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Abstract  
    The main aim of this paper is to study the application of Weyl module resolution 

in the case of two rows, which will be specified in the skew- partition (6, 6)/(1,1) 

and (6,6)/(1,0), by using the homological Weyl (i.e. the contracting homotopy and 

place polarization).  
 
Keywords: Divided power algebra, resolution of Weyl module, place polarization, 

mapping Cone.  

 

 U = 0, 1( عندما U, 1(/)6,6تطبيق مقاس وايل لصفين في حالة التجزئة )
 

2هيثم رزوقي حسن ,1الاء عباس منصهر  

، واسط، العراقالعامة في واسطوزارة التربية،مديرية التربية 1  
، كلية العلهم ، جامعه المدتنصريه ، بغداد، العراققدم الرياضيات2  

 الخلاصة: 
الغرض من هذا البحث هه دراسة تطبيق تحلل مقاس وايل في حالة الصفين والتي ستكهن محددة في شبه 

 التهافق الههمهتهبي ودالة المكان. ) وذلك باستخدام طرق همهلهجية ( أي6,6)/(0,1و() 6, 6)/(1,1التجزئة( 
1. Introduction  
    Let  be a commutative ring with identity   and let it be a free -module. Let    be the 

divided power of degree .    
    Consider the figure below, which is associated with the resolution of the two-rowed Weyl 

module  

   = Im (  ) where   is the Weyl map that is described in [1] as follows:  

‗‘ϳ=                                              

                                                         ὸ                                                          ὴ                   
           

                                                                                                                         ή                       (1)                    

     We have: 

     ВὈ  ἆ Ὀ   
        ṱ         
ựựựựự   Ὀ  ἆ  Ὀ   

            ϳ
ựựựựựự  ὑϳ     O0                                          (2)  

    And by using letter place, the maps will be explained now as follows:  

         ISSN: 0067-2904 
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ύ
ύᴂ
ρ
ς

  
                 
ựựựựựự

ύ
ύᴂ
ρ ς
ς

   

В
ύ

ύᴂύ
ὸ ρ ὸ ς ȣ ὴ ὸ

ρςσȣήᴂ
                                                                             (3) 

where  

                         ύ ἆ ύ  ɴὈ  ἆὈ      ,                = В ‬  

and   
                        Ὠᴂϳ   = ‬  …‬ ‬ …‬  

is the composition of place polarization, from positive places {1,2} to negative places {1', 2', 

… , (p+t)'}.  
   Also, as shown   in [2],   delivers a component  ὼἆώ of Ὀ  ἆ Ὀ  to Вὼἆὼᴂ ώȟ 

where Вὼ ἆὼᴂ is the element of the diagonal of ὼ in ὈἆὈ  . 

  
    Let  be the free generator of the divided power algebra D( ) in one generator, then the 

divided power component  of degree  of the free generator  acts on Ὀ  ἆ Ὀ  by 

place polarization of degree  from place 1 to place 2. 

    Particularly, the graded algebra with identity ὃ Ὀ  ) acts on the graded module 

 ὓ = ВὈ  ἆ Ὀ  =Вὓ , where the degree of the 2
nd

 factor dictates the grading[3-5]. 

      Therefore, ὓ is a   graded   left A-module,   where   for   ύ   ᶰ  ὃ and  

ὺ ɴ Ὀ  ἆὈ  , by definition, we have: 

                         ύὺ  (ὺ  ‬ ὺ .                                                    (4) 

     And if we have (ὸ), which is the graded strand of degree q 

             ὓɆ : 0  Oὓ  
                 
ựựựựự  …  Oὓ  

                 
ựựựựự  … ὓ  

                 
ựựựựự ὓ                (5) 

of the normalized bar complex Bar(ὓ, ὃ; S, •), and S = {x}. 

      By definition, ὓɆ is the complex: 

ὼ ὼȣὼ ὼὈ ȿȿἆ ȿȿ

                 
ựựựựự  

ὼ ὼȣὼ    ȿȿἆὈ ȿȿ

                 
ựựựựựựự  

… 
                 
ựựựựự   В ὼὈ ȿȿἆὈ

                 
ựựựựự  ὈἆὈ                           (6) 

where |Ὧ| = ВὯ and Ὠ is the boundary operator ‬ . Notice that (6) illustrates a left complex 

(‬ = 0) over the Weyl module in terms of bar complex and letter-place algebra. Furthermore, 

when, in (6), the separator ὼ disappears between  and the components in the tensor 

product of the divided powers, this means that ‬  is applied to the tensor product [1, 6]. 

   The authors in earlier works [4, 5]  exhibited the terms and the exactness of the Weyl 

module resolution in the cases of partition (8,7) and skew-shape (8,6)/(2,1) . In this work, we 

locate the terms and the exactness of the Weyl module resolution in the cases of skew- 

partition (6, 6)/(1,1)  and (6,6)/(1,0).  

2. Application of Weyl Module Resolution in the Case of  Partition (6,6)/(1,1)  
2.1 The Terms of Weyl Module Resolution in the Case of Partition (6, 6)/(1,1)  
          In this section, we find the term for the resolution of Weyl module in the case of the 

Partition (6,6)/(1,1).  
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ὓ ἆ  

ὓ    ἆ      ἅ      ἆ    ἅ     ἆ   ἅ   ἆ   

            ἅ   ἆ   

ὓ  =      ἆ        ἅ        ἆ    ἅ       ἆ   

         ἅ     ἆ     ἅ        ἆ    ἅ       ἆ   

         ἅ     ἆ     ἅ        ἆ    ἅ        ἆ  

        ṥ     ἆ     

ὓ  =       ἆ ἅ       ἆ  ἅ       ἆ     

       ἅ       ἆ ἅ       ἆ ἅ       ἆ     

      ἅ       ἆ ἅ       ἆ ἅ       ἆ   

     ἅ       ἆ  

ὓ  =           ἆ      ἅ           ἆ    

          ἅ         ἆ     ἅ           ἆ  

          ἅ         ἆ      

    ὓ  =            ἆ      
 
2.2 The Exactness of Weyl Resolution in the Case of Partition (6,6)/(1,1)  

 
The contracting homotopies {Ὓȟ where i=1,2,…,4,  are: 

     Ὓȡ ὈἆὈ   В   ἆ ȟ such that: 

Ὓ
ύ
ύᴂ
ρ ς
ς

 = 
 
ύ
ύᴂ
ρ
ς

                    ȠὭὪ Ὧ π

π                                       ȠὭὪ Ὧ π    
    

Ὓȡ В   ἆ       ἆ ȟ such that: 

 

Ὓ  
ύ
ύᴂ
ρ ς
ς

 = 
   

ύ
ύᴂ
ρ
ς

  ȠὭὪ ά ρȟςȟσ

π                                              ȠὭὪ ά π
    

Ὓȡ В     ȿȿἆ ȿȿ        ȿȿἆ ȿȿ , such that: 

Ὓ    
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 =  

     
ύ
ύᴂ
ρ ȿȿ

ς ȿȿ
  ȠὭὪ ά ρȟςȟ

π                                                                ȠὭὪ ά π
          ; where ȿὯȿ Ὧ Ὧ 

Ὓȡ В         ȿȿἆ ȿȿ             

ȿȿἆ ȿȿ, such that: 
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Ὓ      
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

       

 = 
       

ύ
ύᴂ
ρ ȿȿ

ς ȿȿ
ȠὭὪ ά ρ

π                                                                          ȠὭὪ ά π
 ; 

 where ȿὯȿ Ὧ Ὧ+ Ὧ 

Ὓȡ В         ȿȿἆ ȿȿ          

         ȿȿἆ ȿȿ 

Ὓ        
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

       

   = 
         

ύ
ύᴂ
ρ ȿȿ

ς ȿȿ
                ȠὭὪ ά ρ

π                                                                                                    ȠὭὪ ά π
 

 where ȿὯȿ Ὧ Ὧ+ Ὧ Ὧ 

Ὓ‬  
ύ
ύᴂ
ρ ς
ς

 = Ὓ‬  
ύ
ύᴂ
ρ ς
ς

 

=    
ύ
ύᴂ
ρ
ς

                     

and 

‬Ὓ  
ύ
ύᴂ
ρ ς
ς

 = ‬    
ύ
ύᴂ
ρ
ς

 

   =     
ύ
ύᴂ
ρ
ς

 +  
ύ
ύᴂ
ρ ς
ς

 

It is clear that          Ὓ‬ + ‬Ὓ = ὭὨ. 

Ὓ‬
ȿὯȿ
Ὧ

ȿȿ
 
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

  ‬
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 

= 
ȿὯȿ Ὧ
Ὧ

ȿȿ
   

ύ
ύ
ρ ȿȿ

ς ȿȿ
 

   
ύ
ύ
ρ ȿȿ

ς ȿȿ
, 

and 

‬Ὓ    
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 = ‬      
ύ
ύᴂ
ρ
ς

 

= 
ȿὯȿ
Ὧ

ȿȿ
   

ύ
ύ
ρ ȿȿ

ς ȿȿ
 

      
ύ
ύ
ρ ȿȿ

ς ȿȿ
   

ᴂ
ρ ȿȿς
ς ȿȿ

, 

where |k|= Ὧ+Ὧ. 

It is clear that          Ὓ‬ + ‬Ὓ = ὭὨ. 

  

Ὓ‬      
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 

= Ὓ    
ύ
ύ
ρ ȿȿς
ς ȿȿ

   
ύ
ύ
ρ ȿȿς
ς ȿȿ

          
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ
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It is clear that          Ὓ‬ + ‬Ὓ = ὭὨ. 

Ὓ‬
ȿὯȿ
Ὧ

ȿȿ
 
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

  ‬
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 

= 
ȿὯȿ Ὧ
Ὧ

ȿȿ
   

ύ
ύ
ρ ȿȿ

ς ȿȿ
 

   
ύ
ύ
ρ ȿȿ

ς ȿȿ
, 

and 

‬Ὓ    
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 = ‬      
ύ
ύᴂ
ρ
ς

 

= 
ȿὯȿ
Ὧ

ȿȿ
   

ύ
ύ
ρ ȿȿ

ς ȿȿ
 

      
ύ
ύ
ρ ȿȿ

ς ȿȿ
   

ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

, 

where |k|= Ὧ+Ὧ. 

It is clear that          Ὓ‬ + ‬Ὓ = ὭὨ. 

  

Ὓ‬      
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 

= Ὓ    
ύ
ύ
ρ ȿȿς
ς ȿȿ

   
ύ
ύ
ρ ȿȿς
ς ȿȿ

          
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 

=         
ύ
ύ
ρ ȿȿ

ς ȿȿ
    

             
ύ
ύ
ρ ȿȿ

ς ȿȿ
     

              
ύ
ύ
ρ ȿȿ

ς ȿȿ
+         

              
ύ
ύ
ρ ȿȿ

ς ȿȿ
, 

and  

‬Ὓ      
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 = 

‬        
ύ
ύᴂ
ρ ȿȿ

ς ȿȿ
 

=       
ύ
ύ
ρ ȿȿ

ς ȿȿ
 + 

           
ύ
ύ
ρ ȿȿ

ς ȿȿ
 

          ὼ
ύ
ύ
ρ ȿȿ

ς ȿȿ
 + 

           ‬
ύ
ύ
ρ ȿȿ

ς ȿȿ
 

=       
ύ
ύ
ρ ȿȿ

ς ȿȿ
 + 

           
ύ
ύ
ρ ȿȿ

ς ȿȿ
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          ὼ
ύ
ύ
ρ ȿȿ

ς ȿȿ
 + 

            
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 , 

where |k| = Ὧ+Ὧ Ὧ. 

It is clear that          Ὓ‬ + ‬Ὓ = ὭὨ. 

and  

‬Ὓ       ὼ
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 

= ‬          
ύ
ύᴂ
ρ ȿȿ

ς ȿȿ
 

=        
ύ
ύ
ρ ȿȿ

ς ȿȿ
 

           
ύ
ύᴂ
ρ ȿȿ

ς ȿȿ
 + 

           
ύ
ύᴂ
ρ ȿȿ

ς ȿȿ
 

           
ύ
ύ
ρ ȿȿ

ς ȿȿ
 + 

               ‬
ύ
ύ
ρ ȿȿ

ς ȿȿ
 

=        
ύ
ύ
ρ ȿȿ

ς ȿȿ
 

          
ύ
ύᴂ
ρ ȿȿ

ς ȿȿ
 + 

          
ύ
ύᴂ
ρ ȿȿ

ς ȿȿ
 

          
ύ
ύ
ρ ȿȿ

ς ȿȿ
 + 

           
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

, 

where |k| = Ὧ+Ὧ Ὧ+Ὧ. 

     It is clear that          Ὓ‬ + ‬Ὓ = ὭὨ.     

From the above homotopies, we obtain that{Ὓ0, Ὓ1, Ὓ2, Ὓ3, Ὓ4} is a contracting homotopy  [7], 

which means that the complex   
π ᴼ ὓ4 O  ὓ3 O  ὓ2 O  ὓ1 O  ὓ0 is exact.  

3. Application of  Weyl  Module  Resolution in   the Case of the skew- Partition     
      (6, 6)/(1, 0)  
3.1 The Terms of Weyl Module Resolution in the Case of the skew- Partition     
        (6, 6)/(1, 0)  
     The  resolution of Weyl Module associated to this case has the following terms.  

 
ὓ ἆ  

ὓ   ἆ    ἅ     ἆ   ἅ     ἆ   

            ἅ   ἆ  ἅ     ἆ   
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ὓ  =      ἆ  ἅ      ἆ     ἅ       ἆ  

      ἅ     ἆ    ἅ      ἆ    ἅ       ἆ  

      ἅ      ἆ    ἅ      ἆ     ἅ      ἆ  

      ἅ      ἆ    

ὓ  =        ἆ ἅ       ἆ   

       ἅ       ἆ  ἅ        ἆ    

       ἅ       ἆ    ἅ         ἆ  

       ἅ       ἆ ἅ        ἆ  

      ἅ        ἆ    

ὓ  =              ἆ   ἅ         ἆ  

          ἅ         ἆ   ἅ         ἆ     

          ἅ         ἆ   

ὓ  =           ἆ  

  
3.2 The Exactness of Weyl Resolution in case of the skew-partition (6,6)/(1,0)  

 
  The contracting homotopies {Ὓȟ where i =1,2,3,4, are  

Ὓȡ ὈἆὈ   В   ἆ  

Ὓ
ύ
ύᴂ
ρ ς
ς

 = 
 
ύ
ύᴂ
ρ
ς

          ȠὭὪ ρ Ὧ  υ

π                                        ȠὭὪ Ὧ ρ                       
    

Ὓȡ В   ἆ       ἆ  such that: 

Ὓ  
ύ
ύᴂ
ρ ς
ς

 = 
   

ύ
ύᴂ
ρ
ς

  ȠὭὪ ά ρȟςȟσȟτ

π                                                       ȠὭὪ ά π
    

where ȿὯȿ Ὧ Ὧ 

Ὓȡ В     ȿȿἆ ȿȿ        ȿȿἆ ȿȿ  

Ὓȡ В       ȿȿἆ ȿȿ          

ȿȿἆ ȿȿ 

Ὓ      
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 

 = 
       

ύ
ύᴂ
ρ ȿȿ

ς ȿȿ
      ȠὭὪ ά ρ

π                                                                                   ȠὭὪ ά π
 

where ȿὯȿ Ὧ+Ὧ+Ὧ 

Now, we have  

Ὓ‬  
ύ
ύᴂ
ρ ς
ς

 = Ὓ‬  
ύ
ύᴂ
ρ ς
ς

 =  

=    
ύ
ύᴂ
ρ
ς

,                    



Mansour and Hassan                             Iraqi Journal of Science, 2021, Vol. 62, No. 11, pp: 4071-4080 
                  

 

4078 

It is clear that          Ὓ‬ + ‬Ὓ = ὭὨ. 

      

Ὓ‬    
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 

=Ὓ
ȿὯȿ ρ
Ὧ

ȿȿ
 
ύ
ύ
ρ ȿȿς
ς ȿȿ

      ‬
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 

= 
ȿὯȿ ρ
Ὧ

ȿȿ
   

ύ
ύ
ρ ȿȿ

ς ȿȿ
 

=  (|Ὧ|Ὧ  ρ  ȿςρὯ|+1 (21ά)  (ύύᴂȿςρ φυ ȿȿὯὯȿȿάά))) +   

         ὼ
ύ
ύ
ρ ȿȿ

ς ȿȿ
, 

and 

‬Ὓ    
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 = ‬      
ύ
ύᴂ
ρ
ς

 

= 
ȿὯȿ ρ
Ὧ

ȿȿ
   

ύ
ύ
ρ ȿȿ

ς ȿȿ
 

      
ύ
ύ
ρ ȿȿ

ς ȿȿ
  

ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

, 

where |k|= Ὧ+Ὧ. 

It is clear that          Ὓ‬ + ‬Ὓ = ὭὨ. 

      

Ὓ‬      
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 

= Ὓ    
ύ
ύ
ρ ȿȿς
ς ȿȿ

          
ύ
ύ
ρ ȿȿς
ς ȿȿ

           
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 

=        
ύ
ύ
ρ ȿȿ

ς ȿȿ
 

          
ύ
ύ
ρ ȿȿ

ς ȿȿ
 

          
ύ
ύ
ρ ȿȿ

ς ȿȿ
 , 

and  

Ὓ‬        
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 

=  Ὓ      
ύ
ύ
ρ ȿȿς
ς ȿȿ

              
ύ
ύ
ρ ȿȿς
ς ȿȿ

 

              
ύ
ύ
ρ ȿȿς
ς ȿȿ

 + 

             ‬
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 

=         
ύ
ύ
ρ ȿȿ

ς ȿȿ
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Ὧ Ὧ

Ὧ
         

ύ
ύ
ρ ȿȿ

ς ȿȿ
 

             
ύ
ύ
ρ ȿȿ

ς ȿȿ
 +         

             
ύ
ύ
ρ ȿȿ

ς ȿȿ
 

‬Ὓ      
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 = 

‬        
ύ
ύᴂ
ρ ȿȿ

ς ȿȿ
 

=       
ύ
ύ
ρ ȿȿ

ς ȿȿ
 + 

           
ύ
ύ
ρ ȿȿ

ς ȿȿ
 

          
ύ
ύ
ρ ȿȿ

ς ȿȿ
 + 

           
ύ
ύ
ρ ȿȿ

ς ȿȿ
 

where |k| = Ὧ+Ὧ Ὧ. 

     It is clear that          Ὓ‬ + ‬Ὓ = ὭὨ. 

Ὓȡ В         ȿȿἆ ȿȿ          

         ȿȿἆ ȿȿ 

Ὓ        
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

       

   = 
         

ύ
ύᴂ
ρ ȿȿ

ς ȿȿ
                ȠὭὪ ά ρ

π                                                                                                    ȠὭὪ ά π
 

 where ȿὯȿ Ὧ Ὧ+ Ὧ Ὧ 

‬Ὓ        
ύ
ύᴂ
ρ ȿȿς
ς ȿȿ

 

= ‬          
ύ
ύᴂ
ρ ȿȿ

ς ȿȿ
 

=        
ύ
ύ
ρ ȿȿ

ς ȿȿ
 

           
ύ
ύᴂ
ρ ȿȿ

ς ȿȿ
 + 

    
Ὧ Ὧ

Ὧ
       

ύ
ύᴂ
ρ ȿȿ

ς ȿȿ
 

           
ύ
ύ
ρ ȿȿ

ς ȿȿ
 + 

           
ύ
ύ
ρ ȿȿ

ς ȿȿ
 

    From the above homotopies, we have that {Ὓ0, Ὓ1, Ὓ2, Ὓ3, Ὓ4} is a contracting homotopy  

[7], which means that our complex is exact.  
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