Faraj and Hashem Iragi Journal of Science, 2018, Vol. 59, No.4B, pp: 2100-2106
DOI:10.24996/ij5.2018.59.4B.15

R

iragq:
Journal '
CIENCE
ISSN: 0067-2904

On Skew Left ¥-n-Derivations of *-Ring

Anwar Khaleel Faraj*, Rugaya Saadi Hashem
Department of Applied Sciences, University of Technology, Baghdad, Iraq

Abstract
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1. Introduction

Throughout this paper R will represent an associative ring with center Z(R). A ring R is said to be
n-torsion free if na=0 with aeR then a=0, where » is nonzero integer [1]. For any v, y€ER, the
commutator vy-yv will be denoted by [v, y] and the anti-commutator v o y will be denoted by vy+ yv
[2]. Recall that a ring R is said to be prime if aRb=0 implies that either =0 or b=0 for all a, beR [3]
and it is semiprime if aRa=0 implies that a=0 for all 2 € R [1]. An additive mapping &:R —» R is
called a derivation if £(vy)= E(v)y + v&(y) for all v,y€R [4]. An additive mapping £:R — R is called
a left derivation if £ (vy)= y&(v) + vE(y) for all v,yeR [5], it is clear that the concepts of derivation
and left derivation are identical whenever R is commutative. A map F: R—R is said to be commuting
(resp. centralizing) onR if [F(v),v]=0 (resp. [F(v),v]€Z(R)) for allv eR [6]. An additive
mapping v — v* of R into itself is called an involution if the following conditions are satisfied (i)
(wy)'=y*v* (ii) (v*)*=v for allv,y € R [2]. A ring equipped with an involution is known as ring
with involution or *-ring. Let R be a *-ring. An additive mapping é:R—®R is called a *-derivation if
E(vy) =&)Y +vé(y) for allv,yeR [7]. An additive mapping é:R—R is called a left *-derivation
E(y)=y"E) +vé(y) for all v,yeR [8]. There are many works dealing with the commutativity of
prime and semi prime rings admitting certain types of derivations [4,5,9,10,11]. Bresar and Vukman
[7] studied the notion of a *-derivation of R. Ali [12] defined symmetric *-biderivation and studied
some properties of prime *-rings and semiprime *-rings. Recently Ashraf [13] defined the concept of
x-p~derivation in prime =-rings and semiprime =-rings and studied the commutativity and some of
their properties. In the present paper we introduce the notion of skew left -z-derivation and study the
commutativity and some related results involving skew left *-n-derivations in *-rings.
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2. Preliminaries

Some definitions and fundamental facts of skew left *-s-derivations are recalled in this section,
which are principals of skew left -n-derivation.
Proposition (2.1) [2]

Let R be aring, then for all v,y, z € R we have
1- [v,yzl=ylv, z]+[v, 7]z
2- [vy, z]=vly, z]+[v, z]y
3-v o (yz)=(vey)z—y[v z]=y(ve 2)+[v,y]z
4- (vy) o z=v(y ° z) — [v, z]y=(v ° 2)y+v[y, 2]
Definition (2.2) [6]

A mapé&R™ - R is called permuting (or symmetric) if the equation{(vy,vy,...,0,,)
=& (Ur(1),Vn(2)-- - Vr(n)) holds, for all v;€R and for every permutation {n(1),n(2),...,n(n)}.
Definition (2.3) [13]

An n-additive mapping &:R"™—R is said to be a *-n-derivation if the following equations are

identical:
é(vlyi U2y ey U/n):é(vl' Uy ey Un))’*+U1§(V' U2y wes Un)
‘:(UIJ U2V ey vn):z:\(vlr U2y ey Un)Y*"'sz(Ul: Ve U/n)

E(q, Vg, e, U, Y)=E(V1, Vg, ..., U, Y+, E (U, Uy, ..., v), TOrall vy, y, vy, ..., U, ER.

Now we introduce the concept of skew left -n-derivation to get our main results.
Definition (2.4)
Let R be a *-ring. An n-additive symmetric mapping &R"™—R is said to be a skew left *-n-
derivation if
Z;(Ul]/, U2, ey U/n): y* é(vl' U2, ey vn) + vlz_:(y' U2, ey Un)
é(Ul, U2V ey Un)z ]/* é (UlJ U2y ey Un)+ UZ&(UIJ Vi Un)

E(W, Vg e, U Y)= Y E(V, Vg, oo, Uy )+ U,E(V1, Uy, ..., y), TOr all vy, vy,..., v, ER.
The following example explains the notion of skew left =-7-derivation.
Example (2.5):

RESTE

{6 96 D€ PR e

(8 061)(8 %2)(8 ag‘)eR.AndrHr*suchthat(g g):(g _Oa)

Then it easy to check that & is skew left *-7n-derivation.
3. The Main Results

We investigate the commutativity of x-ring and some related results by using the notion of skew
left x-n-derivations.
Theorem (3.1): let R be a prime *-ring and & be a skew left *-n-derivation. Then R is commutative
ring or & =0
Proof:

Since & is a skew left *-7-derivation, then

§((V1Y)2, V2, ..., V1) =27 E(V1Y, V2, o, Va) Y01 VE(Z, V2, o0, V)

) |a € R} be aring, and R be a ring of real numbers. A map é: R™ — R define by

=2y E(W1, Vg, o, U )2 U1E(V, Uy, o, U ) TU1YE(Z, U, o Up) e (D
Also we have

§(1(¥2), vz, .., V) =(¥2) §(v1, V2, oor, V) Y018(VZ, V) e, V)

=z"y (U1, Vg, oo, Uy ) tU1Z27E(Y, Vg, .., U, ) t01YE(2, Uy, ..., 0,), TOrall v, y, z, vy, ..., U, ER. .......... 2

Combining equations (1) and (2), to have
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Z V18V, Vz) s V)= V1278(Y, Vg, oon, V)
Putting z instead of z* in the last equation, we obtain
ZU18(V, VU2, o, U )= U1ZE(V, Uzs s U)o 3
[z, 18V, Vo, -, 0, )=0 (4)
Replacing z=zr in equation (4) and using it, to get [z, v, ]t&(y, vy, ..., v,,)=0
Let y=v,in above equation, then
[z, v1]RE(vq, V3, ..., U,)=0
Then either [z, v,]=0, which mean that R is commutative or (v, v, ..., v,,)=0.
Theorem (3.2): Let R be a 2-torsion free prime *-ring and &; be a skew left *-n-derivation and &, be a
*-p-derivation such that if &; (vy,va, ..., V)8 (Y1, V2, -0 ¥a) T &2 (V1, V2, o, V)61 (Y1, Va2, -v, ¥ )=0 TOr
allvy, vy, ..., U, Y1, V2, -, Yo ER then either €,=0 or £,=0.
Proof:

Since & (v, Vg, -, U, )8 (V1 V2 s Vi)t S (U1, Vg, oo, U, )8 (Vi Vs s Vi )=0 e (1)
Replacing v;=v, z in equation (1) to get
0:21 (UIZ' VU2, «t) Un)EZ (Vll Y25 s y/n)+ EZ (UlZ, U2, .y U/n)zl (ylr Y2, y/n)
=278 (U1, V2, s Un) &2 (Y1, V2o oo s Y )U181 (2, V2) oo, V)62 (V1 V2o s Vi) T
276 (01, V2, s V)81 (Y1, V2o s Vi) T V182(2, V2, o, U )& (V1. V2o +ons Vi)
:Z*El (Ul' U2« U/n)EZ (yl; Y25 - Yn)+52 (Ul; Uz, -, Un)Z*Zl (ylr Y2, y/n)}+
U1{E1 (Z' U2, ey Un)EZ (Vll Y2,y y/n)+§2 (Z' U2y ey Un)El (V1; Y2,y Yn) -------------------- (2)
From equation (1) and equation (2)
2781 (U1, V2 s V)& (Y1, V2o s Vi)t 82 (V1,V2 w0, V) 2781 (Y1, V20 o Vi) =0

Let z*=z in above equation to obtain
28 (W1, V2, o, U)o (VL Vo 0 V)T S0V, V2, o, V)28 (V1 V2 0 Y )=0 3)
Multiplying equation (3) from the right by p&, (v, 15, ..., ;) t0 get
281 (U1, V2, s V)82 (Y1, Vs s Vi )PE1 (X1, T2, oons T )+
%2)(1)1,1)2, e U )Z8 (Y1, V2r oo Y ) P81 (B4, X2, o, £)=0,fOr @ll U1, Uy, o, U, V1, V) voos Vi £1, T2y oy TR ER
4
Equation (3) gives us
ZEl (Ull U2, ey U/}'L)EZ (}/1' Y2, s y/n)z_EZ (Ull U2, ey U/n)ZE1 (Y1' Y2, s )//n)
Since R is a 2-torsion, then equation (4) becomes
&2 (U1, U2, -, V) REL (Y1, V2o s Vi) REL (21, T2, -0, 1) =0
By *-primeness of R, either
& (V1,0 ..., 0,)=0 Or & (r1,1, ...,1,)=0, for all vy, vy, ...,v,, 14,15, ...,t, ER. That is, either &=0 or
£,=0.
Theorem (3.3): Let R be a semiprime *-ring admitting a non-zero skew left *-z-derivation & Then
¢R,R, ..., R)CZ.
Proof:

Replacing v; by &(v4,v,, ..., v,,)r in equation (3) of theorem (3.1), to get

2E(V1,Vz, o, U )LE(V, Vg, o, U, )= E(U1, Ug, v, U, )1ZE(Y, Vg, oo, U,)
That is,
0=2%(v1, V3, ..., U, )E(Y, Vg, ..., Uy) — E(U1, Vg, o, U, )ZE(Y, Vg, ., Uy)
=[2,8(v1, V2, e, V)TIE(Y, V2, -on, V)
=[2,8(V1, Vz, oo, VL) ]XE(Y, Vg, oon, V) HE (U1, V2, oon, U ) [2,T]8(Y, V2, e, V)
By using equation (4) of theorem (3.1) in the last equation to get

[z,E(v1, Uz, ..., V) |EE(Y, V2, .., U)=0 (1)
Multiply equation (1) from the right by z, to get

[z,E(vq, Vg, ..., U ]E(Y, V3, -, U, ) 2=0 ...
Replacing r=rz in equation (1) where r, zER, to get

[z,E(vq, Vg, ..., U,)]rZE(Y, Uy, ..., U,,)2=0 ...03)

Comparing equation (2) and (3) to obtain

[z, §(V1, Vz, -, )8V, V2, e, U ) Z2=[2, §(U1, U2, oo, V) 228V, V2, e, Ug)

This means that

[z, &(vq, Vg, ..., ) ]t[2,E(y, vy, ..., v,,)]=0, for all z,y,x,vq,v,, ..., v, ER. Now put y=v, to get
[2,§(v1, V2, -, UR)IR[Z, §(V1, V2, -0, ) ]=0
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This gives
[2,§(v1, V2, -, U] R[2,§(v1, V2, ., 0,)]"=0
By the *-semiprime of R, yields that
[z, &(vq,Vy, ..., V,,)]=0 and this means that, (R, R, ..., R)CZ.
Recall that an additive mapping & : R—®R is called a left multiplier if & (vy) = & (v)y [12].
Theorem (3.4): Let R be a semiprime =-ring and & be a skew left *-n-derivation such that
E(U1, Vg, o, U ) V1= V18(V1, Voo o V) TOr all vy, vy, ., 0,0, ¥4, V2, s Vo €ER. Then & is a left multiplier.
Proof:
By hypothesis,

E(U1, Uz, o, U ) V1= V18V, Voo s Vi), TOr @ll g, Vg, o U, V1 Voo s VR ER. e @
Replacing y; by y;z in equation (1) and since & is a skew left *-n-derivation, then
(U1, V) -, Un)V12= 01278V, V2o s Vi) T U1Y18(2, Y 2) oo, Vi)
Again by using equation (1) in the last equation
U1§(V1' V25 ]/n)Z: UIZ*E(yli Y2y s Yn)+ U1V1§(Z; V2, yn)
Using z instead of z* to obtain
vlg(yll Y25 ]/,n)ZZ UIZE(YIJ V2s s Yn)+ lelg(zJ Y2,y y/n)
By applying equation (1) on left side of last equation to get
V1Y18(2, V2, -, ¥u)= V128(Y1, V2, o, Vi )+ V1718(2, V2, ..., V) @nd this mean that
V12EV1, V2 - Yu)=0, forall vy, z, ¥4, ¥2, -, VAER 2)
Replacing v, by &(y1,¥2, .., ¥,.) in equation (2) then
E(Vl: Y25 s Vn)ZE(Vp Y25 s y/n)zoa for a" Y1, V25 Voo ZER and thIS gives
E(le yZJ R Yn) :R E(le YZ' bR Yn)zoi for a“ YIJ YZ' bR Yn'E:R
This implies that
E(Vll Y25 s y/n)*:R E(Vll Y25 s y/n)*zo
Using *-semiprimeness leads to & is a left multiplier.
Theorem (3.5): Let R be a semiprime -ring and If R admits a skew left *-n-derivation & of R™, then
& a maps from R™ to Z(R).
Proof:

By hypothesis E(vy, vy, ..., U,)= Y E(U, Uy, oo, U )T VE(Y, Vg, oy Up) e (1
Let y=yz in equation (1), to get
E(vyz, vy, ..., 0,)= (¥2)*E(V, vy, ..., U,)+ VE(YZ, Uy, ..., U,)

=z2'Y*E(V, vy, ..., Uy )t Z7VE(Y, Vg, ..., U, )t UYE(Z, 0y, ..., v,), TOorallv,y, z,v,, ..., ULER. ............ 2
On the other hand

E(vyz, vy, ..., v,)= 2°E(VY, Uy, ..., 0,,)+ VYE(Z, Uy, ..., U,)

=2y  E(V, Uy, o, Uy )T Z7VE(Y, U, o, U )T UVE(Z, Vg, o, U)o 3

Comparing equations (2) and (3) to have

[v, 2" [E(y, vz, ..., V,)=0
Replacing z*=z in last equation to obtain

[v,z]E(y, vy, ..., v,)=0, forall v,y,z,v,, ..., U, ER e @)
Replacing £(y, vy, ..., v, )v instead of v in equation (4) and using it then

[E(yv, vy, ..., U,), Z]JUE(Y, Uy, ., U, )=0 e (5)
Let v=vz in equation (5). Then

[E(y, vy, ..., U,), Z]UzE(Y, Vg, .., U, )=0 (6)
Now, multiplying equation (5) from the right side by z

[E(y, vy, ooy V), ZJUE(Y, Uy, o, U, )Z2=0 ()

Comparing equations (6) and (7) to get

[E(y, vy, ..., U,), Z]V[E(Y, vy, ..., U,), 2]=0, hence

[E(y, vy, ..., U,), Z2]R[E(Y, Vg, ..., U,,), z]=0. Since R is semiprime *-ring [§(y, vy, ...,v,),2z]=0, for
ally,z,v,,...,v,ER. Hence & is a map R into Z(R).

Theorem (3.6): Let R be a prime *-ring. If R admits a skew left =-n-derivation & of R™ such
that E(v, vy, ..., v, )7V and E(vy, vy, ..., U,)=E(V, Uy, ..., U,)E(V, Uy, ..., u,) Tor allv,y,v,, ..., v, ER, then

& =0.

Proof:
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By hypothesis

EWY, Vg, ., U,)= YV E(V, Uy, ., U UE(Y, Vg, o, U,)=E(V, Uz, oo, U) E(V, U2, v Ug) e (1
Let v=vz in equation (1) to get
Y ¢, vy, ..., 0,)E(2, 0y, ..., U,,)+ VZE(Y, Uy, ..., U, )=E(V, Uy, ..., U,)E(2Z, V5, ..., ,) E(V, Uy, v, U,)=
E(U! U2, ey Un) E(Z]/, U2, ey vn):z(v' U, ey Un){V*E(Z: U2, ey Un)'l'ZE()/, U2, ey U/n,)}
This implies that
[y", 8, vz, ., V)82, Va) oo, U )+ (U = §(V, V2, o0, 04))28(Y, V2, o0, V) =0
By Theorem (3.5) the above equation becomes
v —=¢W,vy,...,v,))2ZE(y, vy, ..., 0,)=0, for all y, z,v,v,, ..., v,,ER
That is, (v —2%(,vy,...,u,))RE(y, vy, ..., v,)=0. Since R is prime =x-ring then either (v —
¢w,vy,...,u,))=0 or &y, vy, ..,v,)=0. But &,vy,..,vu,)#, theni(y,v,,..,v,)=0 for
ally,v,, ...,v,ER.
Theorem (3.7): Let R be a prime *-ring and If R admits a skew left x-n-derivation & of R" such
that E(v, vy, ..., v, )2V and E(vy, vy, ..., U,.)=E(Y, Uy, ..., U,) (U, Uy, ..., v, )for all v, y,v,, ..., v,
€R, then & =0.
Proof:

By hypothesis
E(U]/, U2y ey U/n)z V*E(U' U2 ey Un)+ UE(Y} U2y weey Un)zz(y' U2y wes U/n)z(vr U2y ey Un) tee (1)
Replacing y=vy in equation (1) to get
YUV, vy, .., Uy ) TUE(Y, Vg, ., U,.)E(V, Uy, ., U ) =E(VY, Uy, oon, U)E(V, Vg, -, U,)={Y T E(V, Uy, .., U,)
+ UE(V' U2y ey Un)}E(U' U2y ey Un)
This implies that
Yy e, vy, ..., U,) — ¥ EW, Uy, ...,0,)EW, vy, ..., v, )=0
y*(w* —&v,v,,...,v,))E(v, vy, ...,v,,)=0
Applying Theorem (3.5) to get
W =¢w, vy, .., v,V E(V, vy, ...,v,)=0
Hence, @*—%&,vy,...,v,))REW,v,,...,v,)=0. Since R is prime *-ring then (v* —
¢w,vy,...,0,))=0 or &,v,,...,v,)=0. But &(v,v,,..,v,)#v", then &(v,v,,...,v,)=0 for all
U,VUy, ..., U, ER.
Theorem (3.8): Let R be a prime *-ring and a€R. If R admits a skew left *-n-derivation § of R™
and [E(v, vy, ..., V,,), a]=0, then either £(a)=0 or a€Z(R).
Proof:

By hypothesis
O=[¢(vy, vy, ..., U,),a]=0
= [y, vy, ..., U,)TVE(Y, Uy, ..., U,),a]=0, forall v, y, vy, ..., UL,ER oo (1)
Hence [y*, alé(v,vy, ..., v,)*[v, al(y, vz, .., U,)=0 s 2)
Replacing v by a and y* by y in equation (2) to get
lv,alé(a,vy,...,v,)=0 (3)
Replacing y=vy in equation (3) and using it to get
[v,alyé(a,v,, ...,v,)=0, and this implies that [v,a]R&(a,v,,...,v,)=0, since R is prime then
either aeZ(R) or &(a, vy, ...,v,)=0 forall a, v, ...,v,ER.
Theorem (3.9): Let R be a semiprime *-ring. If R admits a skew left *-n-derivation & of R
then [E(v, vy, ..., v,),z]=0for all v, z,v,, ..., v, ER.
Proof:

By hypothesis E(vy, vy, ..., U,)=V E(U, Uy, ..., U, ) TUE(V, Vg, oo, Uy)) e (D

Substituting y=yz in equation (1) we get
E(vyz, vy, ..., v,)=(¥2)*E(v, vy, ..., U,)HUE(YZ, Uy, ..., Uy)

=2V E(V, Vg, o, U )T VZE(V, Vg, oo, U ) FUYE(Z, Vg, oo, Uy) e (2
Also we have

E(vyz, vy, ..., v,)=Z2"E(VY, Uy, ..., U, ) TUYE(Z, Uy, ..., U,,)

=2y (U, Vg, ., Uy )F ZVE(Y, Uy, oo, U )HUYE(Z, VU0, oo, U)o 3)

Comparing equations (2) and (3) to get [v, z*]¢(y, vy, ..., v,,)=0
Let z*=z in above equation to get
[V,2]E(¥, vy, ., U,)=0 e 4)
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Replacing v by &(y, v,, ..., v,,)v in equation (4) and using it to get

[E(y, vy, o, V), Z]JUE(Y, Uy, ., U, )=0 s (5)
Let v=vz in equations (5) then

[E(y, vy, ..., U,), Z]UZE(Y, Vg, .., U, )=0 (6)

Now, multiplying equation (5) from the right side by z we have

[E(y, vy, o, U,), ZIE(V, Vg, -, 0,,)2=0 @)

Comparing equations (6) and (7) to get [E(y, vy, ..., U,), ZJV[§(V, Uy, ..., U,), Z2]=0

Hence [E(y, vy, ..., U,), Z]R[E(Y, vy, ..., V,),2]=0. Since R is semiprime =-ring then
[E(y, vy, ..., v,),2z]=0 forall y, z,v,, ...,v,ER.

Theorem (3.10): Let R be a prime -ring. If R admits a skew left *-7-derivation § of R” such that
&([v,v] vy, -, v,)=0 for all v,y,vy,...,v,, ER then €&=0 or R is commutative.

Proof:

By hypothesis E([v, v],va, ..., U,.)=0 (1)
Let v=vy in equation (1) and using it to get
[V,YIE, v, -, U)=0 e s )

Replacing v=vz in equation (2) then
[0, Y125V, V2, ., U ) V(2 VIEW, Vs, ., 0,,)=0
By using equation (2) the last equation to get
[v,v]2¢(y, vy, ..., v,,)=0 and this implies that [v, y]RE(y, vy, ..., v,,)=0. Since R is prime then [v, y]=0
and this means that R is commutative, or &(y, vy, ...,v,,)=0 for all y, v, ..., v,,ER.
Theorem (3.11): Let R be a prime -ring. If R admits a skew left *-n-derivation § of R” such that
[E(v, vy, ...,v,),¥]=[v,y] forall v,y,v,, ...,v, ER then §&=0 or R is commutative.
Proof:

By hypothesis [E(v, vy, ..., v,.), YI=[v, ¥l (1
Let v=vz in equation (1) to get
[E(UZ, Uz« U/n)J ]/]z[UZ, Y]
2", V150, V2, e, ) 427 [E(V, Vg e, U ), VIV, VIE(Z, Vs o, ) HV[E(Z, Vs -, 1), VIV, V] Z40[2, ]
By using equation (1), the last equation can be reduced to

[z, V]V, vy, .., U ) 2" [V, Y]+ [V, V]E(Z, vy, ..., v, ) V[ 2, V]=[V, V]ZHU[Z, Y] o 2)
Replacing v=y and z*=z in equation (2) to get
[Z,V]IE(V, vg, -, U, )=0 3)

Replacing z by zr in equation (3) and using it to get

[z,v]E(y, vy, ..., v,)=0 foOr ally,x, z,v,, ..., v,,ER.

This implies that [z, y]RE(y,v,,...,v,)=0. Since R is prime then&(y,v,,...,v,)=0 for
ally,v,, ...,v,,ER, or R is commutative.

Theorem (3.12): Let R be a prime =-ring. If R admits a skew left *-n-derivation § of R™ such that
E((Wey),vy,...,u,)=0forallv,y,v,,..,v,ER then £&=0 or R is commutative.

Proof:

By hypothesisE((V o ¥), Uy, ..., U,)=0 (1)
Let v=vy in equation (1) and using it to get
e y)é(y, vy, ..., v,)=0 e seensesneenens (2)

Replacing v=sv in equation (2) then (s o y)v&(y, vy, ..., v,,)=0

Hence (seoy)R&(y,vy,...,v,)=0. Since R is prime =-ring then (soy)=0, replaces=sz we
get s[z,y]=0. Now let s=vs then we have vs|z, y]=0, that vR [z, y]=0 for 0£v€R and since R is prime
*-ring then R is commutative, or §(y, vy, ..., v,,)=0 for all y, v,, ..., v, ER.

Theorem (3.13): Let R be a prime *-ring. If R admits a skew left *-n-derivation & of R such that
&V, vy, ...,u,) cy=0forall v,y,v,,...,v,ER then £=0 or R is commutative.

Proof:
By hypothesis (v, v,, ..., U,.) o ¥=0 s e €]
Replacing v=vz in equation (1) and using it to get
ly,z*1€(v, vy, ..., ) — [V, V]E(Z,0p, ..., U, )=0 (2
Let v=y and z*=z in equation (2) then
[V, 28y, vg, ., U,)=0 (3)

Replacing z=vz in equation (3) and using it to get
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[v,v]z&¢(y, vy, ...,v,)=0forall v,y, z,v,, ...,v,,ER
This implies that [y,v]RE(y,v,,...,v,)=0, since R is prime then&(y,vs,,...,v,)=0 for
all y,v,, ...,u,,ER, or R is commutative.
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