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ABSTRACT

In this paper, new concepts of maximal and minimal regular 8 - open sets are
introduced and discussed. Some basic properties are obtained. The relation between

maximal and minimal regular 8 - open sets and some other types of open sets such
as regular open sets and S -open sets are investigated.
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I. INTRODUCTION

The concepts of maximal open sets and minimal open sets in topological spaces were
introduced by Nakaok and Oda in [1-5,6, 7]. The study of o -open sets and their properties
were initiated by Njastad in 1965[8]. Stone gave a new class of open sets called regular open
sets in 1937,[9, 10]. In[1], the concepts of S -open sets have been introduced and studied.
Latter, these [ -open sets are recalled as semipreopen sets, which were introduced by
D.Andrejevic in [2]. In [9] , As a simulation of these studies, minimal and maximal
B -open sets have been introduced and studied. On the other hand as a simulation of
minimal regular open set in [3] has been introduced and studied. Latter, Nasser [7] explains
the study of notation of minimal and maximal regular open sets and he investigates several of
their basic properties. The notation of minimal and maximal o -open set is introduced in[4]. In
addition, a new class of open sets called regular 8 - open sets were given by authors in [11].
Our aim in presenting this article is to introduce the notation of a new class of maximal and
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minimal open sets which is called maximal regular 8 -open sets and minimal regular
B —open sets. We also investigate several of their basic properties. Finally, we study their
relationship with various types of open sets. Throughout this article ,the closure ( Interior) of
a subset U, of space X is symbolized by CI(U;) ( Int(U,)).

I1. Basic Backgrounds.

By (X,3) or simply X we mean a topological space for which no separation axioms are
considered unless it is stated.

Definition 2.1. [6] The minimal open ( closed) set in a space X is a proper nonempty
open(closed) subset U of X which is included in U is @ or U.

Definition 2.2. [5] The maximal open (closed) set in a space X is a proper nonempty open(
closed) subset U of X that includes U is U or X.

Definition 2.3.[1] The B - open (semipre) set in a space X is a subset U of X such that

U < Cl(Int(CL(U))). U is called g —closed set if U¢ is § —open set. The collection of all
B -open (B - closed) set will be denoted by (X)( BC(X) ).

Definition 2.4. [10] The regular open ( regular closed) set in a space X is a subset V of X,
such  that V =mt(Cl(V)) (Vv =Cl(Int(V)). The  collection  of all
regular open( regular closed) sets will be denoted RO(X) ( RC(X)).

Definition 2.5. [8] The a - open set in a space X in a space X is a subset U of X such that

U € Int(Cl(Int(U))). U is called a - closed set if U€ is o —open set. The set of all a —open
(o -closed) set will be denoted by a0 (X)( aC(X)).

Definition 2.6. [11] The regular 8 - open set in a space X is a subset U of X, such that
U = BInt(BCL(D)).

The collection of all regular g - open sets will be denoted RBO(X).

Definition 2.7. [9] The minimal S - open (S - closed) set in a space X is a proper
nonempty B - open(f - closed) subset U of X which is included in U is @ or U. The
set of all minimal 8 - open( S - closed) sets will be denoted by M; 50 (X) ( M;BC(X)).
Definition 2.8. [9] The maximal 8 - open ( S -closed) set in a space X is a proper
nonempty B -open(f —closed) subset U of X which is includes U isU or X. The set of all
maximalf - open( S - closed) sets will be denoted by M,BO(X) ( MaBC(X)).

Definition 2.9. [7] The maximal regular open ( regular closed) set in a space X is a proper
nonempty regular-open(regular —closed) subset U of X which is includes U is U or X. The
set of all maximal regular open( regular closed) sets will be denoted by M,RO(X) (
M,RC(X)).

Definition 2.10. [7] The minimal regular open ( regular closed) set in a space X is a proper
nonempty regular open(regular closed) subset U of X which is included in U is @ or U.

The set of all minimal regular open( regular closed) sets will be denoted by M;RO(X) (
M;RC(X)).

Definition 2.11. [9] X is said to be Tgyn if @ # G € BO(X) implies G € M; 50 (X) for each
G.

Definition 2.12. [9] X is called Tgnmax Space if @ # G € BO(X) implies G € M,0(X) for
each G. Theorem 2.13. [11] U € RBO(X) ifand only if U € BO(X) N BC(X).

Theorem 2.14. [9] The subset U of X, is a minimal p —closed if and only if U€ is maximal 3
—open set.

Theorem 2.15. [9] A space X is Tgpn if and only if it is Tgpax.

Theorem 2.16. [9] For each pair A,B € M;f0(X) of Tgmi, such thatA # B , we have
ANB =9.
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Theorem 2.17. [9] For each pair A, B € M;f0(X) of Tgnin, such that A # B , we have
AUB =X.

Theorem 2.18. [11]U € RBO(X) if and only if Int(U) € RO(X) and ClL(U) € RC(X).
Theorem 2.19.[11] If A; € RO(X) and A, € RBO(X), then 4; N 4, € RBO(X).

Theorem 2.20. [11] aO(X) N RBO(X) = RO(X).

Theorem 2.21. [11] VA; € X, we have BInt(BCI(4,)), PBCI(BInt(4;)), BInt(Cl(A4,)),
BCl(Int(A4,1)) and Int(CI(A,)) are regular p —open sets.

Theorem 2.22. [11]The following conditions are equivalent for each subset W of X:

(i) W eRpO(X), (i)W e BOX)n BC(X), (iii) X\W € RBO(X), (VW =
PCI(PInt(W)),

(v) BFr(W) = ¢,  (vi) Int(Cl(Int(W))) € W c CI (Int (CI(W))), opens (vii) W €
BO(X) and X\W € BO(X).

Theorem 2.23.[3] i- If the intersection of a minimal regular open set and a regular open set is
not equal to @, then the minimal regular open set is a subset of the regular open set.

ii- If the intersection of each pair of a minimal regular open set is not equal to @, then it is
equal to each other.

Theorem 2.24. [4] Let U;,U, and U; be maximal a —open sets such that U, # U,. If
U, n U, c U, then either U; = Uz or U, = Us;.

Theorem?2.25. [4] Let U,, U, and U; be maximal o —open sets which are various from each
ether. Then, (U; N U,) & (U N Us).

Theorem 2.26.[7] If A, is proper closed set includes a maximal regular open set A,, then
Int (4,) = A,.

1. MAXIMAL AND MINIMAL REGULAR 8 — OPEN SETS

In this section, the concepts of minimal and maximal regular S - open sets are introduced.
Then, we discuss several properties of these and their relationships with several types of
nearly open sets.

Definition 3.1.

i) The minimal regular § -open set in X is a proper nonempty regular 8 —open subset U
of X which is included in U is® or U.

i) The maximal B - openset in X is a proper nonempty regular 8 -open subset U of X
which is included in U isU or X

The collection of all minimal regular f —open ( maximal regular  —open) sets in a space X is
symbolized by M;RBO(X) ( MaRBO(X)).

Remark 3.2. From the fact that RBO(X)=RBC(X), by theorem 2.13. Then in any space X
minimal regular B —open(maximal regular B —open) sets and minimal regular B —closed (
maximal regular B —closed) sets are equivalent. It means that M;RBO(X) = M;RBC(X) and
MaRBO(X) = MaRBC(X)

Example 3.3. Consider X = {uy,u,, us, us} and let 3 ={ &, {u;}, {u,}, {uy, u,}, X} then
RﬁO(X)={ (D' {u1}; {uz}; {ulf u3}r {ulr U4}, {uZ; u3}' {uZ' u4}' {ul' Uz, u4}' {uZI Uus, U4_}, X}'SO’
the set {u, } is minimal regular p —open and the set {u,, us, u,} is maximal regular § —open.
Theorem 3.4. A; € M;RBO(X) if and only if 4;° € M,RBO(X)

Proof. Let A; € M;RBO(X) , then by theorem 2.13, A, € RBO(X). Let A, € RBO(X). such
that A;° € A,, then A,° € A;. Since, A,° is regular § -open set included in a minimal
regular B -open set A, then either A,° = ® or A,° = A, that is either A, =X or A4, =
A, €. Therefore, A, is maximal regular B —open set.

Corollary 3.5. Let X be a space contain at least two elements and a; € X. Then, if {a,} is a
regular 8 - open set then it is minimal regular g - open set and X\{a,} is maximal regular

[ - open set.
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Proof. Let {a;} be a regular 8 - open set. Since there is no nonempty regular 8 - open set
including properly in the set {a,} , then {a;} is minimal regular g - open set and by theorem

3.4 X\{a,} is maximal regular 8 - open set.

Lemma 3.6. If A; € M;RBO(X) and A, € RBO(X), then A; N 4, € RBO(X) .

Proof. Let A; € M;RBO(X) and A, € RBO(X), . We have now, AjNA, C A If
A; N A, =@ then, the prove is completed. If A; N A, # & and A; is a minimal regular
B -open set, then A; N A, = A,.This means that, A; N A, is regular § - open set.

Theorem 3.7. i- If the intersection of a minimal regular B -openset and a regular
B - open set is not equal to @, then the minimal regular 8 — open set is a subset of the regular
[ - open set.

ii- If the intersection of each pair of a minimal regular § - open set is not equal to @, then
equal to each other.
Proof. The proof is similar to theorem 2.23, then it is omitted.
Remark 3.8. If a; € A; € M;RBO(X), then A; € A, , foreach a; € A, € RBO(X)
Proof. Let a; € A;. If A, is regular B -open set including a,. Then, A; N A, # ®.So by
Theorem 3.7 A; € A,.
Theorem 3.9. i- If A, is a f — closed set including properly in a minimal regular - open set
A,. Then, BInt(4,) = .
ii- If A; is a B — closed set contain properly a maximal regular § —open set A,. Then,
BInt(4,) =X.
iii- If A; is a B —open set contain properly a maximal regular § — open set A,. Then,
BCL(A)) = X.
Proof. i- Let 4, € M;RBO(X) and A; € BC(X) such that A; c A,.So, BInt(A4,) is regular
p -open set and A, is a minimal regular § - open set. Then, fInt(A,) = &.
ii- Let A, € M,RBO(X) and A; € BC(X)such that A, c A,.So by Theorem 2.21 BInt(A;) €
RBO(X) and A, is a maximal regular p —open set. Then, BInt(4;) = X.
iii- Let A, € M;RBO(X) and A, € BO(X) , such that A, c A;.So, by Theorem 2.21
BClL (A1) € RFO(X) and A, is a maximal regular  —open set. Then, BCI(4,) = X.
Remark 3.10. Next example shows that the Theorem 3.9 part i and ii are not necessary to be
true if A, is not B-closed set.
Example 3.11. Consider X = {uq, uy, us, uy} with a topology
I ={D,{w} {uz} {ug, vz} {us, us} {ug, up, us} X3, BO(X, 3) =
{(D, {ul}l {uz}’ {ulf U }’ {u1: U3}, {u1: U4}, {uZI u4}’ {u1: Uy, u3}’ {u1: Uz, 'Ll4_}, {ull u, U4}, X}a
RBO(X, S) = { CD, {uz}» {ulﬁ u3}, {uZ' u4-}' {u' Us, u4}' X}
i- Let A; = {uy}, and A, = {uy, us}, then pInt(4,)= {u,} # @.
ii- Let A; = {uy,u, uy}, and A, = {u,, u,}, then pInt(4,)= A, + X.
Theorem 3.12. Let U; be a non-empty proper regular 8 -open set, then the following
statements are equivalent:

I. U, is a minimal regular B —open set,

ii. U, € BCI (U,), where U, € U, and BInt(U,) # @,
iii. U, = BCI (U,), where @ = U, € U,.
Proof. (i—ii) Let U, € U; such that BInt(U,)# @, then BInt(U,) € BInt(BCI(U,)) <
BInt(BCI(U;))=U;, which is minimal regular B —open set. This means that U; =
BInt(BCI(Uz)) < BCI (Uy).
(ii—iii) Since U, € U,,U; € BCL (U,) < BCI (U,). Therefore, U; = BCL (U;) = BCL(U,).
(ili—1) Let U, be a nonempty regular 8 - open set such that U, < U, then BCI(U;) = U; =
BCI (Uy). This means that U, = BInt(BCI(U,)) = BInt(BCI(U,)) = Uy.
Therefore, U; is a minimal regular f —open set.
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Theorem 3.13. Let A; be a nonempty proper regular p —open set. Then, the next pair of
conditions are equivalent:

I- A is a minimal regular 3 —open set,

ii- A; = BInt (4;), where A, is p —closed set, A, € A, and BInt(4,) # ®.

Proof. (i) —( ii) Let A; be a minimal regular B —open set and A, is B —closed set such that
A, € A4, then BInt(4,) € BInt(4,) = A;.Since, by theorem 2.21 BInt(A4,) is regular B —
open set and A, is a minimal regular B —open set. Therefore, A; = BInt (4,).

(i) — (i) Let A, be a nonempty regular B —open set such that A, € A,.S0, A; = BInt (4,)
= AZ

.This means that, A, = A;. Therefore, A, is a minimal regular p —open set.

Remark 3.14. Next example shows that we cannot remove the condition BInt(4,) # @ in
theorem 3.13.

Example 3. 15. Consider X = {uq,u,, us, u,} with a topology I = {@, {u}, {us}, {ug, us},
{ul' U; }, {uSJ U4}, {ulJ Uz, U3}, {u1; Us, U4}, X}’ BO(X' S)
= { o, {ul}r {U3}, {u1! U }, {ulﬂ u3}, {u3, u4}’

{up, uz,usl {ug, uz, us 1, X}, RPOX,J) ={ D, {ug, up}, {us, us}, X} Letd; = {u,}, 4, =
{u,,u,} and BInt (A,) = @, then BInt(A4,) # A;.

Theorem 3.16. If A, is proper B-closed set includes a maximal regular p —open set A, then
BInt (4;) = A,.

Proof. The proof is similar to theorem 2.26. Hence it is omitted.

Theorem 3.17. i- If A; is a nonempty proper regular 8 - open set such that no existing proper
B —open ( B —closed) set includes A; then A; is maximal regular § - open set.

ii- If A, is a nonempty proper regular p —open set such that no existing proper 8 - open ( S —
closed) set included in A, then A; is minimal regular B —open set.

Proof. i- Let A, be a regular  —open set such that A; € A,.So that A, is p —open ( p —closed)
set then A, = A; or A, = X.Therefore, A, is maximal regular 3 —open set.

ii- Let A, be a regular B —open set such that A, € A;.So that A, is B —open ( B —closed) set
then A, = A, or A, = ®@.Therefore, A; is minimal regular 3 —open set.

Theorem 3.18. i- If the union of a maximal regular B —open set and regular B —open set is not
equal to X, then the regular B —open set is a subset of the maximal regular 3 —open set .

ii- If the union of each pair of a maximal regular B —open set is not equal to X, then it is equal
to each other.

Proof. i- Let A; be a maximal regular p —open set and A, be a regular B —open set such that
A; U A, # X, then we must to prove that A, < A;.Since A; € A; U A,and A; is a maximal
regular B —open set then by definition 3.1 A; UA, =X or A{yUA, = A;,but A;UA, #X
then A; U A, = A;, which means that 4, € A;.

ii- If A; and A, are a maximal regular B —open sets such that A; U A, # X, then A, c
A, andA, c A, by (i). Therefore A, = A,

Theorem 3.19. If U; is minimal regular  —open set and U, is maximal regular 3 —open set in
a space X such that U; € U,, then U; = X\U,.

Proof. Let U; be a minimal regular B —open set ,then X\U; is maximal regular f —open set,
but U, is maximal regular f —open set .Therefore, either U, = X\U, or U, U X\U; =
X.IfU, U X\U; =X then U; € U, which is opposite to each other .Hence, U, = X\U;
.Means that, U; = X\U,.

Remark 3.20. i- The class MiRBO(X) ( MyRBO(X)) and M;BO(X) ( M,PO(X)) are
incomparable.

ii- Next example shows that the class MiRBO(X) ( MaRBO(X)) and MiRO(X) ( MaRO(X)) are
incomparable.

Example3.21. In example 3.11,
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i-The set {u,, us} is minimal regular p —open but not minimal B —open and the set {u,} is
minimal B —open but not minimal regular  —open.

ii- The set {u,,u,} is maximal regular B —open but not maximal p —open and the set
{uy,u,, us} is maximal g —open but not maximal regular § —open.

Example3.22. Consider X = {uq, uy, us, Uy} with a topology
S = { d), {ul}J {uZJ 'U,3}, {uli Uy, U3}, X}’ RBO(X' S)

{(D, {ul}; {uZ}r {U3}, {u1, uZ}I {ul; u3}1 {ul; u4}' {uZ' u3}' { Uz, u4}' {uZ' u4-}' { Uz, Uz, u4}, {ull Uz, u4}
) {u1; Uz, Uy }r X} i RO(X' S) = { Q, {ul}) {uZI U,3}, X}’ Then:

i-The set {u,} is minimal regular p —open but not minimal regular open and the set {u,, us} is
minimal regular open but not minimal regular p —open.

ii- The set {u,, us, u,} is maximal regular p —open but not maximal regular open and the set
{u,, us} is maximal regular open but not maximal regular 3 —open.

Theorem 3.23. Let X be a Tgmin Space. Then, A; € M;RBO(X) if and only if A; € M;B0(X)
Proof. Let A; be a minimal regular B —open set and X be a Tgmi, Space. Then, A, is B —open
set. By definition 2.11, have A; € M;B0(X) . Conversely, Let A; is a minimal § —open set
and A, is B —open set . From definition 2.11, we have A, is a minimal § —open set, and by
theorem 2.16,we get A; N A, = @, then by theorem 2.17 and Theorem 2.15, A; U A, =
X.Hence, A, = X\A; and A; is B- closed set. By Theorem 2.13, A; is regular p —open set.
Therefore, A; is a minimal regular § —open set.

Theorem 3.24. Let X be a Tgpin SPace. Then, A, is a maximal regular § —open set if and only
if A;is a maximal 3 —closed set.

Proof. Let A; be a maximal regular B —open set and X be a T, Space. Then A is f —closed
set. Assume that, A, is not maximal 3 —closed set. So that there exists an B —closed subset A,
of X with 4, # X such that A; c A,. Thus 4,° © A;°. Hence A€ is a proper p —open set
which is no minimal and this opposite of being X is Tgpyin SPace. Hence, A, is a maximal f
—closed set. Conversely, let A; is a maximal B —closed set then by Theorem 2.14, A, is
minimal B —open set. By theorem 3.23, A€ is a minimal regular p —open set. Hence 4, is a
maximal regular [ —open set.

Remark 3.25. Next example indicates that we cannot remove the condition X be a Tgpyin
space in theorem 3.23 and Theorem 3.24.

Example 3.26. In example 3.11, the space X is not Tgp;,, the set {a;, as} is minimal regular

B —open but not minimal B —open and the set {a,} is minimal § - open but not minimal
regular p —open. So, the set {a,, a,} is maximal regular f —open but not maximal B —closed
and the set {a,, a3, a,} is maximal g —closed but not maximal regular 3 —open.

Theorem 3.27. If any regular B —open set is maximal ( minimal) B —open set then it is
maximal (minimal) regular § —open set.

Proof. Let A; be a regular p —open set and maximal ( minimal) [ —open set in a space X. We
want to prove that A, is a maximal ( minimal) regular B —open set. Assume that A, is not
maximal(not minimal) regular B —open set, then A; # X (A; # @) and there exist regular
—open set A, such that A; c A, (A, € A;) A; # A,. By Theorem 2.13, A, is  —open set
.50, A, includes (included in) A, which is opposite to each other. Hence, A, is a maximal (
minimal) regular  —open set.

Theorem 3.28. If any regular open set is maximal (minimal) regular B —open set then it is
maximal ( minimal) regular open set.

Proof. Let A; be a regular open set and maximal (minimal) regular § —open set in a space X.
We want to prove that A; is a maximal ( minimal) regular open set. Assume that A, is not
maximal ( not minimal) regular open set, then A; # X (A, # @) and there exist regular open
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set A, such that A; < A, (A, € A;) and A; # A,. By theorem 2.22, A, is regular p —open
set. So, A, includes ( included in) A;, which is opposite to each other. Hence 4, is a maximal
( minimal) regular open set.

Theorem 3.29. If any regular B —open set is maximal (minimal) B —closed set then it is
maximal ( minimal) regular  —open set.

Proof. Let A; be a regular  —open set and maximal (minimal) p —closed set in a space X. We
want to prove that A; is a maximal (minimal) regular B —open set. Assume that A, is not
maximal ( minimal) regular  —open set, then A; # X (resp. A; # @) and there exist regular
B —open set A, such that A; € A, (< A;) A; # A,. By theorem 2.13,4, is p —closed set .So,
A, includes (included in) A;, which is opposite to each other. Hence A; is a maximal (
minimal) regular 3 —closed set.

Theorem 3.30. If any regular closed set is maximal ( minimal) regular B —open set then it is
maximal ( minimal) regular open set.

Proof. Let A, be a regular closed set and maximal ( minimal) regular f —open set in a space X.
We want to prove that A; is a maximal ( minimal) regular closed set. Assume that A; is not
maximal ( not minimal) regular closed set, then A; # X (A; # ®) and there exist regular
closed set A, such that A; € A,(A, < A;) A; # A,. By theorem 2.22, A, is regular  —open
set. So, A, includes ( included in) A,, which is opposite to each other. Hence A;is a maximal (
minimal) regular closed set.

Theorem 3.31. Let A; € M,RBO(X) such that a, ¢ A;. Then, A; U A, =X for each
A, € RBO(X,ay) ..

Proof. Since,a, € A,. We have A, ¢ A, for any regular  —open set A, including a; . By
theorem 3.19 A4, U 4, =X

Theorem 3.32. If the intersection of regular open set and minimal regular p —open set is not
equal to ¢. Then the intersection of these is equal to minimal regular  —open set.

Proof. Let U, be a regular open set and U, is minimal regular p —open set such that U; N
U, # @, by theorem 2.19, U; n U, is regular  —open set. We want to prove that U; N U, is
minimal regular B —open set. Assume that U; N U, is not minimal regular 3 —open set, then
there exists nonempty regular p —open set Us; such that U; c Uy nUyand U; +# U; N
U,.Hence U; c U, and U; c U,.This means that U; is regular p —open set included in U, and
U; # U,, which is opposite to each other. Therefore U; n U, is minimal regular  —open set.
Theorem 3.33_If the union of regular closed set and maximal regular f —open set is not equal
to X.Then the union of these is equal to maximal regular 3 —open set.

Proof. Let U; be a regular closed set and U, be a maximal regular B —open set such that
U, U U, # X, then X\U, is regular open set and X\U, is minimal regular p —open set. By
theorem 3.32 (X\U;) N (X\U;) = X\ (U; U U,) is minimal regular B —open set. This means
that U; U U, is maximal regular  —open set.

Theorem 3.34. Let U;be a maximal regular B —open set such that CI (U;)# X, then CI (U;) is
maximal regular closed set.

Proof. If U; is maximal regular p —open set by theorem 2.18, Cl (U,) is regular closed set.
Since Cl (U;)# X then CI (U,) is proper regular closed set. We want to prove that CI(U,) is
maximal regular closed set. Assume that CI(U;) is not maximal regular closed set, then there
exists proper regular closed set U, such that CI(U,) c U,.Since U; cCl(U,) € U,, then U, c
U,.So by theorem 2.22 U, is regular p —open set including U;, which is opposite to each
other. Hence CI(U;) is maximal regular closed set.

Theorem 3.35. Let A;be a minimal regular  —open set such that Int (4;) # @ then Int (4;) is
minimal regular open set.

Proof. If A; is minimal regular B —open set by theorem 2.18, Int(A4,) is regular open set.
Since Int (A;) # @ then Int(A,) is proper regular open set. We need to prove that Int (4,) is
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minimal regular open set. Assume that Int(4;) is not minimal regular open set, then there
exist nonempty regular open set A, such that A, c Int (4;) .Since A, c Int (4,) c 4,4,
then A, c A;.So0 by theorem 2.22 A, is regular 3 —open set included in A, which is opposite
to each other. Hence Int (4,) is minimal regular open set.

Remark 3.36. The following example shows that the converse part of Theorem 3.35 is not
true in general.

Example 3.37. : Consider X = {uqg,uy, us,uy} and let
3= { d)' {ul}J {uZ}' {uli uZ}' {LL3, U4}, {ulﬂ Uz, u4-} ’ {uZ! Us, u4-}' X}! then RO(X) =
{ 2, {ul}J {uZ}' {ul; Uy }' {LL3, U4}, {ulﬂ U3, Uy, , {uZ' U3, Uy, X}!

RIBO(X):{ (D, {ul}: {uZ}I {U,3}, {u4}' {ul; uZ}' {u3, u4-}' {ul; u3}'

{U'Z' U4}, {ulJ u4}, {uZ' LL3}, {u1; Uz, u4}' {u2' Uz, u4-}! {ulﬂ Uy, u4-}! {ulﬂ Uy, u3}r X} Let
G={uy,us}, then Int(G)= {u,} is minimal regular open but G is not minimal regular p —open
set.

Theorem 3.38. O(X) N MiRBO(X) € MiRO(X).

Proof. Let A; € aO(X) N MiRBO(X) then 4; € aO(X) N RBO(X). By theorem 2.20 A, €
RO(X). We have to prove that A; is minimal regular open set( A; € MiRO(X)). Assume that
A; is not minimal regular open set (A; € M;RO(X)), then there exists nonempty regular open
set A, such that A, ¢ A; and A, # A;.Since A, is regular f —open set included in A;, which
IS opposite to each other .Therefore A, is minimal regular open set ( A; € MiRO(X) ).
Theorem3.39. If A, is a minimal B —open set in a space X such that A, is not dense in X, then
BCI(A;) is minimal regular § —open set.

Proof. Let A, be a minimal § —open set from theorem 2.21, we have BCI(A,) is regular  —
open set. Since A; is nonempty B —open and A; & BCI(4,), then @ # BCI(4A;). Now
Cl(A;) # X because of A, is not dense in X. So that BCI(4,) < Cl(4;) and BCI(4,) # X.
That means BCI(A4,) is nonempty proper regular B —open set. We must to prove that BCI(4;)
is minimal regular B —open set. Let A, be a nonempty regular B —open set such that A, <
BCI(A;). Then BCI( A,) < BCI(A,).If A, n A, = &, then BCI( A;) N BCI(A,) = @ which is
opposite to each other. Hence, 4, N A, # @ and by theorem 2.13 A, is p —open. So that from
theorem 3.7(i) we get A; c 4, and BCI( 4;) € BCI(4;). This implies that BCI( 4,) =
BCI(A3). Since, A, is regular B —open set then from Theorem 2.13 we have A, is 3 —closed.
This implies that BCI(4,) =, and BCI( A;) = A,. Therefore, BCI( A;) is minimal regular
—open set.

Theorem3.40. Let U;,U, and U; be maximal regular B —open sets such that U; # U,. If
U, N U, c U, then either U; = Uz or U, = Us.

Proof. The proof is similar to theorem 2.24.So that it is omitted.

Theorem3.41. Let U;, U, and U; be maximal regular B —open sets which are various from
each ether. Then, (U; N U,) & (U; N Us).

Proof. The proof is similar to theorem 2.5.

Theorem3.42. i- Let G and {G; },e4be minimal regular B —open sets. If G € U,e, G, then
there exists 1 € A such that G = G;.

Ii- Let G and {G, },c4 be a minimal regular p —open sets. If G # G, for each A € A, then
(UreaG) NG = P.

Proof. i- Let G and {G; },e4 be a minimal regular B —open sets with c U;¢4 G;. We must to
prove that G N G, # ¢. Since if G N G = @, then G, < X\G and hence, G € U ¢, G; € X\G
which is opposite to each other. Now as G NG, # ¢, then GN Gy, c Gand G N G, C Gy.
Since G N G, < G and this gives that G is minimal regular f —open, then by definition 3.1,
GNGy, =G or GNGy =¢. But GNG,#¢, then GNG, =G which means G C
G,.Similarly G n G, < G, gives that G, is minimal regular B —open, then by Definition
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31,6nG; =G, or GNGy; = @.ButG NGy # @ then G NG; = G which means G; C
G.Therefoer, G = G;.

ii- Assume that (U esGy) NG # ¢ then there existsA € A such that G, N G # ¢. By
theorem 3.7 (ii), we have G = G; which is opposite to the fact G # G,. Hence, (U G
)NG = .

CONCLUSION

In this paper, maximal and minimal open sets via regular B-open sets are introduced. We also
get several results that are presented to reveal many various properties of the minimal regular
B —open and maximal regular B —open sets and their complements. The relation between the
minimal regular  —open and maximal regular 3 —open are shown. Finally, we have discussed
their relationship with various types of open sets such as minimal and maximal regular open
sets.
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