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Abstract 
      The purpose of this investigation is to determine and analyze the fluid inertia of 

electroosmotic flow on the Cu-water nanofluids by peristaltic transport. Fluid flow 

properties and heat transfer characteristics are studied for aqueous ionic nanofluids 

through a vertical microtube of a constant radius. Streamlines are plotted for the 

governing fluid flow.  
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1. Introduction 
     Peristalsis is a phenomenon in which wall contraction and expansion induce the flow 

motion in the flow geometry along the length of the channel. This peristaltic wall movement 

leads to unidirectional fluid flow. This fluid transport mechanism has been adopted in 

industrial, physiological, and medical applications. In this regard, a large number of various 

rheological fluid flow models and flow geometries have been thoroughly explored both 

theoretically and experimentally [1-5]. Moreover, peristaltic transport is vastly considered for 

endoscopy analysis of blood flow [6], and for micro-pumping of a portable artificial kidney 

[7]. The time-dependent viscous flow is analyzed by Tripathi et al. [8], where they 

demonstrated the electroosmotic act as an external pumping actuator that regulates the 

peristaltic transport of viscous fluid. 

 

     Electroosmotic flow is a type of flow in which the electric field is in the direction of the 

tangent to the electrical double layer (EDL). In the diffuse layer, the body force is induced on 

the charged ions that are known as electroosmotic force (EOF). The motion of the fluid over a 

fixed charged surface caused by an electroosmotic flow has earned tremendous vigilance in 

recent years. In this regard, Reuss [9] addressed the electrokinetic flow phenomena on porous 

clay. Helmholtz [10] encompassed the EDL theory which averred the relationship between 

electric field and flow parameters for electrokinetic transport. Furthermore, various models 

with the electroosmotic flow have been established to study the influence of flow inertial, 

pressure distribution, and velocity distribution in the porous medium, capillary tube, or any 

other fluid channel [11-15]. 

 

     Electroosmotic flow has a broad range of applications in the area of biological and 

biomedical systems. The equation governing the electroosmotic peristaltic flow is the 
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combination of Navier stokes and electrokinetic equations. The generic phenomena of 

electroosmosis controls and stabilizes the two-fluid interface that is induced by the pressure 

gradient. Prakash et al. [16] presented the heat characteristics of blood flow induced by 

electroosmosis. This study scrutinizes the dynamics of a nanofluid through peristaltic 

transport. Nanofluids are the new symbol of technology. A major application of nanofluids is 

in the heat transfer processes in the industry, because nanofluids have excellent temperature 

enhancement properties. The peristaltic transport of nanofluids in a non-uniform channel is 

discussed by Noreen et al. [17]. Bachok et al. [18] examined the boundary-layer flow of 

nanofluids, where the surface is the same and in opposite directions. Various researchers 

across the globe [19-23] have done theoretical studies dealing with the electroosmotic flow in 

nanofluids. They analyzed the effects of flow inertia, pressure gradient and temperature 

profiles in different flow regimes. 

 

     Most of the research in nanofluids is based on heat dissipation, which is required in many 

diverse industrial processes. Since nanofluids have the potential of bringing effective thermal 

conductivity and stability in industrial processes, therefore, heat transfer fluids consist of 

suspended nanoparticles to improve thermal conductivity. Mustafa et al. [24] discussed the 

peristaltic flow of nanofluids with compliant walls. Tripathi and Beg [25] examined the drug 

delivery system through the peristaltic flow of nanofluids. Many authors studied and 

investigated the influence of various types of nanoparticles on the peristaltic flows. The 

scrutiny of the 𝐴𝑙2𝑂3-water nanofluids flow in a micro Tesla valve was done by Qian et al. 

[26]. Their chemical approach is a novel technique for growing nanostructures in the 

nanochemistry area. This technique leads to precise control of the condition and produces 

monodispersed nanostructures. Copper (𝑐𝑢)  nanoparticles in the fluid are of considerable 

interest for use as coolants and thier application in heat exchange. In this regard, literature is 

available including enhancement of thermal conductivity with 𝑐𝑢-water [27-30]. 

 

     The motivation behind the present attempt is to inspect the effects of 𝑐𝑢-water nanofluids 

in the plumb duct in the existence of electroosmotic flow, which has not been discussed 

before. We also discuss the impact of the nanoparticles to illustrate the peristaltic transport in 

the micro plum duct. The present model is conferred using the long wavelength and low 

Reynolds number approximation. 

 

2. Formulation of the Problem 

      Consider an electroosmosis regulated peristaltic fluid flow of aqueous ionic nanofluid 

through a vertical microtube of constant radius 𝑑. The copper nanoparticles are suspended in 

the base fluid to prepare the nanofluid. The fluid flow is driven by the combined effect of 

electroosmosis and peristaltic pumping. Further, it is assumed that ionic species present in the 

aqueous ionic solution have equal valence which means the solution is symmetric. These 

ionic species are set into motion by enforcing an external electric field around the electric 

double layer carrying nearby fluid molecules with them. 

 

     The fluid flow is moving inside a plumb duct under the influence of gravitational force. 

The peristaltic pumping is generated by the propagation of the sinusoidal waves along the 

walls of the tube with constant wave speed 𝑐 and wavelength 𝜆. The cylindrical coordinates 

system (𝑟̅, 𝑧̅, 𝑡̅) is found to be more suitable to formulate the fluid flow problem in which 𝑟̅ 

and 𝑧̅  represent the radial and axial direction respectively and the time is represented by 𝑡̅. 
The deformation in the tube walls is physically shown in Figure 1 and mathematically is 

represented as: - 
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Figure 1: Flow geometry of the problem. 

 

where the boundary is given by: - 

 
𝑟 = ±𝐻̅(𝑥̅, 𝑡̅) = ±𝑑 ± 𝑚 𝑠𝑖𝑛 (

2𝜋

𝜆
(𝑧̅ − 𝑐𝑡̅)), 

(1) 

here 𝑑  specifies the radius of the tube and 𝑚 is the amplitude of the wave. The periodic 

expression 𝑠𝑖𝑛 (
2𝜋

𝜆
(𝑧̅ − 𝑐𝑡̅)) represents the deformation in the tube walls. 

3. Governing Equations 

     The governing set of equations formulated under the effect of mixed convection, heat 

source, and electroosmosis are given as:  

𝜕𝑈̃

𝜕𝑅̃
+

𝑈̃

𝑅̃
+

𝜕𝑊̃

𝜕𝑍̃
= 0, (2) 

𝜌𝑛𝑓 (
𝜕𝑈̃

𝜕𝑡̃
+ 𝑈̃

𝜕𝑈̃

𝜕𝑅̃
+ 𝑊̃

𝜕𝑈̃

𝜕𝑍̃
) = −

𝜕𝑃̃

𝜕𝑅̃
+ 𝜇𝑛𝑓 (

𝜕2𝑈̃

𝜕𝑅̃2
+

1

𝑅̃

𝜕𝑈̃

𝜕𝑅̃
−

𝑈̃

𝑅̃2
+

𝜕2𝑈̃

𝜕𝑍̃2
) + 𝜌𝑒𝐸𝑅̃ , (3) 

𝜌𝑛𝑓 (
𝜕𝑊̃

𝜕𝑡̃
+ 𝑈̃

𝜕𝑊̃

𝜕𝑅̃
+ 𝑊̃

𝜕𝑊̃

𝜕𝑍̃
) = −

𝜕𝑃̃

𝜕𝑍̃
+ 𝜇𝑛𝑓 (

𝜕2𝑊̃

𝜕𝑅̃2
+

1

𝑅̃

𝜕𝑊̃

𝜕𝑅̃
+

𝜕2𝑊̃

𝜕𝑍̃2
) + 𝜌𝑒𝐸𝑍̃ 

+(𝜌𝛾)𝑛𝑓(𝑇̃ − 𝑇0), 

(4) 

(𝜌𝑐)𝑛𝑓 (
𝜕𝑇̃

𝜕𝑡̃
+ 𝑈̃

𝜕𝑇̃

𝜕𝑅̃
+ 𝑊̃

𝜕𝑇̃

𝜕𝑍̃
) = 𝑘𝑛𝑓 (

𝜕2𝑇̃

𝜕𝑅̃2
+

1

𝑅̃

𝜕𝑇̃

𝜕𝑅̃
+

𝜕2𝑇̃

𝜕𝑍̃2
) + 𝑄0, (5) 

 

in which 𝐸𝑅̃  and 𝐸𝑍̃  specify the electric body forces in the radial and the axial direction 

respectively, 𝑈̃ is the velocity component in the radial direction, 𝑊̃ is the velocity in the axial 

direction, 𝑇̃  is the temperature of the fluid, 𝑘𝑛𝑓  is the effective thermal conductivity of 

nanofluid, 𝑄0 is the heat source parameter, (𝜌𝑐)𝑛𝑓 is the specific heat of the nanofluid, 𝜌𝑛𝑓 

and 𝜇𝑛𝑓 are the effective density and the viscosity of nanofluid respectively, (𝜌𝛾)𝑛𝑓 is the 

thermal expansion coefficient of nanofluid and 𝜌𝑒 is the eclectic number density of electrolyte 

solution. 
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      From the general mixture rule, the effective density, specific heat, and thermal expansion 

coefficient of Cu-water nanofluid are determined. The relation of the  Brinkman and Maxwell 

model is employed to specify the viscosity and thermal conductivity of nanofluid as follows: 

𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝑝,  𝜇𝑛𝑓 =
𝜇𝑓

(1 − 𝜙)2.5
, 

(6) 
(𝜌𝑐𝑝)𝑛𝑓 = (1 − 𝜙)(𝜌𝑐𝑝)𝑓 + 𝜙(𝜌𝑐𝑝)𝑓 , 𝛼𝑛𝑓 =

𝑘𝑛𝑓

(𝜌𝑐𝑝)𝑛𝑓
, 

(𝜌𝛾)𝑛𝑓 = (1 − 𝜙)(𝜌𝛾)𝑓 + 𝜙(𝜌𝛾)𝑝, 
𝑘𝑓

𝑘𝑛𝑓
=

𝑘𝑝 + 2𝑘𝑓 + 2𝜙(𝑘𝑓 − 𝑘𝑝)

𝑘𝑝 + 2𝑘𝑓 − 2𝜙(𝑘𝑓 − 𝑘𝑝)
 

 

     where 𝜙 designates the nanoparticle volume fraction, the subscript 𝑓 denotes the properties 

of the base fluid and 𝑝 denotes the solid particle properties. The distribution of an electric 

potential within the fluid medium is described by the Poisson equation as follows: 

 

 
∇2𝜑̃ =

𝜕2𝜑̃

𝜕𝑅̃2
+

1

𝑟̅

𝜕𝜑̃

𝜕𝑅̃
+

𝜕2𝜑̃

𝜕𝑍̃2
= −

𝜌𝑒

𝜀𝑟𝜀0
. (7) 

 

      Here 𝜀𝑟  represents the relative permittivity of the medium, 𝜀0 is the permittivity of the 

vacuum and electric number density in terms of the number density of cations 𝑛+ and the 

anions 𝑛− is described as:  

 𝜌𝑒 = 𝑒𝑧(𝑛+ − 𝑛−). (8) 

 

     Defining the transformation of velocity components and the coordinates from the 

stationary frame to the wave frame (moving frame of reference), to observe the steady fluid 

flow, as: 

𝑧̅ = 𝑍̃ − 𝑐𝑡̃, 𝑟̅  = 𝑅̃,  𝑤̅̅̅ = 𝑊̃ − 𝑐, 

𝑢̅ = 𝑈̃, 𝑝̅(𝑟̅, 𝑧̅) = 𝑃̃(𝑅̃, 𝑍̃, 𝑡̃).   
(9) 

 

      We introduce the following non-dimensional parameters to simplify the flow problem: 

𝑟 =
 𝑟̅

λ
, 𝑧 =

𝑧̅

𝑑
, 𝑝 =

𝑝̅𝑑2

𝜇𝑓𝑐
, 𝑛 =

𝑛̃

𝑛0
, 𝑅𝑒 =

𝜌𝑓𝑐𝑑

𝜇𝑓
, 𝛹̅ =

𝛹

𝑐𝑑
,  

ℎ =
𝐻̅

𝑑
, 𝑃𝑟 =

𝜇𝑓𝑐𝑝

𝑘𝑓
 , 𝛿 =

𝑑


, 𝜃 =

𝑇̅ − 𝑇0

𝑇0
, 𝐺𝑟 =

𝜌𝑓𝑔𝛾𝑓𝑑2𝑇0

𝜇𝑓𝑐
, 

𝑈 = −
𝜀0𝜀𝑟𝑘𝑓𝑇̂𝑎𝑣𝑔𝐸𝑧

𝑒𝑧𝜇𝑓𝑐
, 𝑘 = √

2𝑛0𝑒2𝑧2𝑑2

𝜀0𝜀𝑟𝑘𝑓𝑇̂𝑎𝑣𝑔

=
𝑑

𝜆𝑑
, 𝜑 =

𝑒𝑧𝜑̃

𝑘𝑓𝑇̂𝑎𝑣𝑔

, 

𝛽 =
𝑄0𝑑2

𝑇0𝑘𝑓
, 𝐿 =

(𝜌𝛾)𝑛𝑓

(𝜌𝛾)𝑓
. 

(10) 

 

and then applying the lubrication linearization theory of long wavelength and the low 

Reynolds number, we are left with simplified set of equations: 

𝜕𝑝

𝜕𝑟
= 0, (11) 

𝑑𝑝

𝑑𝑧
=

𝜇𝑛𝑓

𝜇𝑓

1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑤

𝜕𝑟
) + 𝐺𝑟 𝐿 𝜃 + 𝑈

1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝜑

𝜕𝑟
), (12) 
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1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝜃

𝜕𝑟
) + 𝛽

𝑘𝑓

𝑘𝑛𝑓
= 0, (13) 

1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝜑

𝜕𝑟
) = 𝑘2 (

𝑛− − 𝑛+

2
), (14) 

 

       where U designates the Helmholtz-Smoluchowski velocity or electroosmotic velocity 

parameter, 𝐺𝑟  is the Grashof number, 𝛽  is the dimensionless heat source parameter, 𝜃 

represents the dimensionless temperature parameter, and 𝑘 is the Debye length parameter. 

The local ionic distribution of ionic species can be specified by linearizing the Boltzmann 

distribution for low zeta potential which accurately estimates the electric potential that is 

established in the fluid medium without even increasing the difficulty of the flow problem as 

for most of the electrolyte solution, the generated electric potential lies in the range that is less 

than or equal to 25mV. 

 𝑛± = 𝑒∓𝜑 , (15) 

      Using equation (15) in (14), we get the linearized Poisson-Boltzmann paradigm [31] as: 

 

 1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝜑

𝜕𝑟
) = 𝑘2 sinh(𝜑), (16) 

 

        which can be further simplified under Debye-Hückel approximation [31] i.e. sinh(𝜑) ≈
𝜑 as: 

1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝜑

𝜕𝑟
) = 𝑘2𝜑. (17) 

       

       The dimensionless form of the no-slip boundary conditions for velocity temperature and 

electric potential enforced along the tube walls is given by: 

𝜑 = 𝜉,            𝑤 = −1,        𝜃 = 0,                    𝑎𝑡                    𝑟 = ℎ = 1 + 𝜀 sin(2𝜋𝑧), 
(18) 

       
𝜕𝜑

𝜕𝑟
= 0,        

𝜕𝑤

𝜕𝑟
= 0,        

𝜕𝜃

𝜕𝑟
= 0,                 𝑎𝑡                    𝑟 = 0. 

 

4. Solution Profiles 

       An analytic expression for velocity profile, temperature distribution, and electric potential 

can be obtained by integrating equations (12-13) and (17) with the help of appropriate 

boundary conditions. The resulting velocity profile, temperature distribution, and electric 

potential are given as:-  

𝑤(𝑟, 𝑧)

=

(ℎ2 − 𝑟2) (𝐺𝑟 𝐿 
𝑘𝑓

𝑘𝑛𝑓
 𝛽(3ℎ2 − 𝑟2) − 16

𝑑𝑝
𝑑𝑧

) + 64 (𝑈𝜉 −
𝜇𝑛𝑓

𝜇𝑓
) − 64 𝑈 𝜉

 I0(𝑟 𝑘)
I0(ℎ 𝑘)

64
𝜇𝑛𝑓

𝜇𝑓

, 

 

(19) 

                                                  𝜃(𝑟, 𝑧) =
1

4
 

𝑘𝑓

𝑘𝑛𝑓
 (ℎ2 − 𝑟2)𝛽, 

 

(20) 

𝜑 = 𝜉
I0(𝑟 𝑘)

I0(ℎ 𝑘)
, 

(21) 

To find the pressure gradient, we use the flow rate in the moving frame given by: 
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𝐹 = 2𝜋 ∫ 𝑟𝑤

ℎ

0

 𝑑𝑟. (22) 

 

From equation (22), the pressure gradient can be obtained in terms of flow rate as follows: 
𝑑𝑝

𝑑𝑧
=

7

40
𝐺𝑟 𝐿 ℎ2

𝑘𝑓

𝑘𝑛𝑓
 𝛽 +

3 𝐹 

ℎ3

𝜇𝑛𝑓

𝜇𝑓
+

3𝜋 𝑈 𝜉

ℎ2I0(ℎ 𝑘)
[I1(ℎ 𝑘) L0(ℎ 𝑘) − I0(ℎ 𝑘)L1(ℎ 𝑘)], (23) 

 

       where I0(𝑥), I1(𝑥) are the modified Bessel function of the first kind, they are defined as 

follows: 

I𝑗(𝑥) = ∑
1

𝑖! Γ(𝑖 + 𝑗 + 1)

∞

𝑖=0

(
𝑥

2
)

2𝑖+𝑗

, (24) 

and L0(𝑥), L1(𝑥) are the modified Struve functions that are defined as: 

 

L𝑗(𝑥) = ∑
1

𝑖! Γ (
3
2 + 𝑖) Γ (

3
2 + 𝑖 + 𝑗)

∞

𝑖=0

(
𝑥

2
)

2𝑖+𝑗+1

. (25) 

 

Using equation (23), we can evaluate the pressure rise ∆𝑃 as follows: 

∆𝑃 = ∫
𝑑𝑃

𝑑𝑧
 𝑑𝑧

1

0

. (26) 

 

All the solutions are obtained with the help of Mathematical 11.0. 

 

5. Results and Discussion 

      Using the thermo-physical characteristics of the base fluid and Cu-Water [32] as described 

below, we have plotted the graphs for the temperature, electric potential, velocity, and 

pressure distribution of the given problem. 

 

Table 1: Thermo-physical properties of Pure water and Cu-water nanofluid. 

Physical Properties H2O Cu Water 

𝒄𝒑(𝑱/𝒌𝒈𝑲) 4179.0 385 

𝝆(𝒌𝒈/𝒎𝟑) 997.1 8933 

 

       Temperature profile 𝜃(𝑟, 𝑧) has been plotted against the radial distance (Figure. 2), with 

variation in the nanoparticle volume fraction (𝜑) and heat source parameter (𝛽). The graphical 

representation depicts that an increase in the amount of copper in the base fluid improves the 

thermal conductivity which cools down the fluid and thus the fluid temperature drops. 

Moreover, the smaller the heat source parameter, the lesser the temperature of the base fluid. 

Physically, low values of the heat source parameters mean that the intensity of the heat source 

is reduced, therefore, a reduction in temperature is noticed. 

 

       Electric potential 𝜑(𝑟, 𝑧) is plotted against the radial distance (Figure. 3). We altered 

values of the Debye length parameter (𝑘) and zeta potential (𝜉) to evaluate the differences that 

they cause upon the electric potential and found that higher values of the Debye length 

parameter cause lower electric potential and higher values of boundary value parameter cause 

higher electric potential. 
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       Velocity profile 𝑤(𝑟, 𝑧) is extensively studied and analyzed graphically (Figure. 4). It is 

observed that velocity has altogether different dynamics in the center of the tube and around 

the boundaries of the tube. At the center of the tube, velocity decreases as we increase either 

nanoparticle volume fraction, Debye length parameter, Helmholtz-Smoluchowski velocity 

and mean flow rate. On the other hand, an increase in velocity is observed as we increase the 

Grashof number and heat source parameter, which means that velocity is higher when the 

buoyancy forces are stronger than the viscous forces. This behavior of velocity reverses as we 

move from the center of the tube toward the boundaries of the tube. 

 

      Pressure gradient  
𝑑𝑝

𝑑𝑧
  is examined against the axial distance (Figure. 5). We can see that 

the pressure gradient is less significant in the case of copper diluted water and greater in the 

case of plain pure water. This is due to the fact that the viscosity of the fluid increases with 

the addition of nanoparticles in the base fluid, so it requires more driving force. As a result, a 

decline in negative pressure gradient is produced. Moreover, the pressure gradient tends to 

rise as we increase either of the Debye length parameter, Grashof number, or the heat source 

parameter. Similarly, the Debye length parameter and Grashof number increase the pressure 

rise (Figure. 6). We note that as with the increase in the amount of copper in the base fluid 

(water), the pressure rise decreases in the augmented pumping region (∆𝑃 < 0) contrary to 

the peristaltic pumping region (∆𝑃 > 0). 

 

       Streamlines of the fluid flow are plotted (Figure. 7-9) to examine the movement of 

trapped boluses in the peristaltic flow phenomenon. We see that as the nanoparticle volume 

fraction increases, i.e. moving from pure water towards copper water, the number and size of 

the trapped bolus decreas. However, the opposite behavior of fluid flow can be seen in the 

case of the Grashof number and Debye length parameter which tend to increase the number 

and size of the trapped bolus. 

 
Figure 2: Temperature profile 𝜃(𝑟, 𝑧) is plotted alongside the radial distance 𝑟. 
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Figure 3: Electric potential 𝜑(𝑟, 𝑧) is plotted alongside the radial distance 𝑟. 
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Figure 4: Velocity profile 𝑤(𝑟, 𝑧) is plotted alongside the radial distance 𝑟. 
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Figure 5: Pressure gradient 
𝑑𝑝

𝑑𝑧
 is plotted alongside the axial distance 𝑧. 
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Figure 6: Pressure rise ∆𝑃 is plotted alongside the axial distance 𝑧. 

 

 
Figure 7: Streamlines for varying parameters 𝜙 = 0, 0.1. 
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Figure 8: Streamlines for varying parameters 𝐺𝑟 = 2, 3. 

 

 
Figure 9: Streamlines for varying parameters 𝛽 = 0.2, 0.3. 
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