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Abstract 

     The radial wavefunctions of transformed harmonic-oscillator in the local scale 

transformation technique  are used to calculate the root-mean square proton, charge, 

neutron  and matter radii, nuclear density distributions and elastic electron scattering 

charge form factors of  stable (
10,11

B) and (unstable) exotic (
8,14,17

B) Boron isotopes. 

For 
10

B and 
11

B, the transformed harmonic-oscillator wavefunctions are applied to 

all subshells in no-core shell model  approach using wbp interaction. For 
8,14,17

B, the 

radial wavefunctions of harmonic-oscillator and THO are used to calculate the 

aforementioned quantities for the core and halo parts, respectively. The calculated 

matter and charge density distributions are found to be in very good agreement with 

experimental data for 
8,14,17

B and 
10,11

B, respectively. The calculated elastic electron 

scattering form factors of the longitudinal C0+C2 components for 
10,11

B are in very 

good agreement with experimental data.  

  

Keywords: exotic nuclei, nuclear density distributions, elastic electron scattering 

form factors, proton, charge, neutron and matter     radii. 

 

الموضعيقياس الم تحويلتقنية باستخدام  البورونتركيب الكهرومغناطيسي لنظائر للدراسة نظرية   
 
 ، أركان رفعه رضا*سجى حازم محمد

العراق، قسم الفيزياء، كلية العلوم، جامعة بغداد، بغداد  
          الخلاصة                                                                                                                      

تم استخدام الدوال الموجية المحولة لجهد المتذبذب التوافقي باستخدام تقنية تحويل المقياس الموضعي      
 وعوامل التشكلالنووية ونية والنيوكليونية وتوزيعات الكثافة نيوتر روتونية والشحنية والبلحساب انصاف الاقطار ال

بالنسبة . (8,14,17Bوغير المستقرة ) (10,11B)لنظائر البورون المستقرة الشحنية للاستطارة الالكترونية المرنة 
 بنموذجمحولة على كل القشر الثانوية ، تم تطبيق الدوال الموجية للمتذبذب التوافقي ال11Bو  10Bللنواتين 

، الدوال الموجية القطرية للمتذبذب 8,14,17Bبراون. بالنسبة للنوى -القشرة عديم القلب باستخدام تفاعل واربيرتين
التوافقي والمتذبذب التوافقي المحولة تم استخدامها لحساب الكميات المذكورة اعلاه لجزئي القلب والهالة، 

يعات الكثافة الكتلية والشحنية المحسوبة هي بتطابق جيد جدا مع تلكم العملية فيما يخص توز وجد بان بالتتابع. 
8,14,17B   10,11وB .للاستطارة الالكترونية المرنة للمركبة الطولية المحسوبة عوامل التشكل ، بالتتابعC0+C2 

 هي بتطابق جيد جدا مع القيم العملية. 10,11Bللنوى 
 

Introduction  

     The nuclear sizes and density distributions of  nuclei are of a great importance in nuclear physics; 

they are related to the wavefunctions of protons and neutrons [1]. Historically, the charge radius can 

be found by electron scattering, muonic atoms, Kα X-ray isotope shift and optical isotope shift. Most 

       ISSN: 0067-2904  
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experimental methods use hadron induce reactions such (pions, protons,   or kaon scattering) from 

nuclei to find the matter radius [2]. The discovery of large reaction cross section(  ) of some neutron-

rich nuclei, such as 
11

Li and 
6
He in comparison with the rest of isotopes of the same element by 

Tanihata et al. [3] was explained by the existence of long tail in the matter density distribution of 
11

Li. 

Such long tail leads to the large     matter radius. Later on such phenomenon leads to the emergency 

of halo idiom [4]. In addition, the narrow momentum distribution of 
9
Li resulting from the 

fragmentation of 
11

Li at a beam energy of 790 MeV per nucleon confirmed such large spatial 

extension of the neutron wavefunction of 
11

Li by Kobayashi et al.,[5]. Halo nuclei are in general 

characterized by long tail in density distribution resulting from large spatial extension of the last 

proton/neutron wavefunction due to their low binding energies (tunneling effect), short lifetime and 

prefer to be in the states with low orbital quantum numbers. Besides, the Borromean halo nuclei [6], 

are three-body systems consisting of a compact core and loosely two nucleons where none of the two 

bodies are found in bound state [7]. The NCSM were failed to reproduce the long tail behavior in the 

density distributions due to Gaussian fall-off of the wavefunctions [8-11]. To overcome the drawback 

of the defect of the radial wavefunctions of HO, the two-frequency shell model were applied with 

limited success [12].   

     Utilizing the radial wavefunctions of HO and THO, the size radii, density distributions, and elastic 

electron scattering charge form factors of Boron isotopes  (
8
B,

 10
B,

11
B ,

14
B and 

17
B) are calculated. The 

THO wavefunctions are applied to 
10,11

B for all subshells in the NCSM approach. For 
8,14,17

B, the core 

and halo parts are studied separately using the HO and THO wavefunctions, respectively. 

Theoretical basis 

     The radial multipole transition density operator of order   and projection   can be written as [13] 

 ̂      ∑
 (    )

  
    (     )

 
                                                                                                              (1) 

     where   denotes the number of neutrons ( ) or protons ( ),     represent the third component of 

isospin quantum numbers (        for protons and          for neutrons) and     is the spherical 

harmonics. The nuclear matrix element to Eq. (1) between initial and final nuclear states can be 

written as [13] 

     ( )  
 

√  

 

√     
∑        

         ⟨  ‖  ‖  ⟩     (     )     (     )                                                  (2) 

     where    and    are the total spin of the nucleus in the initial and final states. Besides,   and   

denote the single-particle quantum numbers of initial and final states (   ;  ,   and   represent the 

principal, orbital and total spin quantum numbers of the single nucleon, respectively).        
         

is the 

weight of transition calculated from nuclear shell model using Nushell code [14] for a given effective 

interaction and model space. For ground density distribution (                    ), Eq. (2) can 

be reduced to 

       ( )  
 

  
√
     

     
∑        

           |     (     )|
 

                                                                             (3) 

     In the present work, the nuclear density distributions of point neutrons and protons for halo nuclei 

are calculated using two methods; the first one is by Eq. (3) and the second is by accounting separately 

the density distribution of two main parts; the core (       
    ( )) and the halo (       

    ( )) as follows 

[15] 

                   ( )         
    ( )         

    ( )                                                                                         (4) 

The core and halo parts are calculated respectively from: 

                   
    ( )  

 

  
∑       

    
  |   (     )|

 
                                                                                    (5)  

and 

                   
    ( )  

 

  
 ∑       

    
  |   (     )|

 
                                                                                    (6) 

      

     where       
     and       

    represent the neutrons or protons occupation number in the    shells of core 

and halo respectively. In the present work,       
       takes integer numbers as predicted by simple shell 

model.        
     takes assumed fractional real numbers. Due to the Gaussian fall off behaviour of the 
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radial wavefunction of HO potential. The    (     ) in Eqs. (3) and (6) are calculated using the THO 

radial wavefunctions based on LST as follows [16]: 

   
   (     )  

 ( )

 
√
  ( )

  
   ( ( )    )                                                                                            (7) 

and  

 ( )  [
 

(
 

 
)
 
 (

 

 √ 
)
 ]

 

 

                                                                                                                          (8) 

      

     where  ( )  in Eqs. (7) and (8), represent a function chosen so as to reproduce the proper 

asymptotic condition (exponential shape) for the density distribution at large  , besides it leaves the 

interior shape of density unchanged [17].    and   in Eq. (8) are an integer and real numbers controls 

how sharply the tail of wavefunction will be. Therefore, Eq. (3) and (4) become, respectively as 

follows [25]: 
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√
     

     
∑        

           |   
   (     )|

 
                                                                             (9) 

and 
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   |   

   (     )|
 
                                          (10) 

      

     In this work, the two main methods in Eq. (9) and (10) are denoted by LST and HO+LST, 

respectively. The matter density distributions can be written as:   

  ( )        
    ( )        

    ( )                                                                                                         (11) 

where 

  
    ( )             

    ( )              
    ( )                                                                                     (12) 

and 

      
    ( )                

    ( )                                                                                                            (13) 

The total charge density distribution    ( ) (CDD) coming from protons and neutrons can be written 

as 

   ( )            ( )             ( )                                                                                            (14) 

     The first and second terms in Eq. (14) are obtained by taking the folding of single proton/neutron 

charge density (   /    ) into the distribution of the point proton/neutron density in Eqs. (9) or (10) as 

follows:   

                          ( )  ∫           ( )   (    )                                                                    (15) 

and 

                           ( )  ∫            ( )    (    )                                                             (16) 

where    ( ⃗) [18] and     ( ⃗) [19] takes, respectively the following forms: 

                   ( )  
 

(√    )
  

(
   

   
 )

                                                                                                      (17)   

and 

                    ( )  
 

(   
 )
 
 ⁄
∑     

     
 ⁄ 

                                                                                           (18)  

      

     In Eq. (17),             such value reproduces the experimental charge     radius of the 

proton (〈  〉  
   

 (
 

 
)
   
          ). In Eq. (18), the parameter     and    are given in Table-1. 

Table 1-Parameters of the neutron charge distributions. 

   1 

   -1 

  
  (fm

2
) 0.469 

  
  (fm

2
) 0.546 
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The     radii of neutron, proton and matter are calculated from [20] 

      〈  〉 
   

 √
  

 
∫       ( ) 

   
 

 
                                                                                                  (19) 

     where   stands for   (number of neutrons),   (atomic number), and A (mass number), respectively. 

The     charge radii are calculated from 

〈  〉  
   

 √
  

 
∫        ( ) 

   
 

 
                                                                                                       (20) 

     Finally, the longitudinal electron scattering form factors in the first Born approximation can be 

written as [21 ,22]:  

                              
 ( )  

 

 
√

  

(     )
∑ ⟨  ‖  

 (    )‖  ⟩     ( )                                                     (21) 

or in more compact form as 

                                                       
 ( )  ∑   

 (    )     ( )                                                          (22) 

where 

                                           
 (    )  

 

 
√

  

(     )
⟨  ‖  

 (    )‖  ⟩                                                    (23) 

     In Eqs. (21-23),   represents the momentum transfer from electrons to the nucleus. |  ⟩ and |  ⟩ are 

initial and  final states of the nucleus.    ( ) is the charge form factor of a single proton and neutron 

given by taking Fourier transforms to Eqs. (17) and (18), respectively.          
 ( ) represents the 

Coulomb multipole operator of the longitudinal electron scattering given by [23]: 

                               
 (    )  ∫   (  )    (  ) ̂  ( ⃗)                                                                    (24) 

     where  ̂  ( ⃗) represents the density operator given in ref. [21]. The reduced matrix element in Eqs. 

(21) and (23) can be written in terms of the reduced matrix element of a single nucleon matrix element 

as [22]  

            ⟨  ‖  
 (    )‖  ⟩  ∑  

       

       
  ⟨    ‖  

 (      )‖    ⟩                                                    (25) 

where 

                                       
 (      )       (  )  (  )                                                                       (26) 

     The single nucleon matrix element in Eq. (25) is given by [23] 

 

⟨    ‖  
 (      )‖    ⟩     ⟨    |  (  )|    ⟩ ⟨(     )  ‖  (  )‖(     )  ⟩                         (27) 

Eq. (21) can be written in terms of transition density distribution as [22] 

                       |     
 ( )|  

 

 
√

  

(     )
|∫    (  )
 

 
     ( ) 

   |                                                        (28) 

     where   (  ) and      ( ) are spherical Bessel function and charge transition density distribution, 

respectively. The total longitudinal form factors are given by: 

                                                 | ( )|  ∑ |     
 ( )|

 
                                                                      (92) 

     At photon point (    
  

  
),    is the excitation energy, Eq. (28) can be written as [22]: 
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since, 

                             |⟨  ‖  ( ⃗)‖  ⟩|  |∫      ( )  
     

 

 
|                                                               (31) 

Therefore, Eq. (28) can be written as: 

                     |     
 (   )|  
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(     )
(

  

(    ) 
) |⟨  ‖  ( ⃗)‖  ⟩|                                                 (39) 

     From Eq. (39), the multiparticle reduced matrix element of electric multipole operator can be 

written as[22]: 

                     ⟨  ‖  ( ⃗)‖  ⟩   
(    ) 

  
√
(     )

  
     
 (   )                                                         (33) 
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     The quadrupole moment is related to the multiparticle reduced matrix element of electric multipole 

operator by the relation [24] 

                            √
   

 
(
   
    

) ⟨  ‖  ( ⃗)‖  ⟩                                                                      (34) 

     Therefore, the quadrupole moment can be reduced to the following final formula: 

                       √
   

 
(
   
    

)
(    )  

  
√
(     )

  
       
 (   )                                              (35) 

 

     The transition density distribution in Eq. (28) is coming from contribution of core-polarization (CP) 

and model-space (MS) as follows [25] 

                                       ( )       
  ( )       

  ( )                                                                           (36) 

In the work,      
  ( ) is calculated using Tassie [26] and Bohr-Mottelson [27] models, respectively as: 

                                              ( )    
    

  
   ( )                                                                        (37)        

and                                                                 

                                              ( )   
 

  
   ( )                                                                                (38)                                                                        

     where   in Eqs. (37) and (38) represents the normalization constant is fixed so as to reproduce the 

experimental quadrupole moment. 

Results and Discussion 

     The LST which is a correction to the radial wavefunctions of  HO potential is applied to calculate 

the ground state properties of Boron isotopes which is suitable to regenerate the long tail feature of the 

density distribution in order to get rid of the steep slope or Gaussian fall off behaviour of HO 

wavefunctions. 

     The ground properties of the Boron isotopes (
8,10,11,14,17

B);   , half-life time, type of nuclear sample 

(whether proton or neutron rich nuclei) and separation energies are presented in Table-2. 

The parameters of HO and THO needed to fulfill the calculations of the nuclei under study; HO size 

parameters (   and   ), occupation numbers,   , and   are presented in Table-3. These parameters are 

adopted so as to reproduce the experimental     radii for the isotopes under study. 

     The calculated proton, charge, neutron, and matter     radii for boron isotopes (
8,14,17

B) using 

HO+LST technique compared with available experimental data are shown in Table-4. 

The HO size parameters (   and   ), m and  p,n for NCSM  calculations of (
8,10,11

B) are presented in 

Table 5. The same things that in Table 4, but using the NCSM technique of (
8,10,11

B) in Table-6. Very 

good agreements are obtained for the calculated     radii in comparison with the experimental data 

for all isotopes under study in HO+LST technique. 

     In Table-7, the calculated proton, charge, neutron, and matter     radii for 
8,10,11,14,17

B using HO 

technique are compared with available experimental data. 

     The calculated MDDs for 
8
B, 

14
B and 

17
B are presented in Figures-1(a, b, c), respectively. In Fig. 

1(a) for 
8
B, the black solid, red solid and blue dashed curves represent the calculated MDDs using 

HO+LST, LST and HO, respectively. It is clear that the result of HO+LST is in good agreement with 

experimental data for all r regions. The result of LST is underestimated the tail region. In Fig. 1(b), for 
14

B, the black solid and blue dashed curves represent the calculated MDDs using HO+LST and HO, 

respectively. It is apparent that there is a good agreement in comparison with experimental in 

HO+LST. Finally, in Figure-1(c),  the black solid, short red dashed and long blue dashed are the 

calculated MDDS using HO+LST(sdpfnow [28]), HO+LST(assumed  ) and HO, respectively. In the 

HO+LST(assumed  ), the filling numbers for two neutron halo are predicted to be in subshells, 1d5/2 , 

1d3/2, 2S1/2, 1f7/2, 2P3/2 and 2P1/2 . It is apparent that there is a good agreement in comparison with 

experimental in HO+LST(assumed  ). It is clear in Figures 1-(a, b, c), that the results of HO is 

completely failed to regenerate the long tail behaviour. 

     The calculated neutron and proton density distributions in HO+LST(assumed  ) for 
8
B,

14
B and 

17
B 

are depicted in Figures 2-(a, b, c), respectively. It is obvious that the long tail characteristic is well 

produced in the proton density distribution for 
8
B, besides in the neutron density distribution for 

14,17
B 

and this is attributed to the parameters used in Table-2 which leads to such well produced long tail in 

LST. 
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     The charge density distributions of stable 
10,11

B are portrayed in Figure-3(a, b), respectively. In both 

isotopes, the NCSM approach are applied using warburton-brown interaction [29] and spsdpf model 

space with THO wavefunctions. 

    The calculated charge form factors of the component C0+C2 for 
10,11

B are shown in Figure- 4(a, b), 

respectively. The solid and dashed curves in both isotopes represent the calculated charge form factor 

using Tassie and Bohr-Mottelson models, respectively. It is obvious for both figures that the results of 

Bohr-Mottelson model are in good agreement with experimental data. 

     In Figures-5 (a, b), the charge form factors of the component C0 are calculated for even (
8,10,14

B) 

and odd (
11,17

B) boron isotopes, respectively. It is clear from both figures that the increase in neutron 

numbers lead the calculated form factors to be shifted downwards and backwards, reducing the charge 

form factors due the screening effect of neutron excess.    

       Table 2- Properties of boron isotopes  (
8
B,

10
B,

11
B,

14
B and 

17
B).  

   
    [30] 

Half-Life Time 

[30] 
Type [31] 

Separation Energies in 

MeV [32] 

 

   
  

 

2
+
 

            
7
Be+One proton halo          

 

   
   

 

3
+
 

Stable 
 

Stable 

   6.586 

Sn=8.437 

 

   
   

 

(3/2)
-
 

Stable 
 

Stable 

          

Sn=11.454 

 

   
   

 

2
-
 

             
 

13
B+One neutron halo 

 

Sn=0.970 

 

    
   

 

(3/2)
-
 

             
 

15
B+Two neutrons halo 

 

S2n= 1.38 

      

Table 3-The HO size parameters and  p,n of 
8
B ,

14
B and 

17
B using HO+LST calculations. 

   
    (  )   (  ) 

 

    

 

 

Occupation 

number 

  
   

(    ) 

   

(    ) 

   
  1.575 1.54 

1P1/2 0.98 

18 
1.293 

 
1.309 2S1/2 0.01 

2p3/2 0.01 

   
   

 

 

1.698 1.8 

1d5/2 0.5 

12 1.453 1.528 1d3/2 0.2 

2S1/2 0.3 

    
   1.815 

1.869 

 

 

 

 

1d5/2 0.5 

20 2.504 1.868 

1d3/2 0.45 

2S1/2 0.9 

1f7/2 0.05 

2P3/2 0.05 

2P1/2 0.05 
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Table 4-Calculated proton, charge, neutron, and matter     radii in Fermi’s for boron isotopes 
8
B,

14
B  

and 
17

B by using HO+LST technique compared with available experimental data. 

   
  〈  〉 

   
 

Exp. 

〈  〉 
   

 
〈  〉  

   
 

Exp. 

〈  〉  
   

 
〈  〉 

   
 

Exp. 

〈  〉 
   

 
〈  〉 

   
 

Exp. 

〈  〉 
   

 

   
  2.823 

2.76(8) 

[33] 
2.866 

2.82(6) 

[34] 
2.085 

2.16(8) 

[33] 
2.571 

2.55(8) 

[33] 

   
   2.460 

2.46(7) 

[37] 
2.547 ___ 3.173 ___ 2.938 

3.00(10) 

[36] 

    
   2.63 

2.63(7) 

[37] 
2.697 ___ 3.237 ___ 3.072 

3.00(6) 

[38] 

 

Table 5-The HO size parameters, m and  p,n for NCSM  calculations of 
8
B

 
,
10

B and 
11

B. 

   
    (  )   (  ) 

 

    

 

  
   

(    ) 

   

(    ) 

 

   
  

 

1.656 

 

1.523 
spsdpf 20 1.654 2.064 

 

   
   

 

1.608 

 

1.63 

 

spsdpf 

 

24 

 

2.428 

 

2.462 

 

   
   

 

1.588 

 

1.83 

 

spsdpf 

 

20 

 

2.297 

 

2.648 

 

Table 6-Calculated proton, charge, neutron, and matter     radii in Fermi’s of (
8
B,

10
B and 

11
B)     

   
  

   

(  ) 
   

(  ) 
〈  〉 

   
 

Exp. 

〈  〉 
   

 
〈  〉  

   
 

Exp. 

〈  〉  
   

 
〈  〉 

   
 

Exp. 

〈  〉 
   

 
〈  〉 

   
 

Exp. 

〈  〉 
   

 

 

   
  

 

1.656 

 

1.523 

 

2.823 

 

2.76(8) 

[33] 

 

2.920 

 

2.82(6) 

[34] 

 

2.085 

 

2.16(8) 

[33] 

 

2.571 

 

2.55(8) 

[33] 

   
   1.608 1.63 2.342 ___ 2.45 

2.45(12) 

[35] 
2.374 ___ 2.358 

2.56(23) 

[36] 

   
   1.588 1.83 2.315 ___ 2.419 

2.42(12) 

[35] 
2.707 ___ 2.536 

2.605(9) 

[36] 

by using NCSM calculations compared with available experimental data.            

  

Table 7-Calculated and experimental proton, charge, neutron, and matter     radii in Fermi’s for 

Boron isotopes ( 
8
B,

 14
B and 

17
B) using HO technique compared with available experimental data.     

   
  

   

(  ) 
   

(  ) 
〈  〉 

   
 

Exp. 

〈  〉 
   

 
〈  〉  

   
 

Exp. 

〈  〉  
   

 
〈  〉 

   
 

Exp. 

〈  〉 
   

 
〈  〉 

   
 

Exp. 

〈  〉 
   

 

   
  

1.94

5 
1.54 2.823 

2.76(8) 

[33] 

 

2.932 
2.82(6) 

[34] 
2.085 

2.16(8) 

[33] 
2.571 

2.55(8) 

[33] 

   
   

1.69

8 
2.053 2.461 

2.46(7) 

[37] 
2.545 ___ 3.173 ___ 2.938 

3.00(10) 

[33] 

    
   

1.81

4 
1.978 2.629 

2.63(7) 

[37] 
2.695 ___ 3.238 ___ 3.071 

3.00(6) 

[38] 
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Figure 1-Matter density distributions of 

8
B (a), 

14
B (b) and 

17
B (c). The experimental data represented 

by shaded and hatched area are taken from [39] for 
8
B, [40] for 

14
B and [41] for 

17
B.  
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Figure 2-The neutron and proton density distributions in HO+LST(assumed  ) for Boron isotopes    

            
8
B(a),

14
B(b),

17
B(c). 

 

   
Figure 3-charge density distributions of (a) 

10
B and (b) 

11
B. The solid and dashed curves are the 

results of LST and HO calculations, respectively. The dotted curve in both figures represent 

experimental   data [35]. 
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Figure 4-Elastic Coulomb charge form factors (C0+C2) of (a) 

10
B and (b)

 11
B. The experimental data 

for 
10

B are represented by empty circles [42] and triangles [43]. The experimental data of 
11

B are  

represented empty circles [43]. 

 

                           
 

Figure 5-Charge form factors of 
8,10,14

B(a) and 
11,17

B (b). 

 

Conclusions 

     The transformed harmonic-oscillator (THO) wavefunctions in local scale transformation (LST) 

technique is used to study the root-mean square (   ) proton, charge, neutron and matter radii, 

density distributions and elastic electron scattering form factors of Boron isotopes (
8,10,11,14,17

B). Good 

agreements are obtained for the calculated     radii in comparison with experimental data. The long 

tail behavior which is a main feature of exotic nuclei are well produced by using such modified 

wavefunctions. Besides, the elastic longitudinal  electron scattering form factors of the C0 and C0+C2 

components are calculated of exotic (
8
B,

14
B and 

17
B) and stable (

10
B and 

11
B)  isotopes, respectively. 

The C2 component are calculated using the Bohr-Mottelson and Tassie models. The results of 
10

B and 
11

B are relatively in good agreement with experimental data in Bohr-Mottelson model. The results of 

exotic isotopes are left for electron-radioactive ion beam colliders where the effect of the excess of 

protons and neutrons are going to be studied on the charge form factors. Finally, in the present work, 
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the LST technique is proved itself to be a good technique to study the bulk properties of both stable 

and exotic nuclei. 
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