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Abstract

In this article, the boundary value problem of convection propagation through
the permeable fin in a natural convection environment is solved by the Haar wavelet
collocation method (HWCM). We also compare the solutions with the application of
a semi-analytical method , namely the Temimi and Ansari (TAM), that is
characterized by accuracy and efficiency.The proposed method is also characterized
by simplicity and efficiency. The possibility of applying the proposed method to
many types of linear or nonlinear ordinary and partial differential equations.
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Collocation Method, Semi-Analytical Method.

Ayl Aoy crabal) abal) (Ghal) Jaad) oo ALE duadl) 8 daagaall dandl) AlSEa Ja
Slai¥) g il 3-33)23)1& lagall asand

*aZ e ) s daal) e B Gl
@bl 2aas, 2aay dnala gl () — Ayl ashell Ly gal) IS, laaliyl) ansd

Ladal
o sl kel P e (hall daall HLanY Loganll Aedl) Aae da aiy ¢ Gandl I3 b
Jslall Oyl WS ¢« (HWCM) daaeanll Haar wavelet dayl dhaulsy ¢ oanhll ghall desll &y
et WS ¢ selilly A8l uay A (TAM) (olailly il sag VT llas aus Cslad Galaiy
Llaalal) N sleall (go sae gl o daiaall Lyl 3kt A0lSa). 5Uslly Alalosdly s jizall 42kl
Aghall g Apdasll Ahally dualed
Introduction
Most of the phenomena are represented as non-linear equations, and there is difficulty in
finding an exact solution to these problems, so researchers resort to finding an approximate

solution analytically or numerically. Many efforts have been made to solve nonlinear
differential equations by variety of methods such as Homotopy perturbation method (HPM)

*Email: areej.s.m@ihcoedu.uobaghdad.edu.iq

3592


mailto:areej.s.m@ihcoedu.uobaghdad.edu.iq

Abd and Mohammed Iragi Journal of Science, 2022, Vol. 63, No. 8, pp: 3592-3599

[1,2], semi-analytical method with Laplace transform [3], Adomian decomposition method
(ADM), variation iteration method (VIM) and finite difference method (FDM) [4].

Many numerical and analytical methods have been developed such as finite-difference
methods, weighted residuals methods, Adomian decomposition method and variational
iteration method. The wavelet approach has lately increased in the domain of numerical
approximation. Various types of wavelets and approximate functions have been used in the
numerical solution of differential equations one of them the Haar wavelet method is used due
to their beneficial properties such as ease of application, orthogonality and effectiveness.
Chen and Hsiao [5] created an integration matrix based on the Haar wavelet. The Haar
wavelet collocation method (HWCM) is widely used in finding an approximate solution due
to its inertia and effectiveness as in [6], [7], and [8]. The method of the wavelets can be
numerically considered binoculars in the signal's processing and images, the representation of
the waveform basis that arises from a set of wavelet coefficients organized at different levels
of accuracy. Each coefficient is associated with an accuracy level and a point in the time field.
The Haar wavelet coefficients are got by converting the differential equation and its boundary
conditions into a system of algebraic equations, which eventually solve the proposed problem
in this paper with semi-analytically method namely the Temimi and Ansari method (TAM),
which is used to solve linear and non-linear equations [9] and [10]. The wavelet coefficients
were calculated by the numerical method was calculated using MATHEMATICA 11
SOFTWARE. This method is helpful to solve the approximate solutions of linear and
nonlinear boundary value problems without large computational work.

Problem formulation

Take a straight, heat-conducting fin that depends on temperature and cross-sectional area A
and (A = wt), where the fin is attached to the base surface. The temperature at the base
surface is Th and the ambient fluid temperature is Ta, knowing that the fin tip is isolated. So
the linear equation for energy balance is:

p(X) —p(X +AX) =ac,T — Ty 1)
Fluid flow rate can be written through porous materials as follows:
a=qu, AXW (2)
by using the Darcy's model, we get:
Uy = ﬂT — Tw (3)

v
By substituting equations (2) and (3) into equation (1), we have:
p(X)-p(X+AX) — qcqgkBwW (T _ TOO)Z (4)

v

AX
When A X — 0 equation (4) will be:

= T (T~ T)? ©)
: ax v e
From conductions Fourier Law, we get the following:
ar
b= _6effecAE (6)

Where —6,5¢ is the effective thermal conductivity of the porous fin given by
Oeffec = 065 + (1 — 0)8s. Then by substituting equation (6) into equation (5) yields:

4T Ll (r T,)? =0 (7)
Then by applying the equation of energy balance at steady-state conduction, where x =
X /L and Where L represents the dimensions of the fin then we have:

dze
ﬁ — ShH(x)Z =0 (8)
6(1) =1,6'(0) =0 ©)
_ T-Te _DaRa Ly,
Where 6 = r— and Sy, = 5 (t)
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Haar wavelets collocation and prepared matrix of integration

Each Haar wavelet comprises a pair of fixed levels of an adverse sign through its subinterval
and it is zero elsewhere.

The Haar wavelet family for x is defined x € [0,1) as follows [5, 6]:

1 for x €[04,02)
hi(x) ={-1 for x € [03,04) (10)
0 otherwise
k k+0.5 k+0.5 k+1
Hereg1=; 102 =—— ,03=—— and 04 =——

m = 2/,forj =1,2,...,] , where J is the resolution. The index i is calculated by i = m +
k 4+ 1where i > 2, 0 <k <m—1,where kis the translation parameter .The maximal value

of i isW = 2/*1, The collocation points are x, = {);:;5 £ =1.2,...2m

For instance, if ] = 2 then W = 8, then we have H(8,8) =

1 1 1 1 1 1 1 1 1
1 1 1 1 -1 -1 -1 -1
1 1 -1 -1 O 0 0 0
0 0 0 0 1 1 -1 -1
H=11 21 0 0 0o 0o o0 o (11)
0 O 1 -1 0 0 0 0
0 0 0 0 1 -1 0 0
o o 0 0 O 0 1 -1
The operational matrix p; is derived from Haar wavelets integral,
Pi(x) = [; Hi(v)dv (12)
and,
Qi(x) = [} Py(v)dv (13)
We now calculate the integral of the Haar wavelet equation (10) and they are given by:
X—0 for x € [04,02)
P;i(x) = {94 —-x for x € [03,04) (14)
) 0 otherwise
(; (x — 01)? for x € [04,02)
Qi(x) — 4 # - % (94 - x)z forx € [93' 94) (15)
|k 4;2 for x € [04,1)
0 otherwise
For instance, if] = 2 then W = 8, from (14)
32 —-16 -8 -8 —4 —4 —4 —4
16 0 -8 8 —4 -4 4 4
4 4 0 0 —4 4 0 0
4 —4 0 0 0 0 —4 4
P=%l1 1 2 0o o o0 o o (16)
1 1 -2 0 0 0 0 0
1 -1 0 2 0 0 0 0
1 -1 0O -2 0 0 0 0

and from (15) we gef
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1 9 25 49 81 121 169 2257
1 9 25 49 79 103 119 127
1 9 23 31 32 32 32 32
10 0 0 0 1 9 23 31
=211 7 8 8 8 8 8 8 (1n
o 0o 1 7 8 8 8 8
O 0 0 0 1 7 8 8
0 0 0 0 O O 1 7
1.1.  Solution Procedure
Consider the second-order boundary value problem
2
S+ 4000 =0, (18)
with boundary conditions 8(0) = «,6'(1) = B,x € [0,1) (19)

where @ and B are real constant .
The highest derivative can be written as the Haar wavelet as follows :
d?e
oz = Zie Aihi(x) (20)
Where A;'s are the Haar coefficients, that are determined by Integrating equation (20) with

substitution the boundary condition equation (19) we get,

2= 0'(0) + X% AP(x) (21)

We note that there are some boundary conditions missing in the equation, which can be found
as follows.

Put x=1 and substitute in (21) we get ,

6'(1) = 0'(0) + X%, A;P;(1), (22)
substitute with the equation (19) we get,
6'(0) = — X2, AiPi(1) (23)
P; (1) is got through equation (14),So the equation (21) is as follows:
0
&= - X AP (D) + X APi(x) (24)

The integrals are repeated several times according to the order of the differential equation
with the substitution of the boundary conditions (19) until we reach an equation that is clear
of derivatives, which represents the approximate solution of the equation (18)
0(x) =a+ (B — X2 AiPi(1))x + L2, 4;Qi (%) (25)
Substituting equations (20)—(22) in (18), we get the following non linear system :
™ AR (x) + B — T AP (D) + I AP () + a+ (B — Xy AP(D)x +

i214;Q;(x) =0 (26)
By dissolving the system 2M x 2M using the numerical method by the Mathematica
Software 11 , where A;'s are the unknown Haar coefficients i = 1,2,........ ,2M, that are

collected. Finally, the approximate solution can be handled.
Application of Haar wavelet collocation method
In this section, HWCM is applied , which is discussed in the previous section, to solve
equation (8) with its boundary conditions (9).
The highest derivative of equation (8) can be written as the Haar wavelet as :
2

=T Ak () (27)

Where A;’s are the Haar coefficients, that can be determined by Integrating equation (27) with

substitution the boundary condition equation (9) we get,

6
Z_x = X1 AiPi(x) (28)

Integrate equation (28) end using equation (9), we have
6(x) = 6(0) + XiZ; 4;0:(x) (29)
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We note that there are some boundary conditions missing in the equation, which can be found
as follows.
Put x=1 and substitute in equation (29) we get ,

6(1) =6(0) + X2, 4;0:(D), (30)
Q;(1) is obtained through equation (15),that are equal to {%,i,o,%,o,o,o, é}, and (1) is
obtained through equation (9), we have

0(0)=1- > "2 1 — (31)

Ay A A; A
0(x)=1-2-F - — = + XL AiQi(x) (32)

Substituting equations (27) and (32) in equation (8), we get
Ty A () + S (1 -2 -2 -2 Z YT AQi()) =0 (33)

2 4 16
Solving (33) by using numerical calculation that gets from Mathematica Software
and choose the value S, = 0.09 ,that is proposed in [1]
we get the Haar coefficients
A=
{0.08502,-0.00182,—-0.00044, —0.00139,—-0.00011,—-0.00033,—0.00057, —0.00082}
Substituting these coefficients in (32), we get the HWCM solution of (8).
In comparison with TAM, the numerical solution is achieved for (8) it is shown as follows:
Description of Semi-analytical method
We rewrite equation (8) as follows:

L(B(x)) + N(H(x)) +g(x)=0 (34)
With boundary conditions B(6,60"), (35)

The solution is to take the linear part with the source as follows:
L(HO (x)) +g(x)=0 (36)

Then to find the next iteration we solve the following problem:
L(6:(x)) + N(6p(x)) + g(x) =0 (37)

Also to find the rest of the iterations

L(6ns1(x)) + N(6,(x)) + g(x) = 0 (38)

It is important to clarify that each iteration is an amelioration over the previous iteration, and
as we progress with iterations we get closer to solve the problem.

Application of TAM

In this section, we use the proposed method (TAM) to solve equation (8) with boundary
conditions (9):

L(6()) =22 N(8(0)) = —$,0(x)%, g(x) = 0, (39)
Thus,
L(8,(x)) = 0, with 6,(1) = 1, 8'4(0) = 0, (40)
We can get the rest of the iterations from the following relationship:
L(641(x)) + N(6,(x)) = 0, with 6,(1) = 1, 6",,(0) = 0, (41)
the initial iteration will be:
6" (x) =0, (42)
By integrating the equation (41) twice and substituting the boundary conditions, we get
Bo(x) = 1, (43)
0", (x) = S,0,(x)?, with 8,(1) =1,6',(0) =0, (44)
0:(1) =2 (2 — s + sx?), (45)

Likewise, other iterations can be achieved.
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0",(x) = 5,6, (x)?, with 8,(1) =1, 8',(0) = 0, (46)
then we get:
6,(x) = 0.000749(1273.333 + 50s — 11S),* + 60x2 — 60S,x2 + 155,°x? +
10S,x* — 58,°x* + 15,%x°), (47)
and so on:

0;(x) = 2.7815934 x 10719(3.44517 x 10° — 9475584.4444S,, + 1888917.33335,12 +
69785.3131s% — 7577.76768 + 1.4754538 x 108x? + 1.158733 x 107sx? —
2321713.3334s%x% — 100100s3x2 + 11011s*x? + 2317466.6667x* —
2226466.6667sx* + 468346.6667s%x* + 42770s3x* — 5005s*x* + 21840x° +
110817.7778sx® — 38422.22225%x% — 15288s3x° + 2032.3333s*x° + 3900sx8 +
2426.6667s%x8 + 325053x8 — 5595*x8 + 444.888952x1% — 444.8889s3x10 +
111.22225*x10 + 27.5757s3x1% — 13.7878s*x1% + 1s*x1%) (48)
The solutions 0 (x) are very long and for brevity they are not listed, knowing that the
repetition of 0(x) was calculated to the eighth iteration.

Results and discussion

In this article, the HWCM such as a numerical technique to find the numerical solution to the
non-linear fin problem is employed. For more accuracy, we compare all these results with the
TAM, such as semi- analytical method to find the analytical solution, which are shown in
Table 1.

Table 1- The results of Numerical methods and analytical method for 6(X) for S, = 0.09

| X | HWCM | TAM |
1/16 0.958207 0.958252
3/16 0.959499 0.959543
5/16 0.962085 0.96213
7/16 0.965974 0.966019
9/16 0.971175 0.97122
11/16 0.977704 0.977748
13/16 0.985577 0.985621
15/16 0.994816 0.99486

Figure 1 represents a comparison between the semi-analytic solution of the TAM and the
numerical solution of the HWCM, which shows that the results are identical.

In order to verify the extraction results more accurately, we can calculate the residual error of
the Tamimi method, since the results are mostly the same for the two methods.

(
~-

0.99
0.98

- -~ HWCM
0.97 e _—
0.96 . -

n
Figure 1- The comparison between the TAM and the HWCM
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d?, ,
ERn = W_ Sth(x) =0,

and the following maximum error remainder parameter:
MER, = MAX|ERp,(t)|

0=x<1
0.010jg_
0.001 -
_ 10 o
g’, 10" e N
= 107 o
10”7 e
10 @
1 2 3 4 5 6
n
(@)
.
u .
o -
{ . 0
S
e
(b) (©)

Figure-2 The maximum error remainder plots for the non-linear fin problem by using the
TAM where
(@ S, =0.09 (b)S, =0.06 (c)S, =0.03.

Conclusions

In this paper, they successfully employed HWCM and TAM to get numerical solutions for
nonlinear fin problems. The obtained results are assured of the reliability of the methods used.
Also, they directly provide the solutions directly without using linearization, discretization or
conditional hypotheses. Their high ability to perform numerical calculations and high
accuracy distinguishes the methods used here. Its outstanding performance is distinguished
the HWCM in terms of speed in the execution of calculations compared to the TAM.
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