied for solving nonlinear partial differential equations by
kamal implemented, such as the sine collocation method, which used to solve the fisher’s
reaction-diffusion equation, the polynomial deferential method, the cubic B-spline method,
the Runge-kutta method and so on.
In this article, the explanation of the enhanced new path popularized HB technique is given
in section 2. Also, this technique is to search the advanced and wide-spectral soliton solutions
for the Klain-Gorden equation, and some of the important graphical depictions of the
solutions obtained are given in the same section. Finally, in the last section, the conclusion is
given.
2. Application of New Path Popularized HB method
In this portion, the procedure of reliable treatment of the Klain —Gorden equation is
explored with the help of new path popularized HB method [20] .
Uy — a?Uy + BU —yU? =0 (2.1.1)
Where a, 8 and y are arbitrary constants. Now we use the travelling wave & = kx — wt to
transform the non-linear into O.D.E as follows:
(w? — a?k?)G" +BG—yG2 =0, (2.1.2)
where k remains as a constant and w stands to wave speed.
Operating the complex transformation
0(t,x) = G(x,t)e®®® | p(x,t) = nx — ct. (2.1.3)
Where c and n are constants. Now we look for the solutions of (2.1.2) in the form
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G=ao+X2(ae + bip™). (2.1.4)
Where a;, b; are constants and ¢ satisfies the equation [21]
@' = In(p) (u+ ve + 1¢?). (2.1.5)

Where u, v,and A are real numbers, and we are balancing G” with G2 in (2.1.2) givesm +

2 = 2m, so that m = 2.

Thus, the new path popularized HB method admits the following solution
G=ap+X2(a@ +b9™"),G=ag+a;p+a0* +b;@~ " +byo72% (2.1.6)

By substituting Eq. (2.1.5), (2.1.6) in (2.1.2), with derivatives of G, and equating the

coefficients of ¢' to zero, we obtain a set of equations, solving the system of algebraic

equation by using Maple software, we obtain:

—6p —6A2p JB

Case 1:if ay=0,a; = , Ay = ,by =0, b2=0,a=ilnpk,u=0.
1) When v? — 4ul < 0 with A1 # 0.
38 L (1 i
_ - _ nx—ct)
0, 27 [1+tanp (2>E]e .
38 L (1 i
- _ nx—ct)
0, 2y [1 + cot, (2) E]e .
05 == | (-1 5 (tams ()¢ - o0 (3))
3_)/ Zanp4fcop4f
+ 2 (o1 L eany (D) - oty (2) ) e
2 2 P \4 P \4 '
2) When (v? — 4ud) > 0 with 1 # 0.
0, = ﬁ [(1 tanh, ( )E) eltmx—ct),
,6’ 1 1\ 2 \%4 i(ma—
=38 ( 1+ coth, ( )f) + E(‘l + coth,, (5) E) Jeit=ct),
3ﬂ 1 1
= T -1+4+= (tanh ( )E — coth,, (Z) f)
-1 h 1 h 1 ? i(nx—ct)
2 + = (tan f—cothS e .
| -3 1n<p)2 2_p —62 a?In(p)>
Case Zlf agp —7T2,a1 —T ) 2 i
_ —6a’In(p)°1 _ _ _la‘In(p)”—p
a; = Y ;bl - 0, bz = 0, n= ) Aa21n(p)2
2 _ ; _ (1 _@*In(p)?*-p
1) Wh(_en v —4uAd < O0with y # 0,R = (1 ZIn(p)? ) _
2 % % 2 2 °°F 2 ]

6, = =3In(p)*a* - B L3 a?In(p)? LR (YR f_ pilna—ct).
2 % % 2 2°°° 2 ]
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0y = —731n(p) ” —F + el ;n(p) <—1 + \/?(tanp <§>f — cot, <?> f))

2.2 2 — — — 2
+ —3 azi/n(p) (—1 + g (tan, <g> § — cot, (g) f)) el(mx=ct),

2) When (R)>0withy #0
—31In(p)?a? — —3a’ln(p)®> [{ 1 R vR .
@10 N (,0) ﬁ + (P) <__ + Etanhpz (_) 'S)” el(nx—ct)_

2 Y 14 2 2
_ _3In(p)?a®—p  —3a’In(p)? [( 1 R 2 (VR i(e—ct)
@11 — 7 ” + ” _<_E+EC0thp (7) E)l] e\ t .
3) When ud > 0 with v = 1
—3In(p)’a’® - B
0,; = 77
_ 2 2
# RO | ( Pran, (Ji) ) + uea, W)e)zu el(re-co
4) When uA < 0 with v # 0.
o _ |3 M@ra? —p
13 = 7#
—61 a?In(p)? u .
+ — [(—\/% itanh,, (Wt)f)
+ u(—itanh, (,/—,uxl)f)zu pilnx—ct)
-3 In(p)?a? -
014 = [7W
—61 a*In(p)?
n %@ [(—Jj% cothp(w/—u/l)f>
+ u(—icoth, (J—uﬂ)f)zu plnx—ct).
_[-3mepy%a? - g
15 = 7#
_ 2 2
+ —62a7In(p)” ayln(p) [ (—tanh,(uA)é) + A(—tanh, (Hl)f)z]] ellnx=ct)
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@16:[ () =B, )
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—31In(p)?a® - B
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Table 1- Comparison between the solution of the new path popularized HB method and the
solution of the hyperbolic tanh method [22].

The solution of new path popularized HB | The solution of tanth method

method
/fsuppose 'B = 1,p =0,a=1,c = (),77 =|Ifk=1c=0,b=3anda = -1 then
0 the following equations became

, Yy =1and R =3

u=2 (1 + 3tan? (ﬁl) f). (67)
0, = % (1 + 3tan,? (?l) E)]- U= ; (1 + 3cot? (\/_251) E)- (68)
3 2 (V3 : i
Og = > (1 + 3cot, (71) 5).

01 = > [(1 — 3tanh,> (ﬁ> g)l w= 3 [(1-3tn? (F)€)] (63
0= 5 P\ 2 - u=3 [(1 — 3coth? (ﬁ) f)] (64)
0.1 =2 [(1-3coth,? (L)¢). 2 2

Figurel- The diagram 3D of the travelling wave if
w=2,=-1,k=0,y=1,t=-10,..,10,x = —10,...,10 of G,

Figure2- The diagram 3D of the travelling wave if
w=2F=-1,k=0y=1,t=-10,..,10,x = —10,...,10 of G,
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Figure 3-The diagram 3D of the travelling wave if
B=1,y=1,k=1,R=3t=-20,..,20,x = —20,..,20 of G,

Figure 4-The diagram 3D of the travelling wave if
p=1,y=1k=1,R=3t=-10,..,10,x = =20, ...,20 of G,

<10t
% 10'%

5.x10'*

-10

_6.x10'*
_7.%x10'
8. % 10"

10

Figure 5- The diagram 3D of the travelling wave if

w=2p=0,=1,y=1,C=0k=1,a=1,t =-20,..,20,x = —10,..,10 of Gy,

3. Conclusion

The complex valued solutions, periodic solutions and soliton solutions are obtained. In this
paper, new path popularized HB method for the Klein-Gorden equation as a basic tool to find
many exact travelling wave solutions. When compared with the methods in the literature,
more solutions have been found with our method in Table 1. We noted that our solutions are
in more general forms results and many known solutions to these equations are only special
cases from our solutions. Also, by plotting 3D graphics of the some exact solutions, we noted
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that our results contain different of travelling wave solutions such as, periodic, solitary,
soliton and kink waves.
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