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Abstract

In the present paper, the authors introduce and investigate two new
subclasses,namely Ny, (v, ,8;n1) and Ny, (v,B,6;a) of the class x-fold bi-
univalent functions in the open unit disk . The initial coefficients for all of the
functions that belong to them are determined, as well as the coefficients for
functions that belong to a field determining these coefficients are also determined
which require a complicated process. The bounds for the initial coefficients |b, 4|
and |b,,41| that contained among the remaining results in our analysis are obtained.
In addition, some specific special improver results for the related classes are
provided.
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1. Introduction

Let A refers to the class of analytic functions f in the open unit disk
U={z€eCand |z| <1}
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that satisfy the normalized condition f(0) = f'(0) — 1 = 0 . An analytic function f € A has
Taylor series expansion of the form:

f(z)=z+ijzj, ZEU )
=

The class of all functions inA refers by Kwhich are univalent inU. In [1], the Koebe one—
Quarter theorem ascertains that the image of U under each f € K has a disk of radius ¥4 .

Obviously, for each f € K which contains an inverse function f~* satisfies f *(f(z)) =z,
z€ U and

fUF'w) =w (|vv|<po(f);po(f)zﬂ

where gw) = f71(w) =w — byw? + (2b% — b3)w3 — (5b3 — 5b,b; + by)w* + ---.
(2)

When both f and f~1are univalent in U, then f € cAis known to be bi univalent functions.
In U, we denote the class of bi-univalent functions by X ,which are normalized by (1).

Lewin [2] obtained a coefficient bound that is given by |a,| < 1.51 forevery f € Y and he
looked at the class Xof bi-univalent functions. Following that, inspired by Lewin's ( see [2])
work. In 1980 Brannan and Clunie [3] guessed that|a,| < 2 for all f € Y . In reality,
Sriveastava et al. [4] have invigorated the analysis of analytical and bi-univalent functions.
Bulut [5] has been pursued such study , Adegani and et al. [6] , Guney et al. [7] .

In 2016, the class of bi univalent defined by quasi subordination was introduced by Magesh et
al. [8] and the coefficient bounds were obtained. In [9] , Ma and Minda presented and
investigated the united classes:

T(d) = {f €A : Z;(S) < ®(z):z € U},
7 ”(Z)
S(<:I>)={f€c/l:1+ @ <(D(Z):ZEU},

where ®(z) is an analytic and univalent function in the unit disk U with a positive real part
that satisfies ®(0) = 1,and ®'(0) > 0. ®(U) is a starlike region in relation to 1 and it is
symmetric in relation to real axis. The functions in the classes T(®) and S(®) are starlike of
Ma-Minda type and convex of Ma-Minda type, respectively. For more details see [9].

For all € X , a function r which is given by r(z) = V/f(z¥) keN={12,..} is
univalent in U and maps into a region of x-fold symmetry. If the normalized condition is
satisfied and the function can be written as the form:

f(@)=z+ Z byji1z" KEN={12,..},zeU. (3)
j=1

it is namely x-fold symmetric [10,11].

The class of k-fold symmetrical univalent function that are normalized by the previous series
extension , it is denoted by X, in equation(3). If k = 1 the function in class K'is symmetric
one-fold. Like the concept of symmetrical x-fold. A conventional definition can be taken of
bi-univalent symmetric k-fold functions.

Srivastava et al. described x-fold symmetric biunivalent functions antecedents to in [12]. The
k-fold symmetric bi-univalent function of a function f of the class ). for any positive integer
k is generated. The function f is normalized form of is defined in (3) and f * is defined in

the following:
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GW) = FTHW) =W = by W™ + [ + DbZyy — boeua W2+ — [0+ D(3k +
2)bis1 — (3K + 2)byes1bass + b3k+1] w3 4
(4)

where g = 1.

The k-fold symmetric biunivalent functions class is denoted by Y. For k=1, the formula (4)
corresponds to the formule of class (2). Some examples of k-fold symmetic bi-univalent
functions are given as follows:

1 1

z® \x 1 1+z"\k
() and [2og(22)
according to the inverse functions, we have

1 « 1

(IWK,C)K and (eww;l)" .

-w e
Many experiments have been conducted to investigate estimates x-fold bi-univalent functions
with different subclasses, for detail [13-19]. The aim of this paper is to determine Taylor-
Maclaurin coefficients |b,.., | and |b,,1 | for functions belong to the a new subclasses . We
are also discussed some important findings that presented here.
Lemmal.[20],[21]. If t € P, then |t;] < 2 for all i , where P is the collection of each
analytic function t in U for which Re{t(z)}> 0,z € U such that t(z)= 1+t;z+
t,z? + t3z3+...., (z €U).
2. The subclassN'y (v, 4,8;1)
Definition2. A function f(z) € 3, that defined by (3) is called in the class Ny (v, B,8;n),
if the following conditions are satisfied:

yzzf”(z) sz”(Z) 1" ni
arg <(1_Y)Z+Zf’(z)+ﬁ f(Z) +522f (Z))‘ <7 , ZE U (5)
and
ywig"(w) wig'w) o, i

where 0<y <1,8=0,0<6<1land0<n<1),g=flisgivenby (4).
Theorem3. Let f(z) be a function that defined by (3) in a classNy, (v, 8,8;n).Then
|bsal <

min 2u]
k(c+1)[y+B+68(k-1)]’
2|n| } (7)
VI2k(e+ DIr+ D (y+B+82k—-1D)[y++82r—1) -2k (k+1)[y2(k+ 1)+ S]]
and
|b21€+1| < 5
. 27 n
min {(K(K+1)[y+ﬁ+5(l€—1))2 + k(2r+1)[y+B+6(2x-1)]’
27;2
2k(k+1) 2+ D) [y +B+8 2k D[y +B+8(2Kk—1) -2k (k+1) [y 2 (1+1) + ] *
n
k(2r+D)[y+8+82Kk-1)]1)" ©
Proof.
Let f € Ny (v,B,8;m). Then
Zz 11 7 ZZ " A
e e IO O, ©)

(1—-y)z+zf'(2) f(2)

and
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24" 2 1
(1 —yyv;wg+(:;'(w) +h Z givf;v ) + ow2g"" (w) = [u(2)]", (10)

where g = f~1, h(z) andu(w) is a function in P and have the form

h(Z) =1 + hKZK + hZKZZK + h3KZ3K + .- (ll)
and
u(w) = 1+ u,w* + uy, w2 + ug, w3 + - : (12)
Now, from (9) and (10), we get the following
k(k+ Dy + B+ 6k — D]berr =nhy (13)
22k + Dy + B + 6(2K — 1)]bgeq — k(e + D[y (c + 1) + Blbg,q
= ?hZK
+5n0 —Dhi (14)
| —k(c+ Dy + B+ 60 — Dby =nuye (15)
an

—2k(1+2k)[y + B+ 62k — 1)]byys1
+ 2k + 1)+ Dy + B+ 62Kk — D] — k(xc + D[y2(c + 1) + B1]b244

= NUp
1
+ En(n —Du . (16)
From (11) and (13), we get
h, = —u, (17)
and
2((+ DIy + B+ 80— DI) bZyy = 12 (h2 +ud) . (18)

Now, add (14) to (16) , we get
2k(k + D1+ 2)y +B+6QRk— D[y + B+ 62Kk — 1) — 2k(k + D[y?(k + 1)

+ Bl1bEs1

= 71)(h,c +u,)

+on0 - DhE+ud) (19)
By applying Lemmal for the coefficients h,., u,, h2 and u2 .It follows from (17) and (18),the

following
bl < A (20)
KL = e+ Dy +8+8(c—1)]

and
bl < % (21)

VI2Kk@+ D[R+ (Y +B+82k—1)[y+B+82K—1)—2k(k+ D[y 2 (k+ 1)+ L1’
which yield coefficient b, in (7).
Subtracting (16) from (14), we obtain
4k + 1Dy + L+ 62k — 1)byyesq
=2k(k+ D2+ Dy + B+ 62k — 1)]b2,; + n(he — w,)

1 2 2
+ 577(77 - 1)(h1c - uK) . (22)
By subtracting from (18) and (19) , putting (22) and we use Lemmal to find that
2n?

ol = Gl v Dy + f 86— DY
Ui

e+ DIy + B+ 02k = 1] (23)
and
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2n? n
S 2k(k+1)2k+1D)[y+B+82k—-1D][y+B+6(2Kk—1)—2k(k+D)[y2(k+1)+p] + k(r+1)[y+B+86(2k-1)]

(24)

b2

(23) and (24) yield the estimate in (8) .

The proof is completed.

Incase y = 0 and 8 = 0, we can obtain the following results.
Corollary4. Let f(z) that defined by (3) be in the classNVy, (8; 7). Then

2|n| 2|n| }
k+D)[8(k-D]" 2e(e+ D[+ 1) (§2r—1)[§ 2r—1)]|

D1l < min{

and

2n? n 2n?

(k+D[(k—-1))2  krx+1)[62Kk-1)]" 2k(k+1)(2Kk+1)[6(2Kk-1)][6(2K—1)

b1l < min {

n
K(2K+1)[8(2K—1)]}'
Incase=1,F =0and § = 0, we get the next Corollary
Corollary5. Let f(z) that defined by(3) be in the class Vs _(17).Then

b |<mm{ 2n| 2|n| }
A k(L+1) ° 2k + ©)2[(2k + D1 — 2k (x + D]

and

2
|bases1] < min {

C/ T 2n? L
(kk+1)®  K@K+1)’ 2K(e+12 @+ D[1-26(c+1) Kk (2K+1))’

Incase y = 1and § = 0, we obtain the following Corollary
Corollary6 Let (z) , which is defined by(3) be in the classNy, (8,71).Then

2|| 2|n|
k(c+1)[14+8]° \/|2KZ(KZ+1)[(2K+1)(1+B)[(1+,8)—2K(K+1)[(K+1)+B]] I}

|byesal < min{

and

2n? n 2n?

(k+D[1+8)2  kQr+1D[1+B]’ 2k(k+1)2r+1)[1+B][1+8-2k(k+1)[(k+1)+ L]

b2+l < min{
eyl
k(2k+1)[1+B])°

In the case of x = 1, Theorem3 can be reduced to the next results.
Corollary7. Let a function f(z) which is defined by (3) be in the classNy(y, 8, ;7). Then

|b |<min{ I il }
2 v +B81"  J4BG +B+o[y +B+06 - D2y + ]

and

|b|<min{ UM | n* 41 }
31 = 2([y+B+D?  3[y+B+81" 6ly+B+8]ly+B+5—-4[2y2+B] = 3[y+B+5]

3. The subclass My (v, 4, 8; @)
Definition8. A function f(z) € },, defined by (3) is called in the class Ny, (v, B, 6; a), if the
following requirements are met:

2 g1 2 r1r
Re ((1 _V;);fjf,(z) + ﬁZ;(Z()Z) + 5zzf”’(z)> >a , z€U (25)
and
2 I 2

where 0<y<1,820,0<6<1land0<a<1),g=ftisgivenhy (4).
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Theorem9. Let f(z) be a function defined by (3) in the classNy (v, 8,8; a).Then
|bicssl <

, 2(1-a) 2(1-a) (27
min k(c+1D)[y+B+68(k-1)]’ K(k+D[(2k+1)(y+B+5 k-1 [y+B+6(2k—1)—2K(k+1)[y?(k+1)+B]] )
and

|b2K+1| <
. { 2(1-a)? (1-a)
min (k(k+D)[y+B+8(k—1))2  kRrk+1)[y+B+6(2Kk-1)]’
2(1-a)? n
2k(k+1)2k+1D)[y+B+82k—-1D)][y+B+6(2k—1)—2k(k+1)[y?(k+1)+p]
(1-a) (28)
kQr+1)[y+B+86(2Kk-1)])"
Proof.
From (27) and (28) there is h,u € P, such that
2 11 2 It
yz°f"(2) z°f"(2)
— + +6z%f""(z2) = a + (1 — a)h(z 29
G-petar@ P T (= one @)
and
2 01 2 11
ywg (w) weg (w)
— + +ow?g"W)=a+ (1 —-a)h(z) |, 30
A-nwrwgm) P gw) g (=@ G0
where g = f~1, h(z) andu(w) is a function in P and has the form
h(z)=14hez" +hy 2%+ hgp 23 + - (31)
and
u(w) = 1 4+ wWw" + Uy o w? + ug w3 + - . (32)
Now, from (29) and (30), we have
k(k+ Dy + B+ 8 —1D]bey; = (1 —a)hy (33)
2k(2K + D[y + B + 62K — D]bgesr — k(i + D[y + 1) + Blag,y
= (1 —a)hy , (34)
| —k(+ Dy + B+ 60— Dlbers = 1 — Juye (35)
an

2k + D[y +B+62k —1)]byysq
+[2k(c+ D@r+ DIy + B+ 6Kk — D] — k(e + D[y?(k + 1) + B1]bZ,1
= (1= a)uy, . (36)
From (31) and (33), we obtain

h, = —u, (37)
and

2(0c+ Dy + B + 60 — D) b4y = (1 - )?(hE +ud) (38)
Adding (34) and (36) , we get
2k(k+ D[R+ Dy +B+6Qxk— D[y + B+ 62Kk — 1) — 2k(k + D[y2(c + 1)
+ B11bz+4
= (1 — a)(hy,
+ Uz) (39)
From Lemmal, for the coefficients h,,,u,,, h2 and u2, its follows from (37) and (38), we
get
|byesal <

and

2(1-a)
k(k+1)[y+B+8(k—1)]

(40)
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2(1-a)
|bK+1| s \/K(K+1)[(2K+1)(y+ﬁ+6(2}c—1)[y+ﬂ+é‘(2x—1)—2}c(;c+1)[y2(K+1)+ﬁ]] ! (41)

which yields coefficient b, in (27).
If we subtract (16) from (14), then we obtain
4k + 1D)(y + B+ 52k — 1)byeyq

= 2k(k+ D2k + Dy + B+ 62k —1)]b2,; +(1

- a)(hZK - u21c) . (42)
Upon subtracting from (38) and (39) and we put the result in (42). Hence from Lemmal, we
find that

b, | < 2(1 - a)?
A= k(e 4+ Dy + B + 8(x — 1))2
+ d-a) (43)
kQrx+ D[y + B+ 612k —1)]
and
2(1-a)? (1-a)
|b21c+1| < + .
2k(k+1)2k+ D[y +B+862Kk—1D)][y+B+6(2Kk—1)—2k(k+1)[y?(k+1)+p] kQr+1)[y+B+6(2Kk-1)]

(44)

The equations (43) and (44) yield the estimate in (28) .

The theorem's proof is now completed.

Incase y = 0 and 8 = 0, we get the following Corollary.

Corollary10. Let f(z) be a function that efined by (3) in classNy, (8; a).Then

2(1 - @) j 2(1 - a)

besal Sminy Co DG —DI’ rte+ DI2e T DG @x - D[6C2x — D]

and
. 2(1-a)? (1-a) 2(1-a)?
Ibaira| < min {(x(x+1)[5(x—1))2 r DB’ D)@ DBl T
(1-a)
K(2K+1)[8(2x—1)]}'
Incase=1,8 =0,and § = 0, we the next result can be got.
Corollaryll Let f(z) be a function that defined by (3) in classVy, _(a). Then

21— a) \/ 2(1-a)

Peal SMVGTD e+ D2+ DIL= 2o + D]

and

|bases1] < min {

2(1-a)? (1-a) 2(1-a)? (1-a)
(k(x+1)?  K@K+1)’ 2K(c+12 Q@+ D[1-26(c+1) K (2K+1))’

Incase y = 1and § = 0, the following corollary will be obtained.

Corollary12. Let f(z) be a function that defined by (3) in classVy (B, a). Then

2(1-a)
k(k+ D[1+p]’

|byes1] < min

2(1-a)
k(k+ D[R+ DA +)H[A+B) —2k(k+D[(x+ 1)+ B]]

and
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2(1-a)? (1-a) 2(1-a)?
(c(e+D[1+B)2  kr+1)[1+B]’ 2x(c+1)2r+1)[1+B][1+8 -2k (kc+1)[(k+1)+]

|baes1] < min{
(1-a) }
k(r+1)[1+B])°

In the case of x = 1,0one can reduce theorem 9 to the next result.
Corollaryl3. Let f(z) be a function that defined by (3) in the class Ny (y, B, §; «).Then

|b,| < min d-a) \/ (1-a)
B [y + 81’ By +B+ 8y +B+6—42y*+ Bl
and ,
Q- (1-a)
|b3|Smm{Z([y+ﬁ)2+3[V+ﬁ+6]’
(1-a)? N 1-a) }
6ly +B+6lly+B+6—4[2y*+B] 3ly+p+46]

Conclusion : As a result of research, can say that, when applying the new two recent
subclasses Ny (v, B,6;1) and Ny, (v, B, 8; a), k-fold symmetric to the geometric functions
are included, |b,4iland |b,,+1| were determined for each class k-fold symmetric bi-
univalent, in complex analysis it is useful. Several improved results are provided in Ufor
these two new subclasses.
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