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Abstract.

In this paper, the (k,r)-caps are created by action of groups on the three-
dimensional projective space over the Galois field of order eight. The types of
(k,r)-caps are also studied and determined either they form complete caps or not.
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1. Introduction

The main aim of this paper is to formulate the cap using action of groups in the three-
dimensional projective space over the Galois field of order eight. The (k,r)-caps for r =
2,3,6,9 are studied and classified if they form complete cap or not, as well as the way that
makes incomplete cap is complete is founded.

Let PG(n, q) be the n-dimensional projective space (n-space) over the Galois field GF(q) =
F, [1].

Definition 1.1[1][2]: A projectivity T which permutes the 6(n, q) points of PG(n,q) in a
single cycle is called a cyclic projectivity (Singer cycle) and the group that generates is called
a Singer group.

Definition 1.2[1][2]: A spread Fof PG(n,q) by r-subspaces is a set of r-subspaces which
partitions PG(n, q); that is, every point of PG(n,q) lies in exactly one r-subspace of F.
Hence any two r-subspaces of Fare disjoint.

*Email: abear9933.edbs@uomustansiriyah.edu.iq
1755



Al-seraji et al. Iragi Journal of Science, 2022, Vol. 63, No. 4, pp: 1755-1764

A (k,1)-setin PG(n, q) is a set of k l-subspaces. A k-set is a (k, 0)-set that means a set of
k points. The most general type of (k, 1)-set that will be considered is a (k,[; r,s; n, q)-Set;
that is, a (k, )-set in PG (n, q) with at most r [-subspaces in any s-subspaces.
The definition of (k, l; r,s ;n, q)-set is specialized as follows:
(1) a(k;r,s; n,q)-setisa(k,0;r,s;n,q)-set;
(2) a(k,r)-capisa(k;r,1;n,q)-setwithn > 3;
(3) a k-cap isa (k, 2)-cap;
4) ak-arcisa (k;n,n—1;n,q)-set;
(5) a (k, [)-span or partial spread is a (k,[; 1,2l;n, q)-set with [ > 1.
Definition 1.3[1][2]: A k-cap is a set of k points in PG(n,q) with n = 3 such that no three
are collinear. A k-cap is complete if it is not contained in a (k + 1)-cap.
A m-secant of a (k,r)-cap K in PG(n,q) is a hyperplane (line) £ such that |[KN¢| = m. Let
Q be a point of PG(n,q) which is not on the (k,r)-cap K. Let ¢;(Q) be the number of i-
secants through Q. The number o,.(Q) of r-secant is called the index of Q with respect to K.
Let ¢c; , and C; be the number of points of index i ,and the points of index i, respectively.
For more details or background for (k,r)-cap in PG(n, q), we refer to the references [1] and
[3].
In [1], Hirschfeld gave rich theoretical details of finite projective spaces of three dimensions.
In [4-6], many other researchers attempted to discuss some objects in three dimensional
projective spaces for example, classify cap and arc, and they found the lower and maximum
bound for the size of a complete cap and arc for fixed field. In addition, the study of the
splitting of three-dimensional space into planes and lines is one of the important topics that
authors studied and discussed [7,8].
Since the study in three-dimensional space is more difficult than in two-dimensional spaces,
so that the researchers attempted to work on special cases for each of the previous problems
that are mentioned. .For example, the idea of acting subgroups of on space was used to obtain
caps as in [9]. The procedure of group action on the plane was used in the work of Al-Seraji
in [10-13] and Al-Zangana in [14-18] used idea of group action on the line and plane.
Topalova studied the three dimensional projective space over the Galois field of order five
using the automorphisms of order thirteen [19].
2. Sets of subspaces in PG(3,8)
In [8], the space PG (3,8) is introduced where the projectivity T = M(A) that is given by the
companion matrix

0 1 0 0
1o 0o 1 o

A=lo o o 1/
5 3 5

T 0 1 7
it is a cyclic projectivity ,where 7 be the primitive element of Fg, it has been used to

construct points, lines and planes. Also, the space is partitioned into subgeometries.
It is well known that every projective space has a cyclic projectivity M(A). To get the matrix
A, it is enough to have a companion matrix A = C(F) with primitive characteristic
polynomial F. Therefore, the points of PG (3,8) computed by the following form:

P(i) = P(0) * A, i=0,.. ,584.
The points of PG(3,8) have a unique forms up to equivalence relation which are
[1,0,0,0],[x,1,0,0],[x,y,1,0],[x,y,z,1] Vx,y,z € Fg and the number of each form is
1,q,q% q3, respectively. Hence, we have 585 points and planes, 4745 lines, 9 points on each
line and 73 lines passing through each point.
Therefore, to construct all others 585 planes, the cyclic projectivity is used as follows:
P@{) =X, *At, i=0,..,584, where X, represents the plane with fourth coordinate is
zero. The equation of the line X,, isY + 3W = 0.
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Form the analysis of the number of points, several movements can be deduced, and we
will study each one as follows.
As |PG(3,8)] =585 =33 x5x%13. From Theorem (1.14) in [20], we conclude that there
are ten subspaces of PG(3,8). Let p; = 3,p, = 3,p3 = 5,p, = 13.
From the action of A' on the points of PG(3,8), i € {p1,ps, P4}, the following results are
deduced:

Throughout this paper, if A has j orbits, then the symbol A" will denote the orbit j of A'and
N" =Number of lines which are intersect Al of order k such that 0<k<9.

Algorlthm 2.1: The procedures that are used to prove the main theorem is as follows:

1- Find the orbits for each non-trivial integer factor of 585 p; from the action of cyclic group
(AP1) on PG(3,8).

2- Find the intersection between lines and orbits to know the degree of the cap that they
formed.

3- Determine if the caps are complete or incomplete by finding the points of index zero for
each cap.

4- Add points to the incomplete cap from the set of points of index zero to make it complete.
Note that all the calculations in the paper have been done using the Gap programming, which
can found at https://www.gap-system.org/.

Main Theorem 2.2:

I. The orbits A”1 ;j = 1,2,3 are complete (195,6)-caps.

11.1. The orblts of A]”3,] =1,...,5 are incomplete (117,9)-caps.

2. The maximum complete cap can be formed from the orbits of A¥* is (585,9)-cap.
I11. 1. The orbits of AZ"4 ;j =1,...,13 are incomplete (45,9)-caps.
2. The maximum complete cap can be formed from the orbits of A]’?4 are (585,9)-caps.
IV. The orbits A7*"*;j = 1, ...,9. are complete 65-caps .
V. The orbits A7'",j = 1, ...,15. are complete (39,3)-caps.
VL. 1. The orbits of AY*P4; j = 1,...,39 are incomplete (15,3)-caps.
2. The maximum complete cap can be formed from the orbits of A7*P* is (60,3)-caps.
3. The orbits of A]’.’“"4 are formed 39 copies of PG (3,2), has 15 points and planes, 35 lines, 3
points on each line and 7 lines passing through each point.
VII. 1.The orbits of A”3P*; j =1, ...,65 are incomplete (9,9)-caps.
2. The maximum complete cap can be formed from the orbits of A’1’3p4 is (585,9)-caps.
3. The orbits A7*"*,j = 1, ...,65 are formed the spread of PG(3,8).
VIII. 1. The orbits of A7*"***,j = 1, ...,45 are incomplete 13-caps.
2. The maximum complete cap can be formed from the orbits of A7*7*%%,j = 1, ...,45 is
28-caps.
IX. 1. The orbits of AP1PzP+ j = 1,...,117 are incomplete 5-caps.
2. The maximum complete cap can be formed from the orbits of AP1P2P+ j = 1,..,117 is
27-caps.
X. 1. The orbits of A7*"*P*,j = 1,...,195 are incomplete (3,3)-caps.
2. The maximum complete cap can be formed from the orbits of A7*"* is (61,3)-caps.
Proof:
I. The orbits of AP1: There are three orbits from the action of AP1 on PG (3,8), of size 195.
A3 ={0,3,6,9,12,15,18,21,24,27,30,33,36,39,42,45,48,51, ..., 579, 582};
A3 =1{1,4,7,10,13,16,19,22,25,28,31,34,37,40,43,46,49, ...,580,583};
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A3 ={2,5,8,11,14,17,20,23,26,29,32,35,38,41,44,47,50, ...,581,584}.

The orbits A7*,j = 1,2,3 are (195;6,1; 3,8)-sets of 195 points of degree 6 since A7",j =
1,2,3 intersects each line in at most six points in PG(3,8), as they are shown in the equation
below.

(390 if|a7 n el =0
1170 if|aA7 ne] =2
NI;‘?l ={ 1625 if Al n | =3 ;i=1,..,4745.
1170 iflA ne| =4
(390 iffAl*nef =6

Therefore, the orbits A}”l,j = 1,2,3 are (195,6)-caps additionally, it is complete (195,6)-caps
since there are no points of index zero for Afl ; that is, ¢, = 0.

1. The orbits of AP3: There are 5 orbits from the action of AP3 on PG(3,8) of size
117.
A% ={0,5,10,15,20,25,30,35,40,45,50,55,60, 65,70, ...,580};
A5 =1{1,611,16,21,26,31,36,41,46,51,56,61,66,71,...,581};
A} =1{2,712,17,22,27,32,37,42,47,52,57,62,67,72, ...,582};
A5 =1{3,8,13,18,23,28,33,38,43,48,53,58,63,68,73, ...,583};
A2 =1{4,9,14,19,24,29,34,39,44,49,54,59,64,69,74, ...,584}.
1. The orbits of A]‘.”3,j =1,..,5 are (117; 9,1; 3,8)-sets of 117 points of degree 9 since
AJ’.’E’,j =1, ...,5 intersect each line in at most 9 points in PG(3,8) as they are shown in the
equation below.

(520 if |47 n 4| =0
1638 if A7 ne| =1

N =1 a0 ,iflA’pg NEl=2 s,
j 702 if|A7 ne] =3
468 if|[A? ne| =4
(13 if |47 n €| =9

Therefore, A]’.’3,j =1,..,5 are (117,9)-caps. And it is incomplete (117,9)-caps since c, =

468 .

2. We can create a complete cap from the (117,9)-cap by including external points such that
the maximum complete (k,9)-cap that is constructed from A3 is & = A3 U C, is complete
(585,9)-cap since every nine points are located on line. And A]’.”3,j = 2,...,5 are incomplete

(117,9)-caps since ¢, # 0. The maximum complete (k,9)-cap constructed from Af
is&; = A7 U Z; where Z; C ¢J =set of all external points of A j=2,..,5
II. The orbits of AP+: There are 13 orbits from the action of AP+ on PG (3,8), of size 45.

A7

= {0,13,26,39,52,65,78,91,104,117,130,143,156,169,182,195,208,221,234,247, ...,572};
A

= {1,14,27,40,53,66,79,92,105,118,131,144,157,170,183,196,209,222,235,248, ...,573};
A3

= {2,15,28,41,54,67,80,93,106,119,132,145,158,171,184,197,210,223,236,249, ...,574};
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A%

= {12,25,38,51,64,77,90,103,116,129,142,155,168,181,194,207,220,233,246, ...,584}.
1. The orbits A}"‘,j =1,..,13 are intersection of 5 lines in at most 9 points, as they are
shown as follows:

(2220 if|[aA7* ne| =0
1890 if|[a7*ne| =1
N:;M =4 540 iflA7*ne| =2 ,i=1,..4745.
90 if|[A7*n4;| =3
L5 if|[A7*ne| =9

Thus the orbits of Af",j =1,..,13 are (45; 9,1; 3,8)- sets; that is, (45,9)-caps. Since
¢, = 540, then it is incomplete caps

2. Since degree of caps is 9, then by Remark 4 the maximum complete (k,9)-cap that is
constructed from A3* is & = A1 U C, s (585,9)-cap, and AP*,j = 2,...,13 are incomplete
(45,9)-caps since ¢, # 0Vj. The maximum complete (585,9)-cap constructed from A}3
is &; = A U ¢/ where ] =set of all external points of A%, j=2,...,13.

IV.  The orbits of AP1Pz: There are 9 orbits from the action of AP1Pz on PG(3,8), of size
65.

Al

{0,9,18,27,36,45,54,63,72,81,90,99,108,117,126,135,144,153,162,171,180,189, ...,576};
A3

{1,10,19,28,37,46,55,64,73,82,91,100,109,118,127,136,145,154,163,172,181,190, ...,577};

A3
{8,17,26,35,44,53,62,71,80,89,98,107,116,125,134,143,152,161,170,179,188,197, ...,584}.
The orbits A]’.’“’Z,j =1,...,9. are intersection of 2080 lines in at most 2 points in PG (3,8), as
they are shown as follows:
2080 if |[AP*P2ne] =0
N:mpz = 4585 l'flx‘l}glp2 N fil =1 ;i=1,..,4745.

J 2080 if [APP2 g =2
Therefore, the orbits A7*"2,j = 1,...,9 are (65;2; 3,8)- sets; that is, 65-caps since no three
points of A7*"* are collinear, and the orbits A7***;j = 1,...,9 are complete 65-caps, since
there are no points of index zero for A7*"*; that is ¢, = 0.

V. The orbits of AP:Ps: There are 15 orbits from the action of AP1P3 on PG(3,8), of size

39.

A7°

= {0,15,30,45,60,75,90,105,120,135,150,165,180,195,210,225,240,255,270,285, ...,570};
AP

{1,16,31,46,61,76,91,106,121,136,151,166,181,196,211,226,241,256,271,286, ...,571};
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AfS

= {14,29,44,59,74,89,104,119,134,149,164,179,194,209,224,239,254,269,284,299, ...,584}.
The orbits A]’.’”’3,j =1,...,15. are intersection of 169 lines in at most 3 points in PG (3,8)

such that

(2470 if[A7P ne] =0
1872 if |[A7*P2ne] =1
234 if |[A7*P2ne] =2

| 169 if|AlP2 n 4] =3
Thus the orbits A7*",j = 1,...,15 are (39;3,1; 3,8)-sets; that is, (39,3)-caps, and it is
complete since ¢, =0

VI.  The orbits of AP1P+: There are 39 orbits from the action of APP+ on PG (3,8), of size
15.

A3° ={0,39,78,117,156,195,234,273,312,351,390,429, 468,507 , 546};

A3° = {1,40,79,118,157,196, 235,274,313, 352,391, 430,469,508, 547};

A3° = {2,41,80,119,158,197, 236,275,314, 353,392,431,470, 509, 548};

A3° = {3,42,81,120,159,198, 237,276, 315,354,393,432,471,510, 549};

k

NAp1p3 = ; i = 1, ...,4‘74‘5.
J

A33 = {38,77,116,155,194,233, 272,311,350, 389, 428, 467,506,545, 584}.
1. The orbits Aflp",j =1, ...,39 are intersection of 35 lines in at most 3 points, as they are
shown as follows:

3720 if |[A7"P*ne| =0
Nioips =4 990 if |A7"*ne|=1,i=1,..4745.
J
35 if |[AP"P*ne] =3

Therefore, the orbits A7*"*,j = 1,...,39 are (15;3,1; 3,8)- sets; that is, (15,3)-caps, which
are incomplete, since ¢, = 360.

2. We can create a complete cap from the (15,3)-cap by including external points such that
Z={1,2,3,4,56,8,910,11,12,15,16,20,21,27,30,44,71,72,75,79,80,
81,93,102,111,114,118,119,
127,132,139,161,181,196,219,237,432,433,444,471,568,570,571} < C,.

The maximum complete (k, 3)-cap that is constructed from A3°is & = A3° U Z is complete
(60, 3)-cap since ¢, = 0.

And Afl”",j = 2,...,39 are incomplete (15,3)-caps since c, # 0Vj. Thus the maximum
complete (k, 3)-cap constructed from A?>°is &; = A?° U Z; where Z; € CJ =set of all external
points of A7, j =2,...,39 of index zero.

3. By Theorem 12 in [17].

VII. The orbits of AP3P4: There are 65 orbits from the action of AP3P+ on PG(3,8), of
size 9.

A% = {0,65,130,195,260,325,390,455,520};

AS> = {1,66,131,196, 261,326,391, 456,521},

A% = {64,129,194,259,324,389,454,519,584}.
1. The orbits A]’.’3p4,j =1, ...,65 are intersection of 1 line in at most 9 points as shown below.
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4096 if |A]’?3p4 ne|=0
Nfosps =1 648 if |A7PP*ne|=1;i=1,..4745.
J
1 if |[A7P* 0] =9

Thus the orbits A7*"*,j =1,...,65 are (9;9,1; 3,8)- sets; that is, (9,9)-caps and it is
incomplete (9,9)-caps since ¢, = 576 .

2. Since degree of caps is 9, then by Remark 4 the maximum complete (k, 9)-caps that
are constructed from A?> are complete (585,9)-caps have the formulaé; = A U (] ; j =
1,..,65.

3. By Theorem 10 in [17].

VIII. The orbits of AP1P2P3; There are 45 orbits from the action of AP1PzPs on PG (3,8), of
size 13.

A% = {0,45,90, 135,180, 225,270, 315, 360, 405, 450, 495, 540};

A% = {1,46,91,136,181,226,271,316,361,406,451,496,541};

Aig = {44,89,134,179, 224,269, 314,359,404, 449,494,539, 584}.
1. The orbits A7*P?7*,j = 1,...,45 are intersection of 78 line in at most 2 points as they are
shown in an equation:

3874 if |47 0| =0
Nfoipaps =4 793 if |A7"PP 0] =1;i=1,..4745.
J
78 if |[A7P*P ey =2

For that reason the orbits A7*"*"*,j = 1,...,45 are (13;2,1; 3,8)- sets; that is, 13-caps, and
the orbits of A7*"*"* are incomplete 13-caps since ¢, = 182 .

2. We can create a complete cap from the k-cap by including external points such that
Z =1{3,6,9,21,27,39,57,78,99,141,186,276,393,411,456} < C,.

The maximum complete 28-cap that is constructed from A%° is & = A}° U Z. And
APHPPP3, j =2, .. ,45 are incomplete 13-caps since ¢, # 0. The maximum complete k-cap

that is constructed form A}®is&; = A?° U Z; where Z; € C; =set of all external points of
AP, j = 1,...,45 of index zero.

IX.  The orbits of AP1P2P4+: There are 117 orbits from the action of AP1PzP+ on PG (3,8), of
size 5.

A7 = {0,117, 234,351, 468};

A7 = (1,118,235, 352, 469);

A} = {116,233,350,467,584}.
1. The orbits APP2P+ j = 1,..,117 are intersection of 10 lines in at most 2 points as they

are shown as follows:
4390 if |[AP1P2Pan £;| = 0
Nloipws =1 345 if|AP1P2Pa N )| =1 ;i =1,..,4745.
! 10 if |AP1P2Ps 0 £;| = 2

Therefore, the orbits AP1P2P+ j =1,..,117 are (5;2; 3,8)- sets; that is, 5-caps and it is
incomplete 5-caps since ¢, = 510.

2. We can create a complete cap from the k -cap by including external points such that
Z ={1,2,3,4,6,7,8,14,15,25,28,32,36,41,47,54,65,92,119,200,262,275 } < C,. The
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maximum complete k-cap that is constructed from A7 is & = A7 uZ is complete 27-
cap. And A7*P?P*j =2,..,117 are incomplete 5-caps since ¢, # 0. The maximum
complete k-cap that is constructed from Aj'7is¢&; = Aj'” U Z; where Z; € ¢l =set of all
external points of Aj'7, j=1, ..., 117 of index zero.

X.  The orbits of A7*"*"*: There are 195 orbits from the action of A7*"*"* on PG (3,8), of
size 3.

A¥%® = {0,195, 390};
AY%® ={1,196,391};

Al%% = {194,389,584]}.
1. The orbits A7*"*"*,j = 1,...,195 are intersection of 1 line in at most 3 points as shown as
follows:

4528 if |[A7P*P e =0
Nupsps ={ 216 if A7 ne| =1 i=1,..,4745.
J
1 if| A7PP n gy =3

Thus the orbits A7*P*"*,j =1,..,195 are (3;3,1; 3,8)- sets; that is,(3,3)-caps and
incomplete since ¢, = 576.
2. We can create a complete cap from the (k, 3)-cap by including external points such that

Z

= {1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,18,19,20,21,22,23,24,25,26,27,28,29,30,32,33,
35,36,37,39,40,41,42,43,47,48,54,63,66,70,74,77,78,82,93,95,99,120,146,159,222,249,459 } <
C,. The maximum complete (k,3)-cap that is constructed from A1°>is & = A>UZ is
complete (61,3)-cap. And AP*"*P*,j = 2,...,195 are incomplete (3,3)-caps since ¢, # 0.
The maximum complete (k,3)-cap that is constructed from A;*is¢&; = A;®° U Z; where

Z; < Cy =set of all external points of A}, j =2, ..., 195 of index zero.

Corollary 2.3: Any incomplete cap I' in the Main Theorem of degree nine, that constructs
from it, is a complete (585,9)-cap.

Proof: Since I has degree nine, so that any line will contact I in at most nine points which
is the order of the line. Hence, all the points out of I" will be of index zero. Thus, for points in
PG(3,8)\I, say x; ... xy, the intersection of I'U{x; ... x; } with any line will no longer be more
than nine points. Therefore, the maximum complete cap formed from T is just the pace
PG (3,8), which is (585,9)-cap.

3. Conclusion

In this paper, we are found four types distinct (k,r)- caps in PG(3,8) with respect to r
where r = 2,3,6,9, they are given as follows:

1. When r = 2 we created by action of groups 171 complete caps and 162 incomplete
caps, classified according to their size as follows:

9 complete 65-caps

45 complete 28-caps.

117 complete 27-caps.

45 incomplete 13-caps.

117 incomplete 5-caps.

. When r = 3 we created by action of groups 249 complete caps and 234 incomplete caps,
classmed according to their size as follows:

e 15 complete (39,3)-caps.

I\). e o o o
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e 39 complete (60,3)-caps.
195 complete (61,3)-caps.
39 incomplete (15,3)-caps.
e 195 incomplete (3,3)-caps.
3. When r = 6 we created by action of groups 3 complete caps, classified according to their
size as follows:
e 3 complete (195,6)-caps.
4. When r = 9 we created by action of groups only one complete cap and 73 incomplete
caps, classified according to their size as follows:
e Complete (585,9)-cap is the perfect space.
e 5incomplete (117,9)-caps.
e 13 incomplete (45,9)-caps.
e 65 incomplete (9,9)-caps.
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