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Abstract:

In this paper, we show many properties and results on the Quasi-Hadamard
products of a new subclass of analytic functions of B-Uniformly univalent function
that is defined by the Salagean g-differential operator.
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Introduction:
Let A be the class of analytic and univalent functions. A function in A has the form:

f(z)=z+z:Oo a, z, zeU={zz€C:|z| <1}. (D
And let T be a subclass ofkffb\n element of T is defined by
f(z)=z—z:OO ay z8 , ap =20;,z€U. (2)
Consider S(a) ar:cd= 2 K(a) are two subclasses  of A which are
starlike and convex functions of order a, 0 < a < 1 that satisfy
S((x) = Re {%} > q, (O < a< 1) 3)
and
K(a) = Re {1 + fo,"(g)} >, (0 <a< 1). 4)
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It is easier to write S(0)=S and K(0)=K (see[1] and [2]) and from (3) and (4), we have

f(z) € K(a)  zf'(z) € S(a).
Lets  S*(a)=S(a)nT and K*(a) =k(a)nT [3] defined the following
subclass of S(K).
Circular arc y contained in Y with center ¢ is also in Y, the arc ¢(y)is convex (starlike) with
respect to ¢( ¢). The class of uniformly convex (starlike) functions is denoted by UCV and
UST, respectively (see [4]).

Definition 1 [4],[5],[6]. A function ¢(£)2 A'is said to be in UCV, the class of uniformly
convex functions, if it satisfies the following condition:

zf"' (2) zf"' (z)
Re{1+ F(2) }2

2 forzeU. (5)

Further, afunction ¢(£)2 A is said to be in UST ,the class of uniformly starlike functions, if
it satisfies the following condition:

f' f'
Re {Zf(S)} > Zf(g) - forz eU. (6)

The class UCV was introduced by Goodman [4] and Ma and Minda [5]. While the class UST
was introduced by Goodman [6] and Ronning [7]. One can see that

f(z) e UCV & zf'(z) € UST
In [6],[8]. Ronning generalized the classes UCV and UST by introducing a parameter a by
the following definition.
Definition 2 [6]. A function ¢$(£)2 A is said to be in the class of uniformly starlike functions
of order @, YZT (), if it satisfies the following condition:

zf'(z)
Re {ﬁ i 0.4 } =
Replacing ¢ in (7) by zf'(z), we have the condition:
{ zf"' (z) } zf" (z)
Re{1l + - =

1

(-1< a<1;,z€V). (7)

zf'(z)
@) 1’

0] o) (-1< a<1;z€eU) (8)

This requires for the function ¢(¢) to be in the class YXg¢ ( @)of uniformly convex functions of
order a, you can see that

f(z) e UCV(a) © zf'(z) € UST(a)
Kanas and Wisniowska [9],[10]. introduced the classes of £ —uniformly convex functions

and B —uniformly starlike functions, g —YXcand § —YZT (0 <pB<1) ,respectively, by
the following definition.

Definition 3: [9],[10]. A function ¢(£)2 A is said to be in the class of f —uniformly starlike
functions, g —YZT , if

zf'(2)
Re{ﬁ— O(}ZB

and ¢(£)2 A is said to be in the class of § —uniformly convex functions, § —YXg, if

zf"' (z) zf"' (z)
Re {1 + F(2) } = F(2)

The relationship between f —YZT and B — YXc isgiven by

zf'(z)
f(z)

—1‘ (B=0;z€U), 9)

(B=0;z€ ). (10)

3579



Aljuboori and Jassim Iragi Journal of Science, 2022, Vol. 63, No. 8, pp: 3578-3586

f(z) e B—UCV o zf'(z) € B — UST.
Let f(z) € A, then
D°f(z) = f(2)
D'f(z) =D f(2) = zf'(2)

D"f(z) = D(D"™ f(2))
z+ z a k"zK z €U, (11)
k=2

=D"f(z)
where U={neN=NU{0},N=1,2,..} and D"f(z) is introduced by salagean [11] ,
[12]
For (0< g < 1), the Jacksons q— derivative of a function f(z) € A is given by
[13].[14],[15].[16],[17],[18],[19].

Dyf(2) = f(l)—qﬁ(; . forz=#0
f'(0), forz=0. (12)
And  DIf(z) =D, (Dq f(z)). From (12), we have
Dyf(z) =1+ Ypt,ak [klqz"?, (13)
where,  [k]q = (11__‘1;) (0<q<1). (14)

If g— 17, then [k ]q = k. Forafunction h (z) = z¥, we obtain

_nk
th (Z) — DqZk — (11_qq) Zk—l — [k]q Zk—l

and
lim Dgh (z) =kz*' = h'(2),
q-1"

Where h' is the ordinary derivative of h.
For f(z) € A, Govindaraj and Sivasubramanian [20],[21] defined the Salagean g-defference
operator as follows:
DYf(z) = f(2)
Dif(z) = zD4f(2)

Dgf(z) = qu(an_1 f(z) ) n €N
:Z+Z ag [k]gzk (neN,0<qg<1,z€el). (15)
k=2

For B=0-1<a<10<qg<1and n€ N, which is denoted by Aq,n,k (a,B), the
subclass of A that satisfies

o z (Dq (DC’I‘ f(z)))

e -,y >
D, F @ P
Is defined the class A, (k, n, @, B) by
A,(kn,a,p) = Agnk (,B)NT.

Let f; (z2) (I =1,2,........ h) be given by

£ =z Ek-za" 2k (ax; =0). 17)

The quasi-Hadamard prod_uct of these functions is defined by Kuang et al. [22] and Owa [23]
as follows:

z (Dq (D; f(z)))l

D, ) -1], z€U (16)

3580



Aljuboori and Jassim Iragi Journal of Science, 2022, Vol. 63, No. 8, pp: 3578-3586

(fr *fo * o fu)(@) = z = i, ([Tieq ar,) 2", (18)
In this paper, we obtain the quasi-Hadamard product results for f(z) € A,(k,n, a, B)
2. Quasi-Hadamard products
Theorem 1. A function f(z) € A,4(k,n, a, B) if and only if

> 143 {1+ Bk kg — (ot Bla < (1 - ). (19)
Proof. Illé=tr21e equation (17) holds, then
§ —Z(Dq(Dg f(Z))) —Re {—Z(Dq(Dg f(Z))> - a} <1l-o

Dg" f(2) Dg™ f(2)
We have
2(, (07 @) 2(0q (07 1))
o o Y Rt B Ry Tos I
_ Q4B kKl — Yaz?
1- zk T 2T
_ A+ BSRIKE (kg ~ Tar

B 1 _Zlciz[k]g a

Hence, f(z) € A;(k,n,a, B),
Conversely, let f(z) € A,(k,n, a, ), then

1—Yy® n akk—l 00 nk _1a k-1

Re{ A HILIENG _a}zﬁzkz {k [k }k“f
— ZkealKIg axz — Zkeal ] akz
We get the de5|red mequallty by letting z —» 1 move along the real axis (19). The proof is
completed.
Theorem 2: If fi(z) € A,(k,n, a;, B) foreach l = 1,2, ..., h, then
(fi *f2 *..x fn)(2) € Az(kn,6,B), where
{22141 +B) = B}TL, (1 — )

. 20
22020, 0+ B) — (o + B)) 0
This result is sharp for the functions.
fi(z)=2— - a) & (k=21=12 ..h). 21)
18 {k[klq (1 +B) = (o + B)}
Proof : Forh = 1, we have that 6 = a,. For h = 2, Theorem 1 gives
KR {(1+ Bk [Klq — (o +
kzzz[ ]q {( B()l _[ C]:) (O(l B)} ak'l < 1 (l — 1'2) (22)
Note that from (22), we have
N {(1+ Bk [Klq — (o + B)} ~
; (K] D (1 = az) ag <1 (I=12) (23)
When h=2, we have
(k]2 {k[klq (1+B) — (6 + B)} N 24)

D!

(1-9)
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Or, such that

{k [klq (1+B)—(5+B)} {@+B)k [Klq —(a+B)}
1 =) Jakiakz < [Ilf-; - Zl) l ag, (k=2)

Further, by using (23), we need the Iargest6 such that
{k[klq(1+pB) - (6+B)} 1—[{(1+B) q — (o, +B)}
(1-0) T el
Which is equivalent to
5<(“12=1 (A+Bkidy — @+ P} {A+PkIg —B) ME1 - >
B 1(1 a)

(k=2)

< Hz 1(1—az) )
M-, {1+P)klkly — (+B} /

[T (L +Bk[Klg — (+B)— {A+Bk[Klg — B} M7 (1 —a)
2., {@+ Bkl klq — (0(1+B)}

That is,

6 <

Or, equivalently that
(A +PkKly —B} TTE,(1 - )

61— Lo
=T (A B)k kg — (o +PB) (k= 2)
If we define the function @ (k)by
®(k) = {(1 + Bk [k B} M1 —a) k> 2)

[ {(1"' B)k Klg — (o + B}
Then, we see that® (k) for > 2 . This implies that
{221, +p) - B} TTF. (1 — )
[ 22]q(1+B) — (ou + B}
When h = 2 the result is also correct for any positive integerh. Then, we have
(i * f2 * o* fr * frne1 ) (2) € Ag(k,n,v, B), where
N {2[2]q(1 +B) - B} (1 —8)(1 = apyr) 25)
221+ B) —@+PH2[2lq (1 +B) — (s + B} )
Where § is given by (20). It follows from (25) that
M {2021 (1+B) — B}(1 — )
h“ 2R21a+p - (+P}
So, the result is correct for h+ 1. Therefore by using the mathematical induction, we
conclude that the result is true for any positive integer h
Finally, we take f; (z) thatis given by (21), then we see that

h
o 1—0(1
(firxfoxxfr)(2)=z {H( {2 Jq(@+B)— (0(1+B)}> } 2

2

s=d(2) =1

(26)

=z =z
Where

g =

:::]:

< 1—O(l )
B{22lqA+B) — (o +B)}

Thus, we know that
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i[k]g {1+ Bk [K]q —(8+B)}
(1-96) Ve

k=2
Then we have

[2]5 {2 [2] (1+B)—(6+B)}1—[< 1-q )

(1-46) lqg(+B) = (o +B)}
Consequently, the result is sharp for the functlons fl (z) that are given by (21).
Putting h = 2 and a; = a in Theorem 2, then we have the following corollary
Corollary 1: If f; (2) € A;(k n, ocl L)l =12),then (f; = f3) (2) A;(kn, 6, ), where

{kklg(1+B) - B}A - a)?

6= (k = 2).
(kK1 +B) = (a+B)}
The end result is sharp for the functlons
1—
fi (@) = - (k=>21=1.2).

k
TKEk I, A+ B - @+ B}
Corollary 2 : Let f; (z) € A;(k,n,a , ) for each (I = 1,2 ... h), then
(fr*fa*xwxfr)(2) € A (k n,§, ), where
5= {k lg1+p) -0 - )"

{K[Klq(1+B) — (a+B)}"
Theorem 3: Let f; (z) € A;(k,n,«; ,B) foreach I = 1,2 ... h and suppose that

00 h
F(z) =z — Z <Z a,§,1> z* t>1,k>2). (29)

k=2 \l=1
Then, F(z) € A;(k,n,yy, , B), where

h(1+B)(1 - t 2[2]q +1
o (1+B)A = o) [2]5 [2[2 | 30)
[213{2 211+ B) = (« + B)} - h(1 — )t

The result is sharp for the functlons fi (@) A= ., h) that are given by (21).
Proof : Since f; (z) € A;(k,n, o , ), by (19) , We obtain

i (kI3 {1+ Bk [Klg — (1 + )}

) 1-a)
By virtue of the Cauchy-Schwarz inequality, we get

i I[k]g {A+Bk[klq — (o + B)}l

(k = 2). (28)

ak,l <1 (l = 1,2, h)

1-a)

S(Z 0 {0+ _[ki?)—w@}ak_l) <1, (31)
k=2

It follows from (31) that
= 1+ Bk [Kly — (o + BT\
(Z il B)l—il) . B)}> akl‘ =

2ih

k=2
By setting

« = mled

Therefore, to prove our result we need to find the largest vy, such that
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i [kl§ {(1 + Bk [klq — (va +B)}<iat ) <L (t>1k22)
k.l T

k=2 1=v) =1
That is that
(k17 {1+ Bk [klg = Cvn +8)} _ 1 i A+ Bk [k —<al+ﬁ)}
1= ) h = 1- al)

Which leads to
h(1+ B)(1 — a)*[[kI5 {k[Kk]q + 1}]

[KI2 {1+ B)k [Klq — (o, + B)}] = h(1 — &)t

Yh <1-—
Now, let
h(1+ B (A — a)[[k]? {klk], + 1}]

k) =1- .
[[K]2 {(1 + Bk [k]l; — (@, + B} —h(1—a))t

Since W(k) is an increasing function of (k € N), then we get

h(1+ )1 —a)?[[215{2[2]4 + 1}]
[[218 {1+ B)2 [2]4 — (oy + B)}]" = h(1 — o))

Sowecanseethat 0 < y, < 1. The resultis sharp for the functions

fi (z) (1 = 1,2, ..., h) that are given by (21). The proof of Theorem 4 is thus completed.
If weput t=2and a; = a (I = 1,2, ..., h) in Theorem 3, we obtain the following result.
Corollary 3 : Let f; (z) € A;(k,n,a , §) for each (I = 1,2 ... h) and suppose that

[ h
F@=2-) (2 ai,l> z* (k > 2). (32)

k=2 \l=1

Then, F(z) € A;(kn,a, y, ,B) where

o P - )220, + 1) 33)

(215 {1+ B)2[2]q — (o + B} — h(1 — a)?
The result is sharp for the functions f; (z) (I = 1,2, ..., h) that are given by (21).
Theorem 4: Let f; (z) € Ag(kn, oy ,8) for each (I =1,2,..,h) and suppose that the
functions g (z) are defined by

7 (z):z—zoo be 7 (b 20k>2), (34)
k=2
inthe class 4,(kn, a5 ,8) (s = 1,2, ...,t). Then
(fr *f2 % wox fu* g1 x g2 * .. * gt )(2) € Ag(k,n, 9, B), where
p=1-
{klklqg(@+p) =B} T, (1 —a) TTE,(1 —ay)

35
Mok Klg L+ ) — (@1 + B} Tima (K [Klg (L+ B) — (a5 + )] 5)
The end result is sharp for fi (2) (l=12,..,h) that are provided by (21) and g, (z) that are
given by

Y =¥(2)=1-

1—a,
s =Z- k>2s=1.2,..t). 36
9 O = AT R, — @ p). KEFSTLAe0 GO
Proof : From ( 20), we get that if f(z) € A;(k,n, 8 ,p) and g, (2) € Ay(k,n, 1, B), then

(f * 9)(2) € Ay(k n, 9, B), where
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{kkly(1+B) —B} 1—-8)(1—p)

O A (1+B)—(8+B}{k AP -G+B]
Since Theorem 2 leads to (f; * f; *..x f, )(z) € A (k n, §, B), where 6§ is defined by (20)
and (g; * g, * ...* g¢ )(z) € Ag(k,n, 1, B), with

0= 1— {k (1 + B) B} Hs 1(1 as) (37)
1{k o (1+B) = (as + B)}
Then, we have (f1 fo ¥k fn % g1 % gy *..x g )(2) € Ag(k,n,y, B), where 9 is given
by (35) , this completes the proof of theorem 4.
Letting o =a (l=12,...,h) and a;=a (Il =1,2,..,t) in Theorem 4, we obtain the
following corollary
Corollary 4: Let the functions f;(z) € A;(k,n,a,p) (I=1,2,..h) and the functions

gs (z) that are defined by (36) in the class A,(k,n,a , ). Then, we have
(fi ¥fo % ¥ fp * g1 ¥ gy * .. *gt)(z) € A,(k,n, ¢, B), where ¢

_ h+t
b1 {kkly(1+B) -pl1—-a) | 38)

{k [Klg (1 +B) — (a+ B )}

Conclusions

In this work, properties and results on the Quasi-Hadamard products have been shown . This
is done for a new subclass of analytic functions of B-Uniformly univalent function that is
defined by the Salagean g-differential operator.
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