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Abstract 

      In this article,  the existence of thermal radiation with Copper- water nanofluid, 

the effect of heat transfer in  unsteady magnetohydrodynamics (MHD) squeezing 

and suction-injection on the flow between parallel plates( porous medium) are 

studied. Rosseland approximation and   the radiation of  heat flux are used to depict 

the energy equation. The set of ordinary differential equations  with  boundary 

conditions are analytically resolved by applying a new approach method (NAM). 

The influences of thermal field and physical parameters on dimensionless flow field  

have been displayed in tabular and graphs form. The presented results show that the 

heat transfer coefficient is reduced by the thermal radiation coefficient increases and  

the absolute values of the skin friction coefficients are enhanced with the magnetic 

amplification parameter. Regularly, the present outcomes discern that the parameters 

of the injection-suction coefficient are both the  temperature and velocity profiles 

decline. 

 

Keyword: Thermal radiation, Copper nanofluid,  Magnetohydrodynamics,  Parallel 

plates,  Porous medium. 

 

الذفط على تدفق  -دراسة تأثير الضغط غير المدتقر للديناميكا المائية والماء النحاسي مع الحقن
 الدوائل النانوية بين لوحين متوازيين في وسط مدامي

 
 عبير مجيد جاسم

العراق، البصرة ،جاهعت البصرة  ،كليت العلوم   ،الرياضياثقسن   

 

 الخلاصة
الدائل الشانؾي السائي ، تست دراسة تأثيخ  -، في حالة وجؾد إشعاع حخاري مع الشحاس  في هحا البحث      

الذفط عمى التجفق بيؽ -انتقال الحخارة في الجيشاميكا السائية السغشاطيدية غيخ السدتقخة  والزغط والحقؽ
ترؾيخ معادلة الظاقة. الرفائح الستؾازية )وسط مدامي(. يتؼ استخجام تقخيب روسلانج وإشعاع تجفق الحخارة ل

تؼ حل مجسؾعة السعادلات التفاضمية العادية بذخوط حجية تحميميًا عؽ طخيق تظبيق تقشية تعخف طخيقة نهج 
تؼ عخض معاملات تأثيخ السجال الحخاري والفيديائي عمى مجال التجفق بلا أبعاد في شكل كحلػ ججيجة . 

اري والسعمسات الفيديائية عمى مجال التجفق بلا أبعاد في ججاول ورسؾم بيانية. تؼ عخض تأثيخات السجال الحخ 
 بديادةأن معامل انتقال الحخارة يشخفض  أعهخت الشتائج التي تؼ الحرؾل عميها شكل ججاول ورسؾم بيانية. 

. مغشاطيدي تزخيؼ بسعامل تتعدز الجمج احتكاك لسعاملات السظمقة القيؼ أن كسا ، الحخاري  الإشعاع معامل
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مؽ انخفاض درجات الحخارة  الحقؽ هي كل -تغؼ ، تبيؽ الشتائج الحالية أن معاملات معامل شفطمش بذكل
 والدخعة.

1.Introduction 

      During the past decade, in many branches of science and engineering, there are many 

applications of analysis for heat and mass transfer such as from stains to the environment 

water is evaporated, and within the liver and kidneys the blood is sterilized which are related 

to mass transfer applications.  For the heat transfer, it includes evaporators and the field of 

condensers. The rate of mass and heat transfer has a legacy of much use, as lubrication 

method, polymer dispensation, chemical dispensation equipment, fog formation and 

dispersion, because of the frosty spoils on the crops, Azimin and  Riazi [1] studied the impact 

of the heat transfer for GO-water nanofluid between two analogous disks. They found that an 

increase in the values of the Brownian number leads to increase volume concentration of 

nanoparticle. During a vertical porous channel via convective heat source for nanofluid on 

MHD flow, Das et al. [2] have examined the influence of entropy exploration. In the porous 

medium,  Aziz et al. [3] have analyzed the effect of free convection on nanofluid past plate 

implanted a smooth plane and in the happening of gyrotactic microorganisms increasing the 

value of bio-convection parameters rate of mass transfer, Nusselt number and  motile density 

parameter enhanced,  while it decreases with growing the values of buoyancy parameter Nr. 

Domairry and Hatami [4] have studied  numerical investigation of squeezing flow through 

similar plates with Copper–water nanofluid with a raising the values of volume fraction of 

solid particle, there is no change in velocity boundary layer depth. Through a porous medium 

inside a square cavity packed in nanofluids,  Grosan et al. [5] exaimed the free convection 

effect of heat transfer. Through a channel with porous walls, Fakour et al. [6] deliberated the 

impact of a nanofluids flow of  magnetohydrodynamic and heat conduction. Gupta and Ray 

[7]  have discussed a numerical analysis of the squeezing nanofluid flow among two similar 

plates and they proved that as the temperature of the nanoparticle increases  with increase in 

Prandtl number and Eckert number.    In this paper, we study the effects associated with MHD 

flow of  heat transfer.  Before being solved, similarity solution is used to convert the 

governing partial differential equations into ordinary differential equations  using NAM. The 

effects of different physical numbers   on the flow and the thermal profiles are analyzed. 

Therefore, the organizations of this paper are: 

 In order to reveal the behaviour  fluid flow and of heat transfer with thermal radiation for 

Copper-water nanofluid. 

 We simulate the behaviour of the pertinent parameters such as porous medium,  thermal 

raditian, injection-susjection, solid volume fraction, Eckert number, Prandtl number and the 

length parameter on the curves of  the fluid flow and temperature distributions. We alos  

examine the graphical  of the parameters on the velocity and  the temperature distributions. 

 We use NAM  with similarity transformations to  understand the behavior of the heat 

transfer.  An approximate analytical solution from the proposed method could be  established 

mathematical formulations to describe  different  microfluidic devices.   

 The point  of the current study is to find  approximate analytical solutions  and  to analyze  

the influence  of  suction- injection  and  thermal radiation on unsteady  MHD squeezing  

Copper-water nanofluids flow between similar plates in the presence  of  porous medium. 

Obtained  equations  have been solved  by new approach technique with assisent the initial 

and boundary conditions and compared with  DTM[4]  and  4-5th Runge-Kutta-Fehlberg 

technique [8]. Through the graphs, the effect is described  various objective parameters on 

speed and temperature fields. 

2. Problem Statement 

In the porous  medium, nanofluid flow unsteady two-dimensional squeezing  between two 

similar plates in the presence of the thermal radiatio with suction - injection  is considered.  
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 ̃      ̅ ̃       ̃  ̃  is the  space  between two plates. There are two cases for 

convergent  both the plates in the following: 

 Both plates are  compact units to which they are connected for  ̅     and  ̃  
 

 ̅
. 

 The two plates are separated for  ̅     
The physical model graph along with the coordinate system and flow pattern is defined in 

Figure (1): 

 

 
Figure 1-Coordinate System and Flow Configuration. 

 

The basic equations for the mass, momentum, and heat transfer of the nanofluid are expressed 
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for radiation, the heat flux by using Rosseland
 
 approximation [4] defined as:  

 ̃   
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                                                                                                          (2.1f) 

Thus, we assume that  the deviation of the temperature within the flow is to expedite 

 ̃     stretching in the Taylor  series  and growing     ̃   about   ̃  and  the higher  order of  

deserting terms, yield:                
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where  ̃ and  ̃  direction velocity components are   ̃  ̃  correspondingly,  ̃ is the Stefan 

Boltzmann  fixed,  ̃ is coefficient of mean absorption,   ̃   is dynamic viscosity,   ̃    is 

density,  ̃   is thermal conductivity, and    ̃  ̃     is heat capacity. The boundary condition 

are defined as follows: 

 ̃         ̃      ̃  ̃ ,   ̃   ̃    at    ̃   ̃  ̃                                                       (2.2a)    
  ̃

  ̃
       ̃   

 ̅  ̃

      ̅  ̃    
       

  ̃

  ̃
    at  ̃                                                   (2.2b) 

Now, the parameter      appears in three cases as it is shown 

 If         then      is  the suction parameter. 

 If         then the fixd surface. 

 If         then     is the injection parameter. 

The effective of  ̃   ,  ̃  ,  ̃  , and    ̃  ̃     can be written respectively as: 

               ̃   
 ̃ 

        
                                                                                          (2.3a) 

               ̃         ̃    ̃                                                                          (2.3b) 

               ̃  ̃            ̃  ̃       ̃  ̃                                                    (2.3c) 

             
 ̃  

 ̃ 
 

 ̃    ̃      ̃   ̃  

 ̃    ̃      ̃   ̃  
 ,                                                                           (2.3d)  

where    is solid volume fraction,     is solid particle  and    is the regular fluid. The thermo 

physical properties of  water and copper  are offered  in Table (1): 

 

Table 1- Density properties  of  nanofluids and nanoparticles 
 

Material                 Density (kg/m
3
 )      Thermal conductivity (W/mk)   Heat capacity(j/kgK) 

 

Copper                        8933                               0.613                                               4179 

 

Fluid phase (water)       997.1                               401                                                   385 

    

Equations (2.1a)-(2.1d) can be transfered into the ordinary differential equations by means of 

the following similarity variables: 
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 The modified ordinary differential equations are: 
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with the boundary conditions become  

           
      

   
      

     

  
         at                                                        (2.6a) 

           
     

  
                  at                                                            (2.6b) 

Now, we can define the physical parameter as: 

  The squeeze parameter is   
 ̅  

   
  

 The Eckert parameter is    
 ̃ 

( ̃  ̃ ) 
 

 ̅ ̃

      ̅ ̃ 
    

  The Prandtl parameter is     
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  The  thermal radiation parameter is     
   ̃ ̃ 

 

  ̃ ̃  
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 The porous medium is   
        ̅ ̃ 

 ̃ ̃  
  

  The magnetic parameter is    
    ̃  

     ̅ ̃ 

 ̃ ̃  
 

  The length  parameter  is   
 

 ̃
  

  The suction - injection parameter is     
     ̅ ̃        ̃ 

 ̅ 
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 ̃ 
            

  ̃  ̃   

  ̃  ̃   
     

 ̃  

 ̃ 
 

 ̃    ̃      ̃   ̃  

 ̃    ̃      ̃   ̃  
 are 

constants. 

For the particle interest, the   coefficient of  skin friction   ̃   and  Nusselt number    ̃  are 

defined as:    

 ̃  
  

  ̃    ̅ ̃    ̃  
            

      

                                                                 (2.7a) 
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3. The Basic Steps  of  the New Approach Method (NAM)    

   The important foundation for constructing the analytical approximate solution is assumed 

the coefficient of power series for this solution.  Thus, it can be calculated by differential 

methods. Clarify the calculation of these  coefficients and derivation of the NAM, we point to 

the details of  a NAM in  four steps as follows: 

The first step: Assume  the ordinary differential equation  in the following :  
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 Rewriting   the Equation (3.1), then it becomes 
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Where,    is a function of        with its derivatives,      is an unbeknown function,     

denotes the  independent variable. So,  the integrating  of Equation (3.2) n
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The second steps: Suppose that 
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                                                                                          (3. 4)   

rewriting the Equation (3.4) as follows 

 [    ]   [     ]   [     ]     [     ]      [     ]                                (3.5) 

substituting  Equation(3.5) in Equation(3.3), we get   

                                                                                             (3.6)             

      ∑
    

      

 
                          [     ]              [     ]                                             

               [     ]               [     ]                                                  (3.7)   

The three steps: The  derivative of   with respect to    which is the important  part of the 

NAM. Start calculating  [    ]  [    ]  [    ]    
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Note that, the mixed of  derivatives are identical due to the solution of   and the operator of  

  are analytic functions. The derivative of   is unknown, so we propose the following 

hypothesis 
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The four steps: This step involves making up Equations (3.13)-(3.16) in Equation (3.6), by 

substitution, we get the required analytical solution to the Equation (3.1). 

4. The application of NAM for heat transfer in  unsteady MHD on flow in the porous 

medium   
    In the previous section that described NAM,  this method is implemented for solving the 

system  of ordinary differential equations (2.5a) and (2.5b)  due to finding the analytical 

approximate solution       and         The required information is as follows: 

From step(1), by integrating Equation (2.5a)4-times and Equation (2.5b)2-times with respect 

to   on [   ], we have  
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and          
   ∫ ∫ ∫ ∫         
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from the boundary conditions ( 4.2a) and (4.2b), we get 
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Therefore, we propose the hypothesis as follows 
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from step(4), substituting Equations  in Equations (4.7)-(4.10) in  Equation (4.11), we obtain   
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Substituting Equations (4.13) and (4.14) in Equations(4.6a) and (4.6b), respectively. We get 

the following approximate analytical  solutions: 
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5.Results and Discussion                  

  The solution of model heat transfer-Nanofluid flow for parallel plates( porous medium) 

problem  obtained in  section (4) by using the new approach is effective. The interest of this 

section is to explore the influences of numerous values of physical parameters with         
               and   under non-dimension on the curves of the velocity         and 

temperature        profiles.  To exhibit the convergence of the solutions in the Equations 

(4.15) obtained by the new approach  from   Tables (3) and (2)  can be observed that  the 

value of               and        are fixed  at (2- 3) iterations for      . While these values 

are fixed at (2-4) iterations for      . As well as, the convergence of the values 

             and      at 4 iterations for       Numerical values for Nusselt number        
are shown in Table (5). The observations explain  that   the magnitude of          is increasing 

profile  for increasing of      and  .   Besides,  the magnitude of          is observed as an 

increasing field for decreasing values   . In Tables (6)-(8), there are compared between the 

resulting solutions, DTM- Pad ́ method and numerical solutions (RK4
th

 and RKF4-5
th

 ). In 

these tables, we note that the solutions agree well with each other. In particular, this section 

focuses on the behaviour of solutions according with                        and   on the 
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curves of  the flow field        and thermal field       are plotted  in  Figures (2) - (9). The 

scenarios of these curves under the proposed physical parameters  can be seen, these 

behaviours  are in the following sentences:  

 Figure (2): This figure depicts the influence of increasing   on the curves of  the velocity  

and temperature profile for fix                                
      and       .  The graph of the curves        is decreasing with the increase of      to 

be with the neighbor point in contact for       ,  and  then it becomes in reverse position of 

increasing the values of the porous medium paramter. The configuration of curves position of 

      has changed and becomes opposite curves to those in        ].  Furthermore, the 

decreasing of  temperature profile for increasing values of the porous medium parameter is 

obvious. The thermal field  reaches to low level for       with a thinner boundary layer 

while the opposite situation happens for    , that is thickness boundary layer. Arguably, the 

velocity increases as a function near the lower plate and boosts near the top plate.  It can be 

also seen that for the constant values of the physical parameters, the flow field increases while 

the thermal profile decreases. 

 Figures (3) : The behaviors of the profiles of flow and thermal with increasing value    

for fixed                                            and          are 

discussed. The figure for this point shows that the flow field and thermal fields behave quite 

similarly to the motion of the curves with increasing porosity medium parameter. 

  Figure(4):  Several values of the injection- surjection parameter and the values fixed  

following                                       and           lead 

to a reduction the flow field and thermal field.    
  Figure(5):  The graph cleares  that the thermal field  when                    
                      and    decreasing  with increase in  the thermal  radiation 

parameter.  

  Figures (6-9):  From these  figures,  there are  evidents  that the temperature profiles are 

gradually decreasing  when          and      are increased for                    
                   and         . 

 

Table 2-The convergence of the values       and    for                      
                                

                                                                               

                                                                                                                  

1       0.8942261    -1.7391098     1.0029690            2.0807125      -3.9438904     1.006123 

2       0.8941698    -1.7386838     1.0030226            2.0801790      -3.9386535     1.006751 

3       0.8941698    -1.7386839     1.0030227            2.0801742      -3.9386095     1.006753 

4       0.8941698    -1.7386839     1.0030227            2.0801742      -3.9386095     1.006755 

5       0.8941698    -1.7386839     1.0030227            2.0801742      -3.9386095     1.006755 

6       0.8941698    -1.7386839     1.0030227            2.0801742      -3.9386095     1.006755 

7       0.8941698    -1.7386839     1.0030227            2.0801742      -3.9386095     1.006755 

8       0.8941698    -1.7386839     1.0030227            2.0801742      -3.9386095     1.006755 
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Table 3-The convergence of the values       and    for                   
 
  

 

                                
                                                                          

                                                                                                                               

1      1.4882740     -2.8572435     1.0101622        1.3399153       -2.5807108        1.00924336 

2      1.4880543     -2.8552623     1.0107540        1.3397489       -2.5796447        1.00967723 
3      1.4880533     -2.8552623     1.0107550        1.3397489       -2.5792598        1.00967781 
4      1.4880533     -2.8552623     1.0107550        1.3397489       -2.5792598        1.00967781 
5      1.4880533    -2.8552623      1.0107550        1.3397489       -2.5792598        1.00967784 
6      1.4880533    -2.8552623      1.0107550        1.3397489       -2.5792598        1.00967784 
7      1.4880533    -2.8552623     1.0107550         1.3397489       -2.5792598        1.00967784 
8      1.4880533     -2.8552623    1.0107550         1.3397489       -2.5792598        1.00967784 

 

Table 4-The convergence of the values       and    for                      
                                

                                                             

                                                                                                    

1     1.4675049        -2.608354       1.005782      1.321125         -2.355213         1.005348 

2     1.4655396        -2.591264       1.006826      1.319438         -2.340666         1.006169 
3     1.4654874        -2.590865       1.006841      1.319396         -2.340342         1.006181 
4     1.4654868        -2.590861       1.006859      1.319396         -2.340341         1.006194 
5     1.4654868        -2.590861       1.006859      1.319396         -2.340341         1.006194 
6     1.4654868        -2.590861       1.006859      1.319396         -2.340341         1.006194 
7     1.4654868        -2.590861       1.006859      1.319396         -2.340341         1.006194 

 

Table 5-The values of  –
      

     for                            and    . 

                                                   RKF4-5
th

 [8]            NAM 

0       2         2        0.5       0.02           2.0920945932      2.2090892252 

1       2         2        0.5       0.02           2.0920945932      2.2090892252 

2       2         2        0.5       0.02           2.0920945932      2.2090892252 

4       2         2        0.5       0.02           2.0920945932      2.2090892252 

2       0         2        0.5       0.02           1.9438901694      1.9431971100 

2       1         2        0.5       0.02           2.0190028272      2.0184921420 

2       2         2        0.5       0.02           2.0920945932      2.0908922520 

2       4         2        0.5       0.02           2.2306798552      2.2477072260 

2       2         0        0.5       0.02           1.9440334782      1.9432212800 

2       2         1        0.5       0.02           2.0194087546      2.0196540460 

2       2         2        0.5       0.02           2.0920945932       2.0928359440 

2       2         4        0.5       0.02           2.2303732505       2.2299315350 

2       2         8        0.5       0.02           2.4836742559      2.4688370370 

2       2         2        -0.7      0.02           7.5702584636      7.4734905480 

2       2         2       -0.5       0.02           6.6133062839       6.5516150440 

2       2         2       -0.2       0.02           5.2103729244      5.1837185500 
2       2         2        0.5       0.01           2.0826698103      2.0814934940 

2       2         2        0.5       0.04           2.1095910317      2.1613913670 

2       2         2        0.5       0.06           2.1241401910      2.1241401910 
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Table 6-Comparison of        and        for copper-water for                    
               and                       

DTM[4]                            RKF4-5
th 

 [8]                   Present Results 

  

                                                                                                     

 

0.0            0.000000        1.229308        0.000000     1.229159     0.000000           1.220308 

0.1            0.148563        1.229151        0.148569     1.229002     0.148563           1.229145 

0.2            0.294239        1.228434        0. 294251    0.294251     0.294239           1.228398 

0.3            0.434131        1.226408        0.434147     1.226260     0.434131           1.226291 

0.4            0.565335        1.221822        0.565335     1.221674     0.565313           1.221521 

0.5            0.684856        1.212902        0.684856     1.212757     0.684830           1.212245 

0.6            0.789675        1.197333        0.789705     1.197193     0.789675           1.196057 

0.7            0.876784        1.172209        0.876817     1.720792     0.876784           1.722223 

0.8            0.943027        1.133972        0.943063     1.133386     0.943027           1.130171 

0.9            0.985197        1.078309        0.985234     1.078224     0.985197           1.072259 

1.0            1.000000        1.000000        1.000038     0.999950     1.000000           1.000000 

 

Table 7-Comparison between  and Rk4
th

  for                              
                                

                                          RK4
th

                     Relative Error 

0.0        0.0000000000      0.0000000000            0.00000000000000 

0.1        0.1483293309      0.1483294549            8.359769143       

0.2        0.2937996825      0.2937999301            8.427503707       

0.3        0.4335372323      0.4335376045            8.585183757       

0.4        0.5646385829      0.5646390817            8.833961661       

0.5        0.6841562519      0.6841568802            9.183566199       

0.6        0.7890845015      0.7890852634            9.655483828       

0.7        0.8763456337      0.8763465326            1.025735787       

0.8        0.9427768796      0.9427779169            1.100259119       

0.9        0.9851192034      0.9851180346            1.186455402       

 

Table 8-Comparison between  and Rk4
th

  for                     
                                         

                                          RK4
th

                    Relative Error 

0.0        0.0000000000      0.000000000            0.0000000000000 

0.1        1.000065892        1.000065914            2.199854999       

0.2        1.000065773        1.000065861            8.799420461       

0.3        1.000065435        1.000065631            1.959871372       

0.4        1.000064671        1.000065011            3.399778977       

0.5        1.000063178        1.000063696            5.179670076       

0.6        1.000060560        1.000061282            7.219557571       

0.7        1.000056312        1.000057259            9.469457788       

0.8        1.000049814        1.000051002            1.187939413       

0.9        1.000040317        1.000041760            1.442939743       
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Figure 2-The effect of several values of   on       and         

 

 

 
                              Figure 3- The effect of several values of   on       and        
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                     Figure 4-The effect of several values of    on       and        

 
Figure 5-The effect of several values of         Figure 6-The effect of several values of     
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Figure 7-The effect of several values of           Figure 8-The effect of several values of       

 

 

 
                                          Figure 9-The effect of several values of    on        
 

6. Conclusion 

     In this study, the occurrence of thermal radiation is taken Copper nanofluid particle and 

water as regular fluid.  The effect of various parameters, namely the porous medium 

parameter, the thermal radiation parameter, the suction-injection parameter, the nanoparticle 

volume fraction, and the magnetic parameter on MHD of heat transfer nanofluid flow in the 

porous medium between  plates is discussed. The behavior of the dimensionless velocity and 

temperature curves can be summarized in the following Figure (10) and Figure (11): 
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                                                Figure 10-The behaviour of the velocity profile  

 

 

                                          Figure 11- The behaviour of the tmperature profile  
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