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Abstract: 

     The bound radial wave functions of Cosh potential which are the solutions to the 

radial part of Schrodinger equation are solved numerically and used to compute the 

size radii; i.e., the root-mean square proton, neutron, charge and matter radii, ground 

density distributions and elastic electron scattering charge form factors for nitrogen 

isotopes 
14,16,18,20,22

N. The parameters of such potential for the isotopes under study 

have been opted so as to regenerate the experimental last single nucleon binding 

energies on Fermi's level and available experimental size radii as well.  
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 14,16,18,20,22Nنظائر النايتروجين ل يةالشحن تشكلالعات الكثافة الأرضية وعوامل تحقيق توزي

 باستخدام جهد كوش
 

أركان رفعت رضا و  *سفانة سعد عودة  
 ، العخاقبغجاد ، الفيدياء، كلية العلهم، جامعة بغجاد،قدم 

 
 الخلاصة
تم حل الجوال السهجية القطخية السقيجة لجهج كهش والتي هي حلهل للجدء القطخي لسعادلة شخودنكخ        

عجديا واستخجمت لحداب الانراف الاقطار الشهوية؛ معجل نرف القطخ البخوتهني والشيهتخوني والذحشي 
ة لشظائخ الشايتخوجين والكتلي، وتهزيعات الكثافة الارضية وعهامل التذكل الذحشية للاستطارة الالكتخوني

14,16,18,20,22N . العسلية معلسات مثل هحا الجهج للشظائخ تحت الجراسة اختيخت بحيث تهلج طاقات الخبط
 .للشيهكليهن الاخيخ على سطح فيخمي وايزا الانراف الاقطارالشهوية العسلية الستهفخة

 

Introduction 

       In the nuclear realm, choosing the right nuclear potential is of great importance [1]. 

Firstly, the harmonic-oscillator (HO) potential is widely utilized potential for theoretical 

nuclear applications. It has a restricted application since      approaches to infinity at large   

besides, the radial wave functions (WF) of HO are mainly characterized by Gaussian fall off 
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behavior (steep slope behavior) [2-4]. To improve the performance of the WFs of HO 

potential, changes are required; in Refs [5-7], the two-frequency shell model approach were 

used with limited success to study the exotic nuclei. In Refs [8-10] the transformed HO WFs 

in local scale transformation (LST) were successfully used to regenerate the tail characteristic 

in the density distribution for exotic nuclei, which explained the experimental ground data 

quite well. Furthermore, the WSs of the Woods-Saxon (WS) potential have been used to 

compute bulk properties of stable and exotic nuclei [11-13]. 

        In the present work, the radial part of the Schrödinger equation was solved numerically 

and the wave functions have been tested by calculating the ground properties of nitrogen 

isotopes; 
14,16,18,20,22

N (size radii, density distributions and ground electron scattering 

formation factors). The adopted parameters of Cosh potential are chosen to reproduce the last 

single proton and neutron binding energies near the Fermi's level.  

Theoretical bases 

The Schrodinger equation for a single nucleon in  -nucleon system is given by [14] 

* 
  

  
 ⃗⃗       +      

                    
                          

The Cosh form of      which is symmetrized form of WS potential and can be written as 

[15] 
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where              and   are the radius (of the system,    ) and diffuseness of the 

potential, correspondingly.   
      

 
 is the reduced mass for the single nucleon and the rest 

of       system. In Eq. (1), the wave function,       
        can be written as [14] 

      
              

                                                           

        ,      and      represent the spherical harmonics, spinor for spin and isospin wave 

functions, correspondingly. 

The nuclear potential,      in Eq. (1) can be written as the sum of central, spin-orbit and 

Coulomb parts [14] 
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   and       are the depth of the central and spin-orbit potentials. The radial part of 

Schrodinger’s equation can be reduced to, 
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The use of such potential give the radial and angular parts which can be used to calculate the 

proton/neutron density distributions given by [5], 
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The matter density can be accounted from [16,17], 

                                                             

The charge electron scattering form factors is a Fourier transform to Eq. (4) [16],  
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Finally, the size radius for proton, neutron and matter is denoted by 〈  〉 

 

  and computed from 

[16], 
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Result and discussions 

The pure configuration with independent particle model (IPM) are applied with Cosh 

potential to 
14,16,18,20,22

N to calculate the size radii, density distributions and charge form 

factors.  

The six parameters of Cosh potential,   ,   , a,    ,        and     are adjusted so as to 

regenerate the available experimental single nucleon binding energies and     radii for 

nuclei under study. In Table 1, the parameters of the potential for 
14,16,18,20,22

N are listed. The 

procedure of chosen such parameters in Table 1 are done by fixing the values of the 

parameters   ,    and        to be equal, besides The     is always chosen to be 9.0 MeV, 

therefore, the zone of parameters would be limited to the three parameters   ,    and  . Such 

three parameters play crucial role in the present work. In tables from 2 to 6, the calculated 

single-nucleon binding energies are computed using Cosh potentials for Nitrogen isotopes 

(
14,16,18,20,22

N). 

 

Table 1- Cosh potential parameters for 
14,16,18,20,22

N.              

   
   

Neutron binding 

energy (MeV) 

Exp. neutron binding energy 

(MeV) [18,19] 

Proton binding 

energy (MeV) 

Exp. proton binding 

energy (MeV) [18,19] 

      30.236 - 28.673 - 

      16.455 - 14.083 - 

      10.553                  7.550           
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Table 2-Single-nucleon binding energies for    
   

    
 (     

[18,19] 
     [18,19]           a                

   
        Stable 

n 50.030 1.300 0.50 9.0 1.300 0.50 

p 53.693 1.240 0.45 9.0 1.240 0.45 

   
                    

n 46.989 1.250 0.39 9.0 1.250 0.39 

p 54.828 1.220 0.35 9.0 1.220 0.35 

    
  (                  

n 54.883 1.220 0.45 9.0 1.220 0.45 

p 52.670 1.300 0.42 9.0 1.300 0.42 

    
  (unknown

 

  
           

n 42.180 1.200 0.36 9.0 1.200 0.36 

p 54.174 1.275 0.39 9.0 1.275 0.39 

    
        

 
 

        

n 39.649 1.314 0.40 9.0 1.314 0.40 

p 56.194 1.263 0.40 9.0 1.263 0.40 

      

Table 3-Single-nucleon binding energies for    
   

   
   

Neutron binding 

energy (MeV) 

Exp. neutron binding 

energy (MeV) [18,19] 

Proton binding 

energy (MeV) 

Exp. proton binding 

energy (MeV) [18,19] 

      29.120 - 32.074 - 

      15.823 - 17.652 - 

      9.885 - 11.478 11.47821±0.00244 

      2.488                - - 

 
Table 4-Single-nucleon binding energies for     

   

    
   

Neutron binding 

energy (MeV) 

Exp. neutron binding 

energy (MeV) 

[18,19] 

Proton binding 

energy (MeV) 

Exp. proton binding 

energy (MeV) [18,19] 

      35.909 - 32.731 - 

      21.815 - 20.067 - 

      16.206 - 15.205 15.20658±0.02542 

      7.411 - - - 

      2.828 2.82822±0.02387 - - 

 

Table 5-Single-nucleon binding energies for     
   

    
   

Neutron binding 

energy (MeV) 

Exp. neutron binding 

energy (MeV) 

[18,19] 

Proton binding 

energy (MeV) 

Exp. proton binding 

energy (MeV) [18,19] 

      26.352 - 35.007 - 

      14.308 - 22.486 - 

      8.802 - 17.936 17.93647±0.11301 

      2.161 2.16173±0.05796 - - 

 

Table 6-Single-nucleon binding energies for     
   

    
   

Neutron binding 

energy (MeV) 

Exp. neutron binding 

energy (MeV) 

[18,19] 

Proton binding 

energy (MeV) 

Exp. proton binding 

energy (MeV) [18,19] 

      25.118 - 40.224 - 

      16.501 - 28.373 - 

      13.390 - 24.707 20.894±0.444 

      7.346 - - - 

      2.734 - - - 

      0.731 1.28381±0.21443 - - 
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In Table 7, the available experimental and computed size radii for 
14,16,18,20,22

N are presented. 

Very good agreement with experimental data for all Nitrogen isotopes  

are obtained. 

 

Table 7-Calculated and experimental size radii for 
14,16,18,20,22

N 

   
  

Calculate

d 〈  〉 
   

 

Exp. 

〈  〉 
   

 

[20] 

Calculate

d 〈  〉 
   

 

Exp. 

〈  〉 
   

 
[21] 

Calculate

d 〈  〉  
   

 

Exp. 

〈  〉  
   

 

[22] 

Calculate

d 〈  〉 
   

 
Exp. 〈  〉 

   
 

   
   2.445         2.518 - 2.549           2.482 2.50(3) [20] 

   
   2.384 - 2.640          2.483 - 2.531 

2.53(14) 

[23] 

    
   2.531         2.765 - 2.619 - 2.676 2.68(2) [20] 

    
   2.522         2.995 - 2.604 - 2.838 2.84(5) [20] 

    
   2.530         3.307 - 2.606 - 3.081 

3.08(12) 

[20] 

 

Figure 1(a) and (b), the calculated and the experimental CDDs as well as the the calculated 

and the experimental charge form factors for 
14

N are respectively depicted. The solid curves 

represent the calculations using Cosh potential. The dotted symbols represent experimental 

data. It is obvious that there is very good agreement with experimental data for both, the 

calculated CDDs and charge form factors. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1- (a) Calculated CDD for 
14

N are illustrated and compared with experimental data 

[16]. In (b), the calculated charge form factors are depicted and compared with experimental 

data of 
14

N [24]. 

 

 

The calculated MDDs for 
16,18

N are drawn in Figure 2 and in Figure 3 for 
20,22

N.  The solid 

curves represent the calculations using Cosh potential and the dotted symbols are the 

experimental data. For 
18, 22

N, the pure 2s1/2 configuration is found to be in very good 

agreement with experimental data.  While for 
16,20

N, the pure 1d5/2 configuration is found 

adequate to make the calculation in very good agreement with experimental data for all. From 

Figures 3 and 4, it is clear that the asymptotic region of   for the calculated MDDs are well 

generated which is the main and outstanding feature of exotic nuclei. 

(b) (a) 
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Figure 2- Calculated MDDs for 
16

N (a) and 
18

N (b) are depicted and compared with 

experimental data [25]. The pure 1d5/2 and 2s1/2 configurations for 
16

N and 
18

N, respectively 

are presumed.  
 

 

Figure 3- (a) Calculated MDDs for 
20

N (a) and 
22

N (b) are depicted and compared with 

experimental data [25]. The pure 1d5/2 and 2s1/2 configurations for 
20

N and 
22

N, respectively 

are presumed. 

 

In Figure 4, the calculated MDDs for 
14,16,18,20,22

N are gathered together for comparison. It is 

worth mentioning that with increasing neutron numbers, the single-neutron binding energy 

decreases and consequently the tunneling in the calculated MDDs increases, leading to the 

upwards shift for the MDDs. 

 

 

 

 

 

(a) 

(b) (a) 

(b) 
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Figure 4- Calculated MDDs for 
14,16,18,20,22

N are displayed for comparison. 

 

In Figure 5, the calculated charge form factors for 
16,18,20,22

N are all compared with the 

experimental data of 
14

N. It is noticed that with increasing neutron numbers, the calculated 

ground charge form factors shift downwards and backwards in comparison with 
14

N. 

 

 
Figure 5- Computed charge form factors for 

14,16,18,20,22
N are depicted and compared with the    

  experimental data of 
14

N [24]. 
 
Conclusion 
       The nuclear ground density distributions and electron scattering charge form factors for 

nitrogen isotopes 
14,16,18,20,22

N have been computed using the bound radial wave functions of 

Cosh potential. The parameters of the aforementioned potential for the isotopes under study 

are set so as to reproduce the neutron and proton binding energies at Fermi's level, as well as 

the experimental size radii for each isotope under study. For the calculated ground state matter 

density distributions, it is found that the results are in a very good agreement with 

experimental data and greatly improved by using such potential, besides, the tail in calculated 
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densities are increased with the decreasing in the binding energies for the last single neutron 

on Fermi's level; and this is a result of high tunneling effect in the asymptotic part of the 

radial wave functions. Finally, for the calculated charge form factors, it is found that with 

increasing neutron numbers, the calculated charge form factors shifted backwards and 

downwards due the increasing in the screening effect coming from the increasing numbers in 

the neutrons. 
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