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Abstract

Let S be a prime inverse semiring with center Z(S). The aim of this research is to
prove some results on the prime inverse semiring with (e, ) — derivation that acts as
a homomorphism or as an anti- homomorphism, where «, $ are automorphisms on S.
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1. Introduction

The concept of semiring was introduced by Vandiver in 1934 [1]. The algebraic
structure of inverse semiring was introduced by Karevellas in1974 [2].

After that, many researchers studied classes of semiring, including Golan [3] and Fang [4].
Recently, many authors studied such semirings in various ways, describing the analysis of
prime and semiprime semirings with various types of derivations [5-10].

A semiring (S, +,) with commutative addition and absorbing zero 0 is called additively
“inverse semiring” if, for every element r € S, there exists a unique r’' € S such that
r+r'+r=randr’'+r+r'=r’,as introduced by Bandlet and Petrich [11]. According to
Karevellas [2], for all a,b € S, we have (ab)' =a'b =ab',(a+b) =a’" +b’, a’'b’ = ab,
(a') = a. A semiring S is additively left cancellative if r + s =r +t then s = t, for all
r,s,t €S, S is additively right cancellative if s+ r =1t +rthen s=t¢t, for all r,s,t €S.
Also, S is said to be additively cancellative if it is both additively left and right cancellative
[12].

The additive inverse semiring that satisfies r(s +s') = (s+s')r, for allr,s €S,
ie.s+s € Z(S) forall s € S, is called MA-semiring [13], which we adopt in this paper. A
commutator in an inverse semirng is defined as [r,s] = rs + s'r = rs + sr’. We can define a
Jordan product on S as follows: a e b = ab + ba, for all a,b € S. A non-empty subset | of S
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is said to be a left ideal of S if forall x,y € I,s € S,thenx +y € and sx € [ [14]. Also,
we define the Jordan ideal in the setting of inverse semiring as the additive semigrup J of
inverse semiring S, if forall x € J,r € S, we have xr + rx € J [10].

Recall that S is called a prime inverse semiring if aSh = 0, for all a, b € S, implies that
either a = 0 or b = 0. It is also called semiprime inverse semiring if aSa = 0, for all a € S,
implies that a = 0, or S has no non-zero nilpotetent ideal [9]. We call S as 2-tortion free if
2a =0, a €S implies that a = 0. An additive mapping d:S - S is called (o, f)-
derivation of S if d(rs) =d(r)a(s) + L(r)d(s), for all r, s € S, where o, § are
automorphisms on S [8].

In this paper, we prove some results on prime inverse semiring with (a, £) — derivation that
acts as a homomorphism or as an anti- homomorphism, and where S is a cancellative with
s+ s’ € Z(5).We also extend some important previously found results [15, 16] on (a, f) —
Derivations, where a, £ are automorphisms on S.

2. Preliminaries
To prove the main Theorems in this paper, we need the following Lemmas.
Lemma 2.1 [9]
Forall r,seS,ifr+s=0,thenr=¢s"
Lemma 2.2.

Let S be a cancellative prime inverse semiring. If r = s, wherer,s € S,thenr + s’ = 0.

Proof
If r=s,wherer,s €S, then by adding (s + s') to the two sides, we get

r+(s'+s)=s+(s'+s).
Since S is an inverse semiring, we get
r+s'+s=s
r+s)+s=s(

Since S is a cancellative inverse semiring, we getr +s' =0.
Lemma 2.3.

Let I be a non- zero left ideal on S, which is a semiprime inverse semiring .If Iu =0
(ul =0) forallu e S, thenu = 0.

Proof

If ul =0 forallu e S, then we have uSI = 0. Since S is a prime inverse semiring and I is
a nonzero left ideal of S, therefore u = 0.

Now, we want to show that if /u = 0, then u = 0. Suppose that u # 0.
Define K by
K = {r € S|Ir = 0}.

Since 0 # u € K, itis clear that K is a nonzero right ideal of S, such that IK = {0}.
On the other side, K N I is a right ideal of | and

(KNnD(KNI) cIK = {0},
Thatis, (K nI)?={0}.
Since | is a semiprime inverse semiring, then we get (K n 1) = {0}. Then, we have KI c K N
I = {0}. Since S is a prime inverse semiring and | is a nonzero left ideal of S, we obtain
K = {0}. Thus, we get u = 0.
Lemma 2.4.

Let | be a non- zero left ideal on S, which is a semiprime as an inverse semiring. If

d(l) =0,thend =0onS.
Proof
By the assumption, d(I) = 0,thenforall x€ [ ands € S:
0 =d(sx) =d(s)a(x) + p(s)d(x)
=d(s)a(x)
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Since o is an automorphism on S, we get a~1(d(s))I = 0 for all s € S. By Lemma 2.3, we
get a~1(d(s)) = 0, for all s € S. Again, since « is an automorphism on S, we get d(s) = 0
forall s € S, therefored = 0 on S.
Lemma 2.5. [17]

Let J be a nonzero Jordan ideal of S, then 2(rs + s'r)] € Jand 2J(rs + s'r) < J.
Lemma 2.6.

Let J be a nonzero Jordan ideal of S. If u € S and wJ = 0 or (Ju = 0), thenu = 0.
Proof

Let uJ = 0. Since J is a nonzero Jordan ideal of S, we have x os € J for all x € J and
SES.

0=u(xos)=u(xs+ sx) = uxs + usx

By assumption, we get
usx =0forallx e Jands € S.
Thatis, uSx = 0 forall x € J.
Since S is a prime inverse semiring and J is a nonzero Jordan ideal of S, we get u = 0.
Using the similar way, we can show that if Ju = 0 then u = 0.
Lemma 2.7.

Let S be 2-tortion free and J is a nonzero Jordan ideal of S. If u,v € S such that uwjv = 0,
then eitheru = 0 orv = 0.
Proof

By the assumption, we have uJv = 0. By Lemma 2.5, we get 2(rs + s'r)J < ] for all
r,s € S. Then we have 2u(rs+s'r)xv =0, for all x €] and r,s € S. This implies that,
since S is 2-tortion free, we get

u(rs+s'r)xv=0,forallxejJandr,s €.
By replacing s by su in the above equation, we get
0 =u(r(su) + (su)'r)xv
= ursuxv + usu'rxv
Since S is an inverse semirings, we get
O=ur(s+s"+s)uxv+usu'(r+r' +r)xv
= ursuxv + ur(s + s")uxv + usu'rxv + usu'(r + r')xv
Since S is an additiveiy inverse semiring, this gives
0 = ursuxv + u(s + s")ruxv + usu'rxv + us(r + r")u'xv
= ursuxv + usruxv + us'ruxv + usu'rxv + usru’xv + usruxv
= us(ru + u'r)xv + ursuxv + us'ruxv + usruxv + us'ruxv
= us(ru + u'r)xv + ursuxv + us'ruxv

=us(ru+u'r)xv+ulrs+s'ryuxv forallx e Jandr,s € S
By using wjv = 0, we get us(ru + u'r)xv = 0 forall x € J and r, s € S. And hence, we get,
uS(ru + u'r)xv = 0. Since S is a prime inverse semiring, we have either u = 0 or (ru +
u'r)xv=0,forallx € Jandr € S.
If ru+u'r)xv =0, forall x € J and r € S, then we have ruxv + u'rxv =0, forall x € J
and r € S. By the hypothesis we get ur'xv = 0 forall x € J and r € S, that is, uSxv = 0, for
all x € J. Again, since S is a prime inverse semiring, we get either u = 0 or xv = 0, for all
x €J. Ifxv=0,forall x € ], that is Jv = 0, then by Lemma 2.6, we get v = 0.
Lemma 2.8.

Let S be 2-tortion free and J is a nonzero Jordan Ideal of S, If J is commutative, then
JEZ(S).
Proof

By Lemma 2.5, we have 2(rs + s'r)J < ] forall r,s € S. And since J is a commutative
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Jordan ideal of S, we have 2(rs+s'r)xy +2y'(rs+s'r)x =0, for all x,y €] and
r,s € S. Since S is 2-tortion free, we get

(rs+s'r)xy+y'(rs+s'r)x=0,forall x,y € Jandr,s € S. 1)
By Lemma 2.1, we get
(rs+s'r)xy=y(rs+s'r)x,forall x,y € Jandr,s € S.
Hence, by equation (1) we obtain
y(rs+s'r)x+y'(rs+s'r)x=0,forall x,y e Jandr,s € S,
Then we have
(rs+s'r)y+y'(rs+s'r))x=0,forall x,y € Jand r,s € S.
This gives
((rs+s'r)y+y'(rs+s'r))J=0,forallyeJandr,s €S.
By Lemma 2.6, we get
(rs+s'r)y+y'(rs+s'r)y=0,forallyejandr,s €S.
By replacing s by rs in the above equation, we get

0=0@rs+rs'r)y+y'(rrs+rs'r)
=r(rs+s'r)y+y'r(rs+s'r)
Since J is commutative, we get
ry(rs+s'r)+y'r(rs+s'r)=0 forallyeJandr,s € S.
Hence we get,
(ry+y'r)(rs+s'r)=0,forally ejandr,s € S. 2
By further replacing s by sy in equation (2), we have
(ry+y'r)(rsy+sy'r)=0,forallyejandr,s €S.
Since S is an inverse semiring, we have
0=0y+ynr(+s' +s)y+sy'(r+r' +r))
=(ry+yr)asy+r(s+s)y+sy'r+sy'(r+r"))

Since S is additiveiy inverse semiring, we get
O0=0y+yr)sy+(s+sIry+sy'r+sir+r)y")
=@y+yr)iasy+s'ry+sry+sy'r+sry+s'ry)
=ry+yr)stry+y'r)+rsy+s'ry)
=y +y'r)(stry+y'r)+(rs+s'r)y)
=(y+yr)stry+y'r)+ @y +y'r)(rs+s'r)y
By using equation (2) we get, ry + y'r)s(ry+y'r) =0, forall yeJ and r,s € S. And
hence we get (ry + y'r)S(ry+y'r) =0,forally e Jandr € S.

Since S is a prime inverse semiring, we get
ry+y'r=0,forall y € Jand r € S. Hence, we get JSZ(S).

Proposition 2.9
Let S be 2-tortion free and J is a nonzero Jordan ideal and an inverse subsemiring on S. If
d(J) =0,thend =0o0r] € Z(S).
Proof
By the assumption,
d(J)=0 ®3)
This yields
0=d(xs+sx)forallxe],seS
=d@)a(s) + p(x)d(s) + d(s)a(x) + B(s)d(x)
By using equation (3), we get
B(x)d(s) + d(s)a(x) =0 forallx € J,s € S. 4)
By Lemma 2.1, we get
B(x)d(s) =d(s)a(x) forallx € J,s € S. (5)
By replacing s by rs, where r € S, in equation (4), we get
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0= Bx)d(rs) +d(rs)a(x)
= p)dm)a(s) + B)Br)d(s) + d(r)als)alx) + p(r)d(s)a(x)
By using equation (5), we get
d(r)a(x)'a(s) + fx)B(r)d(s) + d(r)a(s)a(x) + B(r)' B(x)d(s) = 0

Hence,

d(r)(a(s)a(x) + a(x)'a(s)) + (BEIB@T) + B(r)'B(x))d(s) = 0 (6)
By replacing s by sy, s € S in equation (6), we get

0 =d(r)(a(sy)alx) + ax)' a(sy)) + (BX)BT) + B(r) B(x))d(sy)
= d()(a(s)a@ax) + a(x) a(s)a®)) + (B)BT) + ) B(x))(d(s)aly) +
B()d())
By using equations (3) and (5), we get
d(r)(a()a@)ax) + a(x) a(s)ay)) + (BB + B() B(x))d(s)aly) = 0
Since S is an inverse semiring, then we have
dr)a(s)a(y+y' +y)alx) +dr)a(x) a(s +s' + s)a(y)
+ (BB + B(r) B(x))d(s)a(y) = 0

dr)a(s)a(y)alx) +d@als)ay’ + y)alx) + dr)alx) als)a(y)
+d(Ma) a(s’ +s)a®) + (BE)BE) + B1)' BX))d(s)a(y) = 0
By adding d(r)a(s)a(x)'a(y) + d(r)a(s)a(x)a(y) to the above equation, on the two
sides, we get
d(r)a(s)a)alx) + d(r)a(s)a(x) aly) + dr)al(s)ay’ +y)alx) + d(r)a(s)a(x)a(y)
+dr)ax) a(s)a(y) +dr)alx) a(s’" + s)a(y)
+ (BB + B(r) B(x))d(s)a(y)
= d(m)a(s)a(x)a(y) + d(r)a(s)a(x) aly)
Since S is an additively inverse semiring, we get
d(r)a(s)(@alx) + a(x)'ay)) + d@)(als)a(x) + a(x) als))ay) + (BB +
B B))d(s)aly) +dMa(s)a(x)aly’ +y) +d(r)al(s’ +s)a(x) a(y) =
dir)a(s)a(x)a(y) + d(r)a(s) a(x)a(y) forall x,y e Jandr,s € S
By using equation (6), we get
d(r)a(s)(a)ax) + dr)a(s)a(x)'a(y)) + dr)a(s)a(x)aly) + d(r)a(s)alx) aly)
+d(ra(s)a(x)ay) +d@als)alx) a(y)
=dma(s)ax) aly) + d(r)a(s)a(x)a(y)
Since S is an inverse semiring, and using the canccelative low, we get
dir)a(s)(a(y)a(x) + a(x)'a(y)) =0forall x,y e Jand r,s € S.
And hence,
a td(@)S(yx+x'y) =0forall x,y € Jand r € S.
Since S is a prime inverse semiring and o is an automorphism on S, then we have
eitherd(r)=0o0r yx+x'y=0forallx,yeJandreS. If yx+x'y =0 forall x,y €],
then it follows that J is commutative . By using Lemma 2.8, we get ] € Z(S).

That is,

3.MAIN RUSELTS

Theorem 3.1
Let | be a non- zero left ideal on S, which is a semiprime as an inverse semiring. If
d(Du =0, (ud(I) = 0),thenu =0, forall ueS.
Proof
d(x)u=0,forallxel, ues. (7)
By replacing x by sx, s € S in equation (7), we have
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0=d(sx)u= (d(s)a(x) + ﬁ(s)d(x))u
= d(s)a(x)u+ L(s)d(x)u
By using equation (7), we get
d(s)a(x)u=0, forallxel, us €S (8)
By replacing x by rx, r € S in equation (7), we get
0 =d(s)a(rx)u
=d(s)a(m)alx)u
Therefore
d(s)Sa(x)u=0forallxel, u,s €S§.
Since S is a prime inverse semiring, we get either d(s) =0 or a(x)u =0 for all x € I,
u,s €5 .Since d is a nonzero (a,f)- derivation on S, then we have a(x) u = 0 for all x € I.
Therefore, 1 a=1(u) =0, forall u€e S. By Lemma 2.3 and since « is an automorphism on S,

wegetu=0.
If
ud(l)=0 ©)
0=ud(xy)=u(d(x) aly) +A(x) d(y))
= ud(x) a(y) +u A(x) d(y)

By using equation (9), we get u f(x) d(y) =0, forall x,y € I,u € S. Therefore,
B7Iu) 1 B71(d(y)) =0, forall y€el,u €S.Sincel isaleftideal of S, weget ~1(u) S|
B1(d(y))= 0,forall y € l,u €S.SinceS isaprime inverse semiring,
we get either S~1(u) =0or 1 B~1(d(y)) =0, forall y€el,u €S.
If ~1(u)=0 ,forallu €S, then since § is an automorphism on S, then we have u=0.
If 1 871(d(y))=0,forall yeI,thenbyLemma 2.3 and since $ is an automorphism on S,
we get d(I) = 0. And then by Lemma2.4, we have d = 0 on S. But this is a contradiction, since
d is a nonzero (a,f)- derivation on S. This yields that u = 0.
Theorem 3.2

Let S be a Cancellative prime inverse semiring. If d acts as a homomorphism on I, then d
=0onS.

Proof
Since d acts as a homomorphism on 1, then we have
d (xy) =d(x)d(y) forall x,y €1. (10)
And since d is a (a,f5)- derivation on S, we get
d(xy) =d®)a(y) + B(x)d(y) forall x,y €1. (11)

By replacing y by yz, z€ I in equation (10), we get
d(xyz) = d(xy)d(z)
= (d®)ay) + B(x)d(y))d(z)
=d(x)a(y)d(z) + B(x)d(y)d(z) forall x,y,z € I. (12)
Again, by replacing y by yz,z € I in equation (11), we get
d(xyz) = d(x)a(yz) + (x)d(yz)
=dx)a(y)a(z) + f(x)d(y)d(z) forall x,y,z €1. (13)
By the equivalence between equations (12) and (13), we get
d(x)a(y)d(z) =dx)a(y)a(z) forall x,y,z € 1.
By Lemma 2.2, we get
d(x)a(y)d(z) + dx)a(y)a(z) =0 forall x,y,z € 1.
Therefore
dx)a(y)(d(2) + a(z2)) =0 forall x,y,z €1.
And hence
aldx)Ia(d2)+a(z))=0, forall x, z €1.
Since I is left ideal on S, we get
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a td(x) Sla *(d(z) + a(z)) =0, forall x, z €1.

And since S is a prime inverse semiring, we get

either a~1(d(x)) = 0 or Ia~1(d(2) + a(z)) = 0, forall x,z €1.

If a=1(d(x)) =0, forall x € I. Since « is an automorphism on S, then by Lemma 2.4, we
getd=0o0nS.

If Ia='(d(2) + a(z)") =0, forall z €I,then by Lemma 2.3, we obtain

al(d(@z)+a(z))=0 , forall z €l . Since a is an automorphism on S, we have
(z)+a(z)' =0, forall z € 1. By Lemma 2.1, we get
d(z) =a(z) ,forall z €1. (14)

By replacing z by zy in equation (14), we get
d(zy) = a(zy)

d(z)a(y) + B(2)d(y) = a(z)a(y) , for ally,z €. By using equation (14) with the
Cancellative low, we get B(z)d(y) =0 ,forally,z €1.
Therefore, f~1((d(y)) = 0, for all y € 1. Since 8 is an automorphism on S and by Lemma
2.3, wegetd(y) =0, forally e I. By Lemma 2.4, wegetd=00nS.
Theorem 3.3

Let I be a nonzero left ideal of Sm which is a semiprime as inverse semiring and d :
S— S is a (a,f)- derivation on S, where « , f are automorphisms on S. If d acts as an anti-
homomorphism on I, thend =0 on S.

Proof
Since d acts as an anti- homomorphism on I, then we have
d(xy) =d(y)d(x) forall x,y €. (15)
And since d is a (a,8)- derivation on S, we get
d(xy) =dx)a(y) + B(x)d(y) ,forall x,y €1. (16)

By replacing y by xy in equation (15), we get
d(x(xy)) = d(xy)d(x)
= (d@)a(y) + B(x)d(y))d(x)
=dx)a(y)d(x) + f(x)d(y)d(x) forall x,y €I. @a7)
And by replacing y by xy in equation (16), we get
d(x(xy)) = d(x)a(xy) + B(x)d(xy)

=dX)a(x)a(y) + f(x)d(y)d(x) , forall x,y €. (18)
By the equivalence of equations (17) and (18), we get
dx)a()d(x) =dx)a(x)a(y) ,forall x,y €. (19)

By replacing y by yz, z € I in equation (19), we get
d(x)a(y)a(z)d(x) = d(x)a(x)a(y)a(z), forall x,y,z € I.
By using equation (19), we get
dx)a(y)a(z)d(x) =dx)a(y)d(x)a(z) ,forall x,y,z €.
By using Lemma2.2, we get
d(x)a(y)a(z)d(x) + d(x)a(y)d(x)'a(z) =0 ,forall x,y,z € I.
d(x)a(y)(a(2)d(x) +d(x)'a(z)) =0 ,forall x,y,z €.
a td)la Y (a(2)d(x) + d(x)'a(z)) =0, forall x,z €1.
Since I is left ideal on S and S is a prime inverse semiring, we get either d(x)) =0 or
[ (a(2)d(x) +d(x)'a(z)) =0,forall x,z €1.
Ifd(x) =0,forallxe,itgivesd(l) = 0. By Lemma2.4,wegetd=00nS.
If

a(z)d(x) +dx)'a(z) =0, forall x,z €1 (20)
By Lemma 2.1, we get (z)d(x) = d(x)a(z) ,forall x,z €1 .
By replacingz by rz, r € S in equation (20) , we have

0 =a(rz)d(x) +d(x) a(rz)
=a(mMa(z)d(x) +dx) a(r)a(z)
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= a(r)d(x)a(z) + d(x) a(r)a(z)
= (a(r)d(x) + d(x)'a(r))a(z)

= (a(r)d(x) +d() a(r)al), forall xel ,reSs.
Therefore
a Y a(r)d(x) + dx)'a(r))[ =0forall x €I, T €S,
Since | is a nonzero left ideal on S and S is a prime inverse semiring, we get
which forces d to be a homomorphism of S. It follows that d = 0 on S, by Theorem 3. 2.
Theorem3.4.

Let S be 2-tortion free, J is a nonzero Jordan ideal and a sub inverse semiring of S, and
d:S - Sis a (a, p)-derivation on S, where o, £ are automorphisms on S. If d acts as a
homomorphism on J, then either d = 0 or ] € Z(S).

Proof

Assume that ] € Z(S).

If d acts as a homomorphism on J, then we have

d(xy) =d(x)d(y) forall x,y € J. (21)
And since d is a (a, B)-derivation on S, then we have
d(xy) =d(x)a(y) + B(x)d(y) forall x,y € J. (22)
By the equivalence of equations (21), (22), we get
d(x)d(y) = d(x)a(y) + B)d(y) forallx,y €. (23)

Now, by replacing y by yb, b € J in equation (23), we get
d(x)d(yb) = d(x)a(yb) + B(x)d(yb)
d(x)d(y)a(b) + d(x)B(y)d(b) = d(x)a(y)a(b) + B(x)d(y)a(b)+ B (x)B(y) d(b)
= (d@ay) + B)d¥))a(b) + B(x)B() d(b)

By using equation (23) and the cancellative low, we get
d(x)B(y)d(b) = B(x)B(y) d(b) forall x,y,b € ].
By Lemma 2.1, we get
0 =dx)B(y)d(b) + B(x)'B(y) d(b)

= (d(x) + B(x)HB(y)) d(b) forall x,y,b € ].
And hence, f71(d(x) + B(x))JB~1(d(b) = 0 forall x,b € J. By Lemma2.7, we get
either d(b) =0or d(x)+ B(x) =0 for allx,b €]. If d(b) =0 for all b €], then by
Proposition 2.9, we getd = 0 on S.
If d(x) + B(x)" = 0 forall x € J,then by Lemma2.1, we get

d(x) = B(x) forall x € J. (24)
Using equation (23) in equation (24), we obtain
d(x)a(y) =0forallx,y €J. (25)

Now, by replacing y by yb, we get
d(x)a(y)a(b) =0 for allx,y,b€]. That is, a‘l(d(x))]b =0 for allx,b€]. By
Lemma2.7, we get either d(x) = 0 or b = 0 for all x, b € J. But J is a nonzero Jordan ideal
on S, hence we get d(x) = 0 forall x € J. By Proposition 2.9, we getd = 0 on S.
Theorem 3.5

Let S be 2-tortion free, J is a nonzero Jordan ideal and a sub inverse semiring of S, and
d:S — Sis a (o, a)-derivation on S, where a is an automorphism on S. If d acts as an anti-
homomorphism on J, then either d = 0 or ] & Z(S).
Proof: Suppose that ] & Z(S).
Since d acts as an anti- homomorphism on J, then we have

d(xy) = d(y)d(x) forall x,y € J. (26)
And since d is a (o, a)-derivation on S, we get
d(xy) =dx)a(y) + a(x)d(y) forall x,y € ] (27)

By the equivalence of equations (26) and (27), we get

4088



Zaghir and Majeed ragi Journal of Science, 2021, Vol. 62, No. 11, pp: 4081-4091

d(y)d(x) =dx)a(y) + a(x)d(y) forall x,y € ]. (28)
Now, by replacing x by xy in equation (28), we get
d(y)d(xy) = d(xy)a(y) + a(xy)d(y) forallx,y € J.
dy)dx)ay) + dy)a(x)d(y) = (dx)a(y) + a()d(y))a(y) + a(x)a(y)d(y)
By using equation (28) with the cancellation low, we get
d(y)a(x)d(y) = a(x)a(y)d(y) forallx,y €. (29)
Now, by replacing x by bx, in equation (29), we get
d(y)a(b)a(x)d(y) = a(b)a(x)a(y)d(y) forall x,y,b € J.
Using equation (29) in the above equation, we get
d(y)ab)a(x)d(y) = a(b)d(y)a(x)d(y) forallx,y,b € .
By Lemma2.1, we get
diy)ab)a(x)d(y) + a(b)'d(y)a(x)d(y) = 0forall x,y,b €].
And hence
(d@)a(b) + a(b)'d(y))a(x)d(y) = 0 forall x,y,b € ].
Then
a t(dy)a(b) + a(b)'d(y)Ja"t(d(y)) = 0forall x,y,b € ].
Since a is an automorphism on S and by Lemma 2.7, then we have either
d(y)a(b) + a(b)'d(y) =0 or d(y) =0 for all y,b € ]. If d(y) =0 for all y € ] then by
Proposition 2.9, we getd = 0 on S.
If
d(y)a(b) + a(b)'d(y) =0forally,b €]. (30)
By Lemma 2.1, we get
d(y)a(b) = a(b)d(y) forall y,b € ]. (31)
Now, by replacing y by yb, b € J in equation (30), we get
0 = d(yb)a(b) + a(b)'d(yb)
= (d)a(b) + a(y)d(b))a(b) + a(b)' (d(y)a(b) + a(y)d(b))
= d(y)a(d)a(b) + a(y)d(b)a(b) + a(b)'d(y)a(b) + a(b) a(y)d(b)
=d()a(b)a(b) + a(y +y' +y)d(b)a(b) + a(b)'d(y)a(b + b’ + b) + a(b)' a(y)d(b)
= d(y)a(d)a(b) + a(y)d(b)a(b) + a(y’ + y)d(b)a(b) + a(b)'d(y)a(b)
+ a(b)'d(y)a(b’ + b) + a(b) a(y)d(b)
Since S is an additively inverse semiring, we get
0 =da(b)a(b) + a(y)d(b)a(b) + d(b)a(y’ + y)a(b) + a(b)'d(y)a(b)
+ a(b) a(b’ + b)d(y) + a(b) a(y)d(b)
=d(y)a(d)a(b) + a(y)d(b)a(b) + d(b)a(y’)a(b) + d(b)a(y)a(b) + a(b)'d(y)a(b)
+a(b)'a(b)d(y) + a(b)a(b)d(y) + a(b) a(y)d(b)

And by using equation (31), we get
a(B)(d()ab) + a(b)' d(y)) + (d)a(b) + a(b)'d(y))a(b)
+a(y)(dd)ab) + a(b)'d(b)) + (a(y)a(b) + a(b) a(y))d(b) = 0
By using equation (30), we get
a(y)(d(b)a(b) + a(b)'d(b)) + (a(y)a(b) + a(b)' a(y))d(h) =0. (32)
Now, by replacing y by wy, w € J in equation (32), we get
0= a(wy)(d(b)a(b) + a(b)’d(b)) + (a(wy)a(b) + a(b)’a(wy))d(b)
= aw)a(y)(d(b)a(b) + a(b)'d(b)) + (a(wy)a(b) + a(b) a(wy))d(b)
= aw)a(y)d(b)a(b) + aw)a(y)a(b)'d(b) + aw)a(y)a(b)d(b)
+ a(b) a(w)a(y)d(b)
=aw)a(y)db)a(b) + aw)a(y +y' + y)a(b)' d(b) + a(w)a(y)a(b + b’ + b)d(b)
+ a(b) a(w)a(y)d(b)
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= a(w)a(y)d(b)a(b) + aw)a(y)a(b)'d(b) + aw)a(y’' + y)a(b)'d(b)
+ a(w)a(y)a(b)d(b) + a(w)a(y)a(b' + b)d(b) +
a(b)' a(w)a(y)d(b)
Since S is an additively inverse semiring, we get
0 =aw)a(y)d(b)a(b) + aw)a(y)a(b)'d(b) + a(w)a(b) a(y' + y)d(b)
+a(w)a(y)a(b)d(b) + a(w)a(b’ + b)a(y)d(b) + a(b) a(w)a(y)d(b)
= a(w)a(y)d(b)a(b) + a(w)a(y)a(b)'d(b) + a(w)a(b)a(y)d(b) +
a(w)a(b)'a(y)d(b) + aw)a(y)a(b)d(b) + a(w)a(b)a(y)d(b) +
a(w)a(b)a(y)d(b) + a(b)' a(w)a(y)d(b)
= aw)a(y)(d(b)a(b) + a(b)'d(b)) + a(w)(a(¥)a(b) + a(b) a(y))d(b))
y +aw)ab)a(y)d(b) + a(b) a(w)a(y)d(b)
ence,

a(w) (@) (dB)a(b) + a(b)'d(b)) + (a()a(b) + a(b) a(y))d(b)) + (a(w)a(b) +
a(b) a(w)a(y)d(b) =0, forally,b,w € ].

By using equation (32), we get

(aw)a(b) + a(b) a(w))a(y)d(b) =0, forall y,b,w € .

Hence,

(wb + b'w)ya~t(d(b)) =0, forall y,b,w € .

Therefore, (wb + b'w)Ja~1(d(b)) = 0, for all b,w € J. By Lemma 2.7, we get

either wb +b'w =0ord(b) =0, forall b,w € J.

If wb+ b'w =0, for all b,w € J, it follows that J is commutative. By Lemma 2.8, we get
J € Z(S), which is a contradiction. If d(b) = 0, for all b € J, then by Proposition 2.9, we get
d=0onS.
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