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Abstract

Let R be a ring with identity and let A be a left R-module. If Fis a proper
submodule of A and x € A , x is called F-J-semi regular element in A , If there
exists a decoposition A = B @ C such that B is projective submodule of Rx and
Rx N C «; F . The aim of this paper is to introduce properties of F-J-semi regular
module. In particular, its characterizations are given. Furthermore, we introduce the
concepts of F —Jacobson hollow semi regular module and CF-J-semiregular
module. Finally, many results of F —Jacobson hollow semi regular module and CF-
J-semiregular module are presented.

Keywords: F-J- semi regular modules, R-F-J- semi regular modules , F-Jacobson
hollow semi regular modules , CF-J-semi regular modules
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1- Introduction
Let R be a ring with identity and let A be a unitary left R-module. A submodule B of A
is called small submodule if whenever B + C = A ,then C = A for some submodule of A. The
small submodule is denoted by B < A [1]. The sum of all small submodules is called the
jacobson radical of A which is denoted by J(A)[2].
In [3], authors introduced J-small submodule. A submodule B of A is called J-small if

whenever B + C = A with | (%) = % implies that A = C. It is denoted by B < A, Itis clear

that every small submodule of A is J-small,however, the converse is not to be true see [2].
An element x in a module A is called regular if a(x)x = x for some € A*. A module is
called regular if each of its elements is regular[4]. Zelmanowitz [4] proved that a module is
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regular if and only if every cyclic submodule is a projective summan. He also introduced a
semi-regular module. A module A is called semi-regular if for every non-zero cyclic
submodule Rx of A there exists a projective submodule B < Rx suchthat A =B @ C, and
C NRx < AI4]. A submodule D of an R-module A is called J-lie over a projective
summand of A if there exists a decomposition A = B 4+ C, where B is projective submodule
of DandC N D K; A[S].

In [5], authors introduced a J-semi regular module. An R-module is called J-semi regular
module if every cyclic submodule of A is J-lying over a projective summand of A.

Let F be a submodule of , an element x € A is called F-semi regular element in A if there
exists a decomposition A = B @ C such that B is a projective submodule of Rxand N C < F
. A module A is called an F-semi regular module if m is F-semi regular element for each
meA [6].

This paper is devoted to introduce F- | -semi regular module, R- F - J-semi regular , F-
Jacobson hollow semi regular, and CF — J- semi regular modules by using the concept of J-
small submodule .

2- F-Jacobson semi regular modules:-

In order to introduce F — ] —semi regular module , we use the concept of J-small
submodule that is appeared in [3].

Definition 2.1 [3] : Let A be any R—module a submodule B of A is called Jacobson small (for

short J-small , denoted by B «; A) if whenever A=B+C ,(C <A, and ](g) = % , then

A=C.

Lemma 2.2 [3] : Let , ¢ be two submodules of an R—-module 4, if B < C < A and ](g) = g
A, _A

,then](E) i

Proof:

Let f:g —>% be an epimorphism function which is defined by f (a + B) = a + C. From
A A A A A A, _A
[2] we have f U(E ) S](E) . Hence (E) = ](E) S](E) . Therefore (E) =z

Corollary 2.3 [3]: Let A be any R—module and let , C be two submodules of 4 . If (g) = g,
A A
then ](m) = 31"

Definition 2.4 [5]: A submodule B of an R-module A is called J-lie over a projective
summand of A if there exists a decomposition A=C @ C , where C is projective
submodule of Band C N B KA.

An R-module A is called J-semi regular module if every cyclic submodule of A is J-lying over
a projective summand of 4 [5].

Definition 2.5: Let A be an R-module ,let F be a proper submodule of A, an elementx € A
is called F-J-semi regular element in A, If there exists a decoposition A = B @ C such that
B is projective submodule of Rx and Rx N € K F .

Example 2.6: Consider Q as Z-module , F = 2Z and N = Z , since Q is indecomposable ,
then {0} is only projective summand of Z and Q N Z = Z is not containd in 2Z .

Proposition 2.7: Let A be a regular module, then A is F-J-semi regular forany < A .

Proof : For any a € A, Ra is projective and direct summand of A , then there exists B
submodule of A such that A=Ra® B and Ran B =0 K| F for any F submodule in 4,
therefore A is F-J-semi regular module .

Proposition 2.8: Let A be F-J-semi regular module and K be a submodule of A such that
F < K, then K is F-J-semi regular.
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Proof : Let Rx <K, so Rx < A. Since A is F-J-semi regular, then there exists a
decomposition A = B @ C such that B is projectivein RxandRx N C <K, F .ANK = (B D
C)NK =B ® (CNK) by modular law, we have B< Rxand RxN(CNK)=(RxNC)N
K & FNnK =F , therefore K is F-J-semi regular module.

Proposition 2.9 : Every semisimple projective R-module A is F-J-semi regular module for
every proper submodule F of A .

Proof: Let Rx < A, then A =Rx @ B, where B < A. Rx is projective and Rx N B =
{0} «; F, therefore A is an F-J-semi regular module.

Proposition 2.10:- Let A be an R-module and let K be a submodule of A. If Ais F-J-semi
regular, then K is (K N F)-J-semi regular where F proper submodule of A.

Proof: Let Rx < K, then Rx < A. Since Ais F-J-semi regular, then there exists a
decomposition A = B @ C < F .From the modular law, we have ANK = (B@® () NK =
B®CnK)yandK=B® (CNK)(CNnK)NnRx=(CNRx)NK K; FNK, therefore K
is (K N F)-J-semi regular.

Before we give next proposition we have to recall that a sub-module B of an R-module A
is called fully invariant if g(B) < B for every g € End(A), where End(A) is the ring of
endemorphisms ofA. A module A is called duo module if every submodule of A is fully
invariant [7].

Proposition 2.11:

Let A be R-module and F is fully invariant submodule of A, then for everyx € A the

following statements are equivalent:

1- There exists a decomposition A = B @ C such that B is projective submodule of D
andN C K F.

2- There exists a homomorphism a: A4 — D such that a? = a , a(4) is projective and
(I—-a)(D) K F.

3- D can be writtenas D = B @ S, where B is projective summand and § < F.

Proof : 1 — 2 Let D be a submodule of A by assumption A =B @ C where B is a
projective submodule of D and D N C «; F. From the modular law, we have D =B
@ (CND), let a: A — B be the projective map , it is clear that a? = a and a(4) is a
projective. Now consider the map (I —a):A—>C such that (I —a)(D)<C , let
x € (I —a)(D), then x =d — a(d) for some d € D, however a(x) € B <D, therefore
x€D and x EDNC K F, thisimpliesthat (l —a)(D) <D NC K| F.

2 = 1) Assume that there exists a homomorphism a: A — D such that a? = a , a(4) is
projective and (I — a)(D) «; F. We claim that A = a(4) @ (I — a)(A), let a € A, then
a=a+ala)—a(a) =al(a)+a—ala) andd=a(4d)+ U —-a)(4). Now, let
x€al(A)N (I —a)(A), then x = a(a,) and x = (I — a)(a,) for some a,,a, € A, so that
a(x) = ala,) = ala,) — ala,) = 0, hence a(a,) = 0. This implies that x = 0, and a(A)
is projective, let teDN (I —a)(A) thent €D and t € (I — a)(A) since t € (I — a)(A4)
then t=(U —a)(a), where a€A now t=a—a(a), hence a€D so that t €
(I — a)(D), therefore DN (I —a)(A) < (I —a)(D) & F.

3 — 1) Let D be submodule of A4, then by our assumption D = B @ S where B is projective
summand of A and S «; F and A = B @ C, for some submodule C of A. From the modular
law, we haveD =B @ (DN C). Let P:A—>C be a projection map, we claim that
P(S)=P(DNC), and P(D)=P(B) @ P(S) = P(S). On other hand P(D) =P(B) &
PD)®P(ODNC)=P(DNC), thus DNC = P(S) < P(F). Since F is fully invariant
submodule of 4, therefore P(F) < F impliesthat D N C < F.
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Proposition 2.12: Let A; and A, be R-modules such that A = A; @ A, is duo module, if A,
and A, are F;-J-semi regular and F,-J-semi regular, respectively. Then A is (F; @ F,)-J-
semi regular module.

Proof : Let D be a cyclic submodule of 4, so that (D N A;) fori =1,2 are cyclic submodule of
A. Since A is duo module, then D = (DN A;) & (D N A,). Now, since A; are F;-J-semi
regular, then there exists projective direct summand submodules of D; = (4; N D) such that
A;=B;®C; and D;N(C K F; fori=12), and A=AP A, =B,DC)D
(B, @ C,). Since B;and B, are projective then we have B, @ B, is also projective.

Now, from [3] we get DN(C; D C,)=DNA, BDNA)NC;,PC,)=(D,NnC,) D
(D;NC) K FLOF,.

Proposition 2.13: Let A = @;¢; A; be a direct sum of the submodules {4;};c; of 4, if A is F-
J-semi regular, then each 4; is F;-J-semi regular where F; = F N A;.

Proof : Let x; € A;, since x; € A and A is F-J-semi regular, it is implies that there exists
B; < Rx;, where B; is projective and it is a direct summand of A, since A = B; @ C; such
that (; <A and Rx;NC; K, Fforalli€l . Now A;,NA=A4,nN(B; D C)=B,DA4n
C;), since B; is a direct summand of A4;, where B; is projective and (C; N 4;) N Rx; < Rx; N
C;<;F .Hence (C;NA)NRx;<A;NF<F , but =@, 4; . Therefore, F =@;¢
(A; NF).Since A; N F is direct summand of F and (4; N C;) N Rx; K; A; N F. Therefore, 4;
is F;-J-semi regular module for all i suchthat i € I .

3- R — F — ] —semi regular modules

This section is devoted to introduce R—F —] -semi regular module , which is a
generalization of the F — ] —semi regular module .

Definition 3.1:-

Let A be any R-module and let F be a proper submodule of . A module A is called R-F-J-
semi regular module if for each x € A such that Rad;(A) < F , then there exists a projective
summand submodule B of Rx suchthat A = B®C ,<A,andCNRx & F .

Examples 3.2:-

1. Zg as Zg-module is R-F-J-semi regular module for every proper submodule F of Z;.
2. Z, as Z-module is not R-(2)-/-semi regular module .
3. Every F — ] —semi regular module is R — F — ] —semi regular module. However, the

converse is not true by (2)
Proposition 3.3:-

Let A = A; @ A, be a direct sum of a projective submodules A; of fori = 1,2 .If Ais R-F-
J-semi regular , then A; is R-F;-J-semi regular module forall i = 1,2, where F = F, @ F,
Proof : Let Rx; < A; such that Rad;(A4;) < Rx; so that Rad;(A) < RX; + Rad;(A) , since
A is R-F-J-semi regular , then there exists a projective submodule B B < Rx , where B is a
direct summand of A, and A =B @ C for some C < A and C N (Rx;+ Rad;(4)) «; F.
Hence A, = (B C)NA; =(BNA;) D (CnNA,), since A, is projective , then BN A is
projective , now (C N 4;) N (Rx; + Rad;(A)) < C N Rx; + Rad;(A) «; F =F, @ F,, and
B N Rx; < F;,because of F,; is direct summand of F, then C N Rx; < F; , by[3] . By the
same way one can get for 4, .

Proposition 3.4:-

Let A be a duo module such that A =A4; @ A,. If A; is R-F-J-semi regular module
(Vi =1,2),then Ais R-F-J-semi regular module where F = F; @ F,

Proof : Let Rx be a cyclic submodule of A such that Rad;(A) < Rx , then Rad;(A) N A; <
RxNnA;i =12, but Rad;(4;) < Rad;(A) N A; < Rx N A; and A; is R-F-J-semi regular

2167



Turki and Khalid Iragi Journal of Science, 2022, Vol. 63, No. 5, pp: 2164-2172

module for all i = 1,2 , then there exists a projective submodule B; < Rx N A4; and
A;=B; D C; forsome (; < A;,(i = 1,2) with (; NRx; K; F;. Now =A; DA, = (B; ©
B,) @ (C, & C,) , By @ B, is projective and (C; @ C,)NRx = (C;, D C)N(RxNA) D
(RxNA)) DB RxNA))=(CiNRxNA) D (C;NRxNA;)) <(C;NRxy) D (C,N
Rx,) &, F; @ F, = F [3].
proposition 3.5:-

Let A be an R-module and D be a submodule of A such that Rad;(A) <D and F is a
proper fully invariant submodule of , the following are equivalent :

1. There exists a decomposition A = B®C such that B is projective submodule of D and
NC K F.

2. There exists a homomorphism a: A4 — D such that a? = a , a(4) is projective and
(I-a)(D) K F.

3. D can be writtenas D = B € S, where B is projective summand and S < F .

Proof :1 - 2 ) Let D be a submodule of A, From our assumption, we have A =B @ C
where B is a projective submodule of D and D N C «; F by the modular law , D =B
@ (C N D). Let a: A — B be the projective map, it is clear a?> = a and a(4) is a projective.
Now consider the map (I —a):A—>C and {—a)(D)<C if e I—a)(D) , then
x =d—a(d) forsome d € D but a(x) € B < D. Therefore xED and xEDNC K, F .
Thisimpliesthat (/ —a)(D) <D NC K F.

2 = 1) Assume that there exists a homomorphism a: A — D such that a? = a , a(4) is
projective and (I —a)(D) «; F. Claim that A=a(4A)® (I—a)(A) if a€A, then
=a+ala)—a(a) =ala)+a—a(a),thusA=a(Ad)+ ({ —a)(A) .Nowletx € a(4) N
(I—-a)(A) and =a(a,) , x = - a)(a,) for some a,,a, € A, so that a(x) = a(a,) =
a(a,) —a(a,) =0, hence a(a;) =0 and hence x =0 a(A) is projective , if t€ DN
(I—a)(A), then teD and te (I —a)(A), since t€ (I —a)(A) it implies that t =
(I —a)(a)

Where €4 , now t=a—a(a) and hence a € D so that t € (I — a)(D).Therefore
Dn(I—-a)(A) =(U—-a)(D) K F.

3> 1) Let D be submodule of A so that by our assumption D = B @ S where B is
projective summand of A and § «; F and then A = B € C for some submodule C of 4, by
the modularlaw D = B @ (D N C) let P: A - C the projection map , claim that P(S) =
P(DNnC) , P(D)=P(B)® P(S) = P(S). On other hand, P(D)=P(B)® P(D)®
P(DNC)=P(DNC) thus DNC =P(S) <P(F), because of F is fully invariant
submodule of , therefore P(F) < FandD N C < F.

4- FJ-hollow semi regular and CF-J-semi regular modules

We introduce the concepts of F —Jacobson hollow semi regular module and CF-J-
semiregular module was introduced. Some of their properties are also investigated .
Definition 4.1 :- Let A be R-module and F a proper submodule of A. A proper submodule
A is called F-jacobson hollow semi regular (for short FJ —hollow semi regular ) if for any

cyclic submodule B of A with g is ] —hollow , then there exists C a projective submodule of
BsuchthatA=C@® CwhereC<AandCNB K F.
Proposition 4.2:-

Let A=A, @ A, be a duo module, if A; FJ-hollow semi regular (i = 1,2) , then A is
FJ-hollow semi regular where F = F; @ F, providedthat BN A; # 4; (i =1,2).
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Proof : let B be a cyclic submodule of A such that gj-hllow ,sothat B=BNA;, @ BnNA,
% = (BnA'gg?;nAz) = Bﬁqu @D Biiz ,because of g is J- hollow , then by [8], 32;1 and B:ZZ
J-hollow . Thus, there exists C; < A; where C; is projective summand of 4; i.e 3C, < A; such
that4; = ¢; ® C,and C,n (BN 4;) «; F;

Now A=4,0 A2=(,C1 D gl) DECBC)= (D) @ Cy @ G) , G® §2 is
projective and BNC,PC)=BNA)DPBNA)INC,DC)=(BNA;NC) B
(BNA,NGC) K F, @ F, by [9], then Bn (€, @ C,) <, F. Therefore A is FJ —hollow
semi regular module .

Proposition 4.3 :-Let A = A; @ A, , if A is FJ-hollow semi regular module, then 4; and A,

are

are F;J-hollow semi regular where F = F; @ F, provided that % is J-hollow for each B; < 4;
l
(i=12)
Proof : let B; < A, such that B, is cyclic and % is J-hollow , By < A; <A ,sothat B;isa
1

cyclic submodule of A4 , but 3 is J-hollow , then there exists C; < B; , C; is projective

summandof AandA=C, D C; ¢, <A;,and B, N( & F,since B N C,<F, <Fand
F, is a direct summand of F , then B; N, & F; [3]. Now A4, NA=A4,n(C DE) =
€1 D (AN Cy) ) )

Bi=C DS andS; K A,andA;NA=A,N(C,DC)=C D (A D Cy) thusCyis
projective summand of 4; in B, BN(4,;nC)=4,nBnC<BnC( & F; , then
BN (A;nC)) «; F; = Ay is F{] —hollow semi regular .

Corollaryd. 4 :- If A=A, P A, D...D A,, be a duo module , then A is F] —hollow semi
regular if and only if A; is F;J] —hollow semi regular where F = F; @ F, @...@ F, provided
AiNB #A; VB<AVi=12,..,n.

Proposition 4.5:- Let A; and A, be ] —hollow modules provided that A; N B # A; (i = 1,2)
, where B is a cyclic submodule of 4 .

if A= A; @ A, , then the following are equivalent

1. Ais F] —hollow semi regular .

2. Ais F] —semi regular .

Proof : 1 — 2) Let B be a cyclic submodule of A . since A;and A, are /] —hollow , then 4 is
J —hollow and gj —hollow by [9] but A is F] —hollow semi regular , then there exists C a

submodule projective of B such that A=C@®C ,C <A and CNA K F , then A'is
F] —semi regular .
2 — 1)itis easy to prove that.

Recall that a submodule B of an R-module A is called cofinite ifg is finitely generated [10].

Definition 4.6:- Let A be an R-module and F be a proper submodule of 4, then A is called
cofinitely F-Jacobson semi regular module (for short CF] —semi regular module ) if for any
coffinite submodule B of A, there exists C projective submodule of B such that A=C @ C
andBnC <<]thereC" <A.

Examples 4.7:-

1. Z as z-module ,let F =372 2Z < Z, such that % = Z, is finitely generated , there
exists 0 < 2Z such that 0 is projectiveand Z=0@ Z ZN2Z = 2Zisnot] —smallin3Z
since 2Z is not containd 3Z , then Z as Z-module is not C3Z —semi regular .
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2. Z¢ as Zg-module , F = (3) (2) < Z,, %6) = (3) s finitely generated , then there
exists (2) < Z, is projective (2) @ (3) = Z, (2)N(3) =0 «; (3) . Therefore, Zg is
C(3) —semi regular .

Proposition 4.8:- Let A be CF] —semi regular R-module , let B < F submodule of A such

—~

that BB;C is projective for any C projective submodule of A , then g is C F/B — ] —semi

regular module .

4 g

5 D), =

regular, then there exists C is projective submodule of D suchthat A=C @ C,C nD K F

gL EEBﬂ , &8 s projective in 2 , how “EN2 = (C+B)nb & u ,
B B B B B B B B B B

¥/ ] —semiregular module .

Proposition 4.9:- Let = A; @ A, , then A; and A, are CF; — ] —semi regular if and only if A

is CF — ] —semi regular where F = F, @ F, .

Proof: Let g cofinite submodule of g is finitely generated , since A is CF] —semi

then 4 is
B

A AL Ay
2+L/L L AqNL

Proof : let L be a cofinite submodule of 4, % == T

, so that 7

is finitely generated ,then A; N L is cofinite in A , since A; is CF;] —semi regular then there
exists C; a projective submodule of A; N L such that A, = C; @ C; and {; N L «; F; and
simillarly there exists C, a projective submodule of A, N L such that 4, = C, @ C, and
C;NL K F,

A=A, QA =0C D C)DU. D C), €D C,is projective and (C; D C)NL =
(€inL) ®(C,NL) K F,®F,, then ((;® C,)NL K F , then A is CF — ] —semi
regular .

A

- . A A DA, Ay o Ay+L A A

Conversly, let L cofinite submodule in 4, , - = % = Tl @ ZT , # = Tl , SO that 7
L

finitely generated , thus there exists C a projective submodule of L such that A = € @ C and
LNC«A,A=C®C and 4,NA=4,n(CHC)=CH A NC) ,A4nONL =
A n(nL)Y<CnlL «; F and F; is direct summand of F . Hence, 4; N CNnL K F; by

[3], therefore A; is CF; — ] —semi regular module .
Proposition 4.10 :- If A is a projective R-module and CFJ] —semi regular module where F is

proper submodule of 4, then % has projective J-cover for every cofinite submodule B of 4 .

Proof : Let A be a projective and CFJ—semi regular module and B a cofinite submodule of
A, so that there exists a decomposition A = C @ C such that C is a projective submodule of

BandBn C &, Fsince F < A,then BN ¢ <<]A,consider7T:C" -

¢ . hi
D) epl,morp ism
and Ker ( m) = ((an). By the second isomorphism theorem %z%%#
(B N (f) <(< Aand (B N C") «; Aand C is a direct summand of 4, then (B N C’) & ¢ .

A -
Therefore = has a projective J-cover.

, since

Proposition 4.11:- Let A be an indecomposable finitely generated R-module and F is a
proper submodule of A, if Ais CF — ] —semi regular, then A is J-semi hollow .

Proof : Let B < A be a proper cofinite submodule in A and since A is CF — ] —semi regular,
then there exists a decomposition A = C @ C such that C < B and C is projective and
Bn(C &, F, but A is indecomposable , then either C =0or C = Aif C = A, then B = A4,
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we get a contradiction , thus C =0and C =4 imply that BNC =B K F<A and
B «; A, therefore A is J-semi hollow.

Recall that Rad;(A) is the sum of all J-small submodules of A [3] . It is clear that (4) <
Rad;(A) . However, the converse in general is not true see [3] .

Definition 4 . 12 :- Let A be an R-module. If F proper in A, then A is called F-Rad;-semi
regular module and if for each cyclic Rx in A such that Rad;(A) < Rx , then there exists a
decomposition A = C @ C , where C is a projective submodule of Rx and € N Rx K F.

Example 4.13:-

1- Consider Zg as Zg-module, and F = (2) proper in Zg Rad;(Z¢) = Zs , then
Rad;(Zs) < (1) and Z4 is projective summand Zg = Zs @ {0} and Zs N {0} = {0} «; F
then Zg is F-Rad;-semi regular module .

2- Consider Z as Z-module , and F any proper in Z , Rad;(Z) =Z , then Z has
projective summand Z = Z @ {0}, and ZNn {0} = {0} {0} «; F, then Z is F-Rad,;-semi
regular module .

3- Consider Z, as Z-module and F = (2) , Rad;(Z,) = (2) since Z, = Z, @ {0} such
that only {0} is projective submodule in Z, such that Rad;(Z,) < Z, and Z, N Z, = Z, but
Z4isnot J-small in F , then Z, as Z-module is not F-Rad,;-semi regular module .
Proposition4.14:- If A is a non-cyclic J-semi hollow R-module and F is proper direct
summand of A, then A is F-Rad;-semi regular module .

Proof : Let Rx be a submodule of A such that Rad;(A) < Rx A=A @ {0} and Rx N A =
Rx since Rx # A, then Rx «<; A and Rx «; F, therefore A is F-Rad]-semi regular module .
Proposition 4.15:- Let A; ,A, be R-modules and A = A; @ A, be a duo module, then A,
and A, are F-Rad;-semi regular module if and only if A is F-Rad;-semi regular module,
where = F;, @ F, , F; properin F; for i = 1,2.

Proof : Let Rx < A such that Rad;(A) < Rx, since A is duo module , then Rx =
(Rx N A;) @ (Rx N A;) and Rad,(4;) < Rad;(A) N A; < Rx N A; [3].

Since A; is F-Rad;-semi regular module (i = 1,2) , then there exists a projective summand
of A;,C;<A;NRx,(i=12)such that A4;=C®C for C;<A4;,(i=12) and
C; n (A; N Rx;) & F;, put C=C, @ C, , where C is a projective summand of A and
A=(G @)D (C,.,l DEC), (CDEG)NRx=(C,BC)N(RxNA) B (RxNAy) =
(CiNRxNA;)® (C;NRxNA) KL FLDF,=F.

Conversely , let Rx; < A; , such that Rad;(4;) < Rx;, (i = 1,2) , then from [3], we have
Rad;(A;) @ Rad;(A;) = Rad;(A) < Rx, @ Rx, , since A is F-Rad;-semi regular module ,
then there exists a projective summand C of A such that C < Rx; @ Rx, , A=C D ¢,
C <A, and € n (Rx; @ Rx,) &; F.Now 4; = A4; N (CEB C") =A,NCODH (Ai nC'). Since
x;<A; , then A;n C<Ajand Rx;NC<A fori=12 (4 nC)nRx;<(Cn
Rxl-) & F,C N Rx; <F; since F; is a direct summand of F fori=1,2, from [8],we
get(CNRx;N4;) K F;.

Proposition 4.16:- If A be an R-module , Rad;(4) < B'is a submodule of A, and F is proper
fully invariant submodule of 4, then the following statements are equivalent:

1- There exists a decomposition A = C @ C, such thatC < B and C is a projective
summand of Aand B N C K F
2- There exists a homomorphism a: A — B such that a? = a, a(A4) is projective and

(I—-a)(A) K F
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3- Let B can be writtenas B = C @ S, where C is projective summand of Aand S &, F
Proof : 1 —> 2 ) Let B < A such that Rad;(A) < B by our assumption, we get A =C @ C,
where C is projective submodule of B and ¢ < A with BN € &; F . Therefore B=BnN
CHO=CcDBNO.

Let a: A — B the projection homomorphism .It is clear that ? = a and a(4) is projective.
Now consider the map (I —a):A— C,(I —a)(C)<C , let x € (I —a)(B) then there
exists b € B such that x = (I —a)(b) = b — a(b), but a(x) € C < B, thus x € B and
x€BNC K Fand(I—a)(B)<BNC K F.

2 > 3 ) Suppose that there exists a homomorphism a: A — B such that a? = a, a(4) is
projective and (I — a)(A)A &; F . Claim that A=a(A)® (I —a)(A), let a € A, then
a=a+a(a) —ala) =ala)+a—a(a) =ala) + U —a)(a), thus A=a(A) +
(I—-—a)A) , if xea(A)Nn (I —a)(A), then x =a(a;) and x = —a)(a,) for some
a,,a, €A , it implies that a(x) = a(a;) = a(a,) — a?(a,) = a(ay) —a(a,) =0
therefore x =0 and A=a(4) @ (I —a)(A) , a(A) is projective. Now, let y € BN
(I—a)(A) so that eB , ye (I —a)(A), and € I —a)(B) , hence BN (I —a)(4) <
(I —a)(A) < F .Ifonetakes a(4) =C,(I—a)(A) = C , then we get the statement 1.
3> 1) Let B <A such that ad;(A) < B sothat B=C & S, where C is projective and
S<«;F hence A=C@®C for C<A such that CNB=(CAINC=SNC , but
SNC<S«K F,thenBNC K F.

Proposition 4.17:- Every semi simple projective R-module A is F-Rad,-semi regular module.
Proof : Let Rx be submodule of 4 such that Rad;-(4) < Rx and F is proper submodule of 4,
since A is semi simple , then Rx is a direct summand of A, A = Rx @ C for some submodule
C of M and since Ais projective , then Rx is projective . Now, Rx n C = {0} L F,
therefore A is F-Rad;-semi regular module.
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