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Abstract

The main aim of this paper is to study the application of Weyl module resolution
in the case of two rows, which will be specified in the skew- partition (6, 6)/(1,1)
and (6,6)/(1,0), by using the homological Weyl (i.e. the contracting homotopy and
place polarization).

Keywords: Divided power algebra, resolution of Weyl module, place polarization,
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1. Introduction
Let / be a commutative ring with identity # and let it be a free R-module. Let D s be the
divided power of degree &.

Consider the figure below, which is associated with the resolution of the two-rowed Weyl
module

K aut = Im (ﬂ'“ﬂ..-*u ) where d'3/m s the Weyl map that is described in [1] as follows:
A/ u=

t | p

q 1)

We have:

ol
ZDp+k ® Dq—k E— Dp ® Dq KA/H -0 (2)
And by using letter place, the maps will be explained now as follows:

Aa/u

*Email: sosoalamy@gmail.com
4071



Mansour and Hassan Iragi Journal of Science, 2021, Vol. 62, No. 11, pp: 4071-4080

(w‘1<p+k)) %y (w 1(p>2(k))

w'|p(a-k) w'| 2(a-k)
v ( Wy |(t+1)'(t+2) ..(p+ t)’) 3)
wAw'w, 1'2'3" ..q'
where
WQW' E Dy ®Dg_ye O =¥i .0 (k)

and
d'au = 0q'2 012011 --- 041y
is the composition of place polarization, from positive places {1,2} to negative places {1', 2',
, (pH)'.
Also, as shown in[2],0 delivers a component x®y of Dy @ Dy 10 X x, @'y y,
where ¥ x,, ® x’y is the element of the diagonal of x in D, ® Dy, .

Let Z,, be the free generator of the divided power algebra D(Z,,) in one generator, then the
divided power component Z(k) of degree k of the free generator Z,, acts on Dy, g Dy—i bY
place polarization of degree k from place 1 to place 2.

Particularly, the graded algebra with identity A = D(Z,, ) acts on the graded module
M=% Dpix ® D,_ =X M,_\, Where the degree of the 2" factor dictates the grading[3-5].

Therefore, M is a graded left A-module, where for w = Z(") € Aand
v € Dg ® Dg, , by definition, we have:
w) = Z57(v) = 8 (). @

And if we have (t*), which is the graded strand of degree q

aS aS N
M,:0-M; , — ..o M,—— ... M; — M, (5)
of the normalized bar complex Bar(M, A4; S, ¢), and S = {x}.
By definition, M, is the complex:

t+k k _dl >
z Z( Uy (Z)x xZ 51 XDp+t+|k|®Dq t=Ikl

k120
t+k k k di-1 N
z Z( 1) ( Z)X XZ( " )KDP+t+|k|®Dq—t—|k|
k120
dy (t+k) do
o Yk20Zy1  XDpiey i ®Dg-t—k — D@D, (6)

where |k| =), k; and d; is the boundary operator d,, . Notice that (6) illustrates a left complex
(02 = 0) over the Weyl module in terms of bar complex and letter-place algebra. Furthermore,

when, in (6), the separator x disappears between Zflb and the components in the tensor

product of the divided powers, this means that aab is applied to the tensor product [1, 6].

The authors in earlier works [4, 5] exhibited the terms and the exactness of the Weyl
module resolution in the cases of partition (8,7) and skew-shape (8,6)/(2,1) . In this work, we
locate the terms and the exactness of the Weyl module resolution in the cases of skew-
partition (6, 6)/(1,1) and (6,6)/(1,0).

2. Application of Weyl Module Resolution in the Case of Partition (6,6)/(1,1)
2.1  The Terms of Weyl Module Resolution in the Case of Partition (6, 6)/(1,1)

In this section, we find the term for the resolution of Weyl module in the case of the
Partition (6,6)/(1,1).
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My =Ds® Ds
My = 7;%D®D;, & ZxD,@D; & Z59%De® D, ® 7% Dy® D,
® 731D, ® Dy

My = Z51#75,%D; @D @ ZuZp#Dg®D, @ ZpynZy %D @D,
O 717, ¥De®D; D zlez“)MDg@Dl ® 7n7PuDy®D,
DL #Z51#D1g®Dy @ Zyy#Z5y#Dio®Dy @ z(z) Z3% D1 ® Dy
o) Z(3) (2) %Dy, @ D,
M; = 221742217422174'])8 ®D,® 2221 #Zy11Z31#Dy ® D1 @ 221742221 %221%']39 ® D,
6221%221%2 24Dy ® Dy @ Ly 717751 %Dy ® Do DLy %L 5751 %D1 ® Dy
D Zy HZy1 #L 5y #D1g ® Do DL Z(Z)%ZZ1H'D10®'D0@ZZ1%Z(2) Z2 D10 ® Dy
® 737, 17 %Dy @ D,
My = Zy1nZly1nly1175;:#De @Dy D Z %221%221%221KD10 ® Dy
® 221%2221)7422174221%1310 ®D, & 221%221%221 #Z311D1o ® Dy

o 221%221%221%2221)141310 ® D,
Ms = 731123117y 11731751 D1o @ Dy

2.2  The Exactness of Weyl Resolution in the Case of Partition (6,6)/(1,1)
M. .. M, M, 2% M, - M, % oM

o
idJ/ s, ~id l%l %l %dl WJ/
3y a,, 3;, a,, 3,
M M M M M

5 4 3 2 1 2 o

4

The contracting homotopies {S;}, where i=1,2,...,4, are:
So: Ds®Ds — s 29y Vs Dsyi ® Ds_y, such that:

5+k
w1200 7{95 (W, 16+ )) Sif k>0
So ( , ) = 2(5-K)
w'| 2(5-kK) )
0 ;if k=0
S1: Y20 2903 Dy ® Ds_yp — Z5V 57 1 Dy, ® D5y, such that:

(k) o (m)  (W[10+Rk+mN -
s, Z(k) (WI 1(5+k)2(m)) Z Z ( ' S G—k-m)) ifm=123
2(5—k-m) .
0 ;ifm=0
k k k k k
St Y0 295 7852 Dy g ® Dy — 289 78573 7 3);: D4k ® Ds_ji » Such that:

(k1) oy (k2) 1<5+|ml>2(’")) _
s (202 (] ) -

(S+lk|+m)
{Z(kl) w287 ( ,|1 m) ifm=12

2 (5=|k|-m)
0 ;ifm=20
k k k k k k k
53: Zki>0 Zg11)% Zglz)}{zgf)% D5+|k| ®D5—|k| — Z( 1) Zglz)% Z( 3) 2214)%
Ds+ k| ® Ds— |k, Such that:

; where |k| =k, + k,
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(5+1K[)(m)
<Z(k1)%2(k2)%2(k3) (W, 1 2(m ))

2 (5-lkcl-m)
(k) ea) oy(ks) (m) (W 1(5+|k|+m)) o
{z AR ] M ) S S
0 ;ifm=0

where |k| = ky + ky+ k3
54 Zk >0 Z(kl) Zgﬁz)xz(kﬂ% Z( 4—)% D5+|k| ®D5—|k| SN Z(kl)% Z(kz) Z(k3) Zg’;tl»)%
A%y ”D5+|k| ® Ds— x|

(5+|kD o (m)
S, <Zgﬁ1)%2(k2)ng’;3)xz(k4) ( , 1 2™ )

2 (5-Ik|-m)
w |1 (5+|k|+m) .
:{Zé"i”xz“‘z) AT AT A ( ' 5(5—|k|—m)) jifm=1
0 ;ifm=0

Whel’e |k| = kl + k2+ k3 + k4_
<Z(") (w, 1(5+k)2(m))> _ 5,00 (w 1(5+k)2(m))

2(5—k-m) 2(5—k-m)
_ (k+m) Z(k+m) w |1 (G+k+m)
w'|(5—k-m)
and

s (A5 (e ()
— (Frm) 78+, (W 1(5”‘*"0) + 7 (w 1(5+k)2(m)>
! 2(5-k-m) w' 2(5-k-m)
It is clear that S0y + 0,51 = idy,.

|kl x| 1+IkD 2 (m) (k1) (kz) w |1 G+ED (M)
Sla”( < )Z ( ! 2(5—|k|—m)> Zy %0, ( 25—kl m)>

_ <|k|+kz)z|k| Z(m) (W 1(5+Ik|+m))
- k |2 G=1kl-m)

kz+m (k1) (k2+m) w 1(5+|k|+m)
(22" 221 (LT,
w 2(5 |k]-m)

and
(k1) (k) (W]16+IKkD2m) (K1), (k) () (W 1(5+k+m)
a Sz <2211 Z ’ ( ! 2(5_|k|_m) Z ' Z ’ Z , Z(S—k—m)
kI ikl amy (W |1(5+IKl+m)
( )Z #7121 ( '|2(5—Ikl—m)>_
(Farmyz ko) 7 atm (W 1(5+'k'+m>> 700, Z(k2)<W 1<5+|kl)z<m))
w'| 26~ lkl-m) 21 2(5-Ik|-m)

where |K|= kq+k,.
It is clear that S10, + 0,8, = idy,.

LORICORPICOM W1(5+|kl)2<m>)
(Z by Hlg (’2(5—|k|—m)

= Kkatky\ (ki tky) o (ks). (W ]16E+IkD0m)
= S, (( lk z)z 1tK2 Z 3 ( , 2(5—|k|—m) —

w |1 G+kDo(m) w |1 G+lkDo(m)
(k2+k3) 2211) Z(k2+k3) ( i 1 2 >+ 2211) Z(kz) Z(k3)( 1 2 ))

2(5-[k|-m) 2(5=|k[-m)
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It is clear that S005 *+ 0,51 = idp,.

Ikl) Ik| ( 1(5+|’<D2<m>) (k1) (kz)(W 1(s+|k|)2<m)>
510 <_(k2 21 \w'| 2 G-Ikl-m) +Z; %0 2(5-lk|-m)

_ <|k|+k2)z|k| Z(m) (W 1(5+|k|+m))
- k | 5 5= 1kI-m)

kptmy (k1) (k2+m) w |1 G+lkl+m)
()21 Lo,
w 2(5 |k|—-m)

and
Y o(ky). (W]16+ED2M) (k1) 7 e2), o (m) (W 1 (5+k+m)
OS2 <2211 #lor' ( '| 2G-lkl-m) Loy nlyy" #ly w'|p(5—k-m)
kI ikl omy (W |15+ EI+m)
( )Z 721 ( '2(5—|k|—m))_
(Famyz0en) 7 e, (W LEHmN | g, gl (W 1<5+|"D2(’"))
21 w' 2(5—|k|—m) 2(5-|k|-m)

where |K|= kq+k,.
It is clear that 5105 + 0,5, = idp,.

<Z(k1) 709,759, (W, 1(5+l’<l)2<m>)>

2(5—|k|—m)
ki+k (k1+ks) . (k3) w 1(5+|k|)2(m)
S2 (( lkz 2) Zoy' ALy (H,' -

2(5=|k|-m)
( ) Gey) 7 Chathen) 1(5+|"D2(m) 700507062) 709 (W 1 G+IkD p(m)
2! | 2(5-lkl=m) 21 w'| o(5-Ikl-m)
- (k1+k2) Z(k1+k2) Z(kg) (k4) (m) w |1 G+lkl+m)
k2 w'|2G=Ikl-m)
ky+ks 7 (k1) (k2+k3) (k4) (m) 1G+lkl+m) _
( ks )Z #7o1 ( |5 G- lkl-m)
(5+|k|+m)
(o) 28wz P Ol w ( / ;(S—IRI—m))
ky+m ). (k). (k) y(kgtm) (W |1GHEI+m)
(4 )Z ALy Wy Ky ( "2 G=lkl-m) )

and

(k1) . o (ka) o (k3) (W 1(5+|k|)2(m)> B

9,55 <z #Z{2 7 ( [t =
(k1) (k2) o (K3)_ or (M) 1(5+Ikl+m>>
<Z MLy HL 5 HL ( |- tr-my

(5+|k|+m)
- ("”"2)Z("1+"2)HZ("3)%Z(’") ( |1 )

k2 2(5=|k|-m)
ko+ks\ (ky) o (katks) o (m) 1 G+lk|+m)
( 2k 3)Z 1 Z 2TK3 Z ( , 2(5—|k|—m) —

w |1 G+lkl+m)
("3+m)z k1) Z("Z) Z(k3+m) ( ,;(5_|k|_m)>

w |1 (G+lkl+m)
Z(kl)%z(kz)kz(kg) a(m)( ,;(5_|k|_m))
— _ (Katks) p(katka) o (ks) o (m) (W 1(5+|kl+m))
) ( )Z #har a1 ( ’|2(s—|k|—m) *
ka+ks\ (k1) o (ka+ks) o(m) (W 1(5+|k|+m)>_
( ks )Z oy Ml ( ’|2(5—|k|—m>
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kz+m\(k ) (k ) (kg+m) (W 1 (5+k[+m)
( 3 )Z 1 2 Z 3 ( 1‘2(5—|k|—m)
(k1) . (k) H(k3). (W 1(5+|k|)2(m))
D (] e
where |k| = ki +k, + k3.
It is clear that S0y + 0,,S3 = idyy,.

and

0,54 (z("l) 2820wzl 1;:.'73&?))

_ o, <Z(k1)%z(kz)xz(k3)%z(k4) 70y ( ;g*:ﬁ:*g )

= (1) 20007069700 70 ( BEE*:Z:*:;)
(145 2050 7008070 (W 1$*:£:*:§)+
(Fs0) 2878078 a0 (W ;g*:’;:*g)
e
T i

= (Fi) 042,079 7070 (W, ;ii:z:i:b_
() 290579 07 ( Egi:::ig%
(et I
(krtm) g, ("2)%2("3);42("4*’”) ( %gi:::jb
700507020 7 03) 7 (), ( ,|12(1(‘;_|’|‘1|3|§$)>

where |K| = ky+ky + kstky.

It is clear that S30, + 0,5, = idy, .
From the above homotopies, we obtain that{So, S1, S2, S3, S4} is a contracting homotopy [7],
which means that the complex
0> Ms—> M3— M- M1— My is exact.
3. Application of Weyl Module Resolution in the Case of the skew- Partition

(6, 6)/(1, 0)
3.1 The Terms of Weyl Module Resolution in the Case of the skew- Partition

(6, 6)/(1, 0)
The resolution of Weyl Module associated to this case has the following terms.

M0 =D ®'D6
=794D,®D, & Z)%De®D; & 704Dy® D,
®70%D,,®D; & 79%D;,® D,

4076



Mansour and Hassan Iragi Journal of Science, 2021, Vol. 62, No. 11, pp: 4071-4080

= 7¢ %221%D8®D3 ® Zn7,,#Ds®D, & Z#7xDy®D,
eaz V307,1#D1p ®D; @ 2(3) #ZPuDyy®D; @ z%z“)wm@nl
® Z(S)%221%’Dll®'D0 ® 2(4)%Z(Z)H'D11®'DO ® 70170 D; ® D,
@Z(g) 2(3)%D11 ® D,
Z(Z)%221%221%D9 ®D, D 2(3)”221”221”1)10 ® D,
692(2) 717,51 5D10 @Dy ® 7057, #7D1o ® Dy
692(4)%221%221”D11®D0 @ 2(3)142(2)%221@11@%
@ z(z)xz(”xzmwumo@ 23 nZ51 17 %Dy, ®Dg
D 2(2)322132 #D1,®D
M, = 2(2)3221”221”221”1)10 ®D; @ Z ”221%221%221”D11 ® Dy
@z(” Z(Z)”ZZ1KZZ1HD11®D0 EBZ(Z)%Zm%Z(Z)HZzMDn@'DO
@Z %221%221%221 #D11 @Dy
M; = Z J42217422174221”221%1311 ® Dy

3.2 The Exactness of Weyl Resolution in case of the skew-partition (6,6)/(1,0)
M. s > M, . M, s M, % M, % M

o

idl S, ~id L_yzdl sz/l /dl Ml
a a, 3, 3, a
M; ——M M M M, —

>

5 < 3 2 1 (8]

The contracting homotopies {S;}, where i =1,2,3,4, are
So: Ds®Ds — Tieso 25y % Dsyie ® Do—g

(5+k)

wi1®200\) _ | 728 (W, 1 k) Jif1<k<5

SO W’ 2(6—k) = 2(6_ )
0 ifk<1
51 Zk>0 Z(k+1 " D6+k ®D5 [ Zg;l-l-l) Z(RZ)% D6+k ®D5—k such that:
w |1 (6+k+m) .

ey (w1602 _ (28 Dzl ( ,1(5_k_m)> Gifm=1234

Sil\far W ys-rm) 2
0 ;ifm=0

where |k| = k, + k,

S3: o Zor 0 T80 D @ Ds_jie) — L9 Vo 2970 2835 D) ® D i

Sy Zk>OZ(k1+1)K Z(RZ)KZ(R3)K D6+|k|®D5—|k| N Z(k1+1)% Z(kZ)J'f Z;I;S)%Zg?)%
Dée+1k) ® Ds— x|

(k1+1) o (kz). o(ks) (W ]1(6+IED M)
<Zz11 WLy oy’ ( | 2G=Ikl-m)

(6+Ik]+m)
{Z(klﬂ) Z(kz)%zacg) Z(m) ( 1 m)

|ye-te-my) U mM=1
0 ;ifm=20
where |k| = k,+k,+k;
Now, we have
(k+1) w |1 (6+k)2(m) _ a("“) W 16 ktm)\
Z w' 2(5-k-m) -0 2(5 k-m) )~

_ (k+1+m) Z(k+1+m) (W 1(6‘”“”’1))
! 2(5-k-m) J’
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It is clear that S005 *+ 0,51 = idp,.
1(6+|k|)2(m))>

(k1+1)_ (k2)
<221 L1 ( '| 2(5=1kl-m)

_ |k| +1 |k|+1 w 1(6+|k|)2(m) (k1+1) (kz) w 1(6+|k|)2(m)
=51 <_( )Z ( " 2(5-lkl-m) )+ Ly, %0, ( 2 (5—[k|- m))

_ (Ikl + 1) 7K1z (m,, (W 1(6+|"|+m))
k, | 5 (5-1k|-m)
= — (|klk+ 1) Z|21k|+1x%Z(21m)»x (ww'|21((65—+]|kk]||+—mm))) +
("2+"‘)Z("1“)x2("2+’") (W 1(6+|k|+m))

"12G-lkl-m) )’
and
(6+1KD) o (m) (6+k4m)
9,5, <Z(k1+1) Z(kz) (W, 12(5—|k|§1:)l ));ax <2211+1) Z(kZ)%Z(m) (Wl %(s_k_2)>>
|k| + 1) Z|k|+1 Z(m) w 1(6+|k|+m) B
w'[2(5=Ikl-m)
(k2+m)z(k1+1) 70tm) w |1 (6+lkl+m) Z0atD),, Z(kz) w 1(6+|kl)2(m)
w'[2(5=lkl-m) | o(5-1k|-m)

where |k|= k;+k,.
It is clear that 5105 + 0,55 = id,.

+1) o (ky) . (ks) (W ]16+ED2(mM)
6%<sz WPt () o

ki+1+ks\ (ki +1+ky) o (kg) (W [16+IkD2GmN
S, ( ko ) 21 HZy; ( ,| (5~ kl-m)
(k2+k3)z(k1+1) Z(k2+k3) (W 1(6+Ikl)2(m))
ks | 2 G-lkl-m)
(k1+1)_ o (kz) o (K3) W1<6+|’<D2(m))
L gy Wi ( o (5—liel-m)

ki+1+k 1+1+ks) o (ks) o (m) (W |1(6+]Ikl+m)
(1 2)221 "oy Iz ( w'[G-lkl-m) )

ky+k +1) o (kgtks) o (m)_ (W |1E+IkI+m)
(2 3)2211 Z 2tk3 Zm ( ,2(5_|k|_m)

ks+ (ki+1)  vr(ky) o(kz+m) (W [16+IKl+m)
(o) Zar ™ oy gy’ ”(w’|2(5—|k|—m) !
and

(k1 +1) (k) y(ks) (k) 1(6+|’<D2(m)>
<z AR ] (]

w
= 53( (k1+1+kz)z(k1+1+k2) Z(k3) Z(k4) (w 1(6+|k|)2(m)>

k2 '| 2(5=lkl-m)
() ) (20
(k3+k4) 2211+1) Z(kz) Z(k3+k4) (w, 12(:_“:)()'%1(71")1))
Z(k1+1) Z(kz)%zacg) a(k4)(Wl 12(:—“::'«)&:?)
=_(k1+k12+k2) Zgl;1+1+k2) Z(k3)%Zg§“) Z(m) (W’EE:J::i:iZ;)
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ko + ks +1) 7 (ka+ks) o (ky) m)_ (w|16+Ikl+m)
( ks )2211 Z 2tks %2214 4 Z ( , 2(5—|k|—m)> _
katky\ (K141 (ko) p(katky) o (m)_ (W 1(6+Ik|+m))
( k4, )Z %Z %Z }fZ ( I 2(5—|k|—m) +

w |1 (6+]k[+m)
(k4+m)Z(kl+1)%Z(k2)}fz(k3)%z(k4+m) ( ! ’ ;(5_|k|—m))

(k1) (k3) o (Ks3) W1(6+|’<|)2<m)) _
553(2 HZy " nZy, (,2(5_|k|_m) =

w |1 (6+|k|+m)
<Z(k1+1> 70230709 7m0, ( 1 ))

2 (5-[k|-m)

e )

e e i
L L

(k1) (k) o (ks) (W 1<6+|k|+m>)
70407827 ('2<s—|k|—m>

where K| = kq+k, + k5.
It is clear that S20, + 0,53 = idy,.

S Zk>oz(k1)% Zn25 % 15 % Doy ® Doy — Zign Z9Pn 29wz n
29y % Do ® Ds—

(k) (k2) ) i (K3) i (Ka) (W 1(6+[kD 2 (m)
54 <Z ! Z 2 Z213 KZ 4 ( ’ > (5—[k|-m)
w |1 (6+]k|+m) )
{Z(kl) Z(kZ)HZ(kB) Z(k4)HZ(m) ( / ;(5_|k|_m)) ; lf m=1
0 ;ifm=0

where |k| = kq + kot k3 + k4

k1) o(ka) . (ks) o (k) W1<6+|kl>2(m))
a54<z Y ] O

(k1) o (k2) (k3) (ky) o (m) (W 1(6+|k|+m)>
<z 20D 37093700 7 (,2(5_|k|_m)

d,,

1tkz k2D o(ks) o (ka) o (m) (W [1(6FIkI+mY
( )221 nly 7 nl,nlyy ( /| 3 1k1-m)

2+ks) 7k, (k2+k3) (ky). »(m). (W 1(6+|k|+m))
( )Z oy Hlg ( o-t-my) *

1(6+|k|+m)

( ’ 2(5—|k|—m)) B
ks+m Y o(ky) . (ks) o (katm) (W |16FIEI+m)
(e )z D7) 70 ez ( ,|2(5_|k|_m)

(k1) o (ka) o (ks) o (kg) (W [1(6+IkI¥m)
AR ] ,z(s_lkl_m))
From the above homotopies, we have that {So, S1, S2, S3, S4} is a contracting homotopy
[7], which means that our complex is exact.
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