Taha and Juma Iragi Journal of Science, 2022, Vol. 63, No. 4, pp: 1700-1706
DOI: 10.24996/ijs.2022.63.4.27

/-\—/
Iraqi

Journal of
Science

/\—/
ISSN: 0067-2904

Harmonic Multivalent Functions Associated with Generalized
Hypergeometric Functions

Abdul kader Yasin Taha*, Abdul Rahman S. Juma
Department of Mathematics; College of Education for Pure Sciences , University of Anbar ;Ramadi; Iraq

Received: 26/4/2021 Accepted: 26/6/2021 Published: 30\4\2022

Abstract

In this paper , certain subclass of harmonic multivalent function defined in the
exterior of the unit disk by used generalize hypergeometric functions is introduced .
In This study an attempting have been made to investigate several geometric
properties such as coefficient property , growth bounds , extreme points |,
convolution property , and convex linear combination .
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1. Introduction
A continuous function &= v +iv is complex valued harmonic function in U c C,if v, v
are harmonic real in U . The function & can be written in any simply connected domain U
by F=9+G ,whered and G are analytic in U .
Schober and Hengartner [1] considered harmonic sense preserving univalent mappings
definedon U ={z:|z| > 1} that map oo to o and it is represented by
H2) =9 (2) + G(z) +Blog|z|
where
V(@)=az+XZoanz™® ,G(2) =Pz+ X5=obsz™® (1)
are analytic in U with [a| > [B] >0, and B € C. Furthermore , let the family }.,(M) ,
which consists of each harmonic sense preserving meromorphic multivalent mapping

H2)=9(2)+G() . (@)
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where
{ I(z) = z# +Y¥2, Astp1 7z~ (s+p-1) ) } -
G@) = T2 bsup-12" 7V, |b,| <1,]z| > 1

In addition for real or complex numbers oy ,a; , .....,a; and By,Bz,....., Bq

B;j#0,-1,-2,...;j=12...,q) , we can define the generalized hypergeometric
function (Fg, (ag,..,a:; By,..,Bg;2) by
l_[ 1(0(1:)2
th (ag,..,a¢; By,-. Bq'z) el 17 ] (Bq)s'
(t<q+1;t,q€ENy= Nu{O},zeC)
Wherever (y), , denotes the pochhammer symbol , which is defined by

_ T'(y+s)
( )f r() _
Which corresponds to a function
jcp,}(al,..,at; Bl,...,Bq ;Z) = Zp th (O(l,az,.....,O(t; Bl'BZ"""'Bq ;Z) .

Consider a linear operator 7, s(ay,az,..,0:; B1,B2,..,B4;2) Which is defined by the

convolution
7#

7(27(0(1 ,..,O(t;Bl ,..,Bq;Z)*.‘]Cp'J(al ,..,at;Bl,..,Bq;Z) = m
(A>-p). Let Kptaq (g 5.0 By yeesBgs2) i 2p(K) — Xp(K) is defined by

jcp,t,q (0(1 yoer Ot 5 Bl "'qu ;Z) LJi(z)::K‘p,l(al yor Ot 5 Bl r"'Bq ;Z) * *g(z) . (4)
Bj,;#0,-1,-2,..;j=12...,q,i=1,2...,t ,2>-p; FEY,(K) ;z€U )
We use the following shorter notation
jq;a,t,q(al) :jcp (0(1 ""at ) Bl "'qu ) .
Thus , from equation (4) after simple calculations we obtain

2(¥p 1 q(a1)F(2))
— 27 + Z (3 + 27)5+;7(81)s+;7 e (Bq)s+;7 as+p_lz—(s+;7—1) . (5)
(al)s+;7 e (at)s+;7

s=1
Note that the linear operator X2 »tq 1S closely related to the cho-saigo-srivastava operator

[2]. In view of relationship (5) for harmonic function F =9 + G that is given by (1) ,” we
can define the operator

ytqj:(z) - tqh(z) + X tqg(z) (6)
2.Geometric outcomes
In this section , we have proceed to introduce a certain geometric subclass of Y. ,(M), in
[31.[4],[5] and [6] by invoking the operator X73,..F(z) that is given by (6) , then some
properties are acquired by including coefficient bounds , growth formula , extreme points ,
convolution , and convex combinations as well as discuss a alas-preserving integral operator
see [7] and [8] .
Definitionl A function f € },,(M) is said to be in the subclass L, 5(t,q ) if it satisfies the
next inequality:

2(5, ¢ (1) F(2)) (20 1 g (0)F@))] b
%{(1 —§)—=% — +48 pr > p (7)
Where K3 e.q(a1)F(2) is given by (6) , 0< 6<1,0<b< p .
and KU, u(t,q) = Wyp(t,q) NNE,(M).
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The next theorem provides a sufficient coefficient condition for function belong to the
classW, 5 (t,q ) .
Theoreml. Let F=h+ G of form (1) . If
52 (=G5 + 2 = D)5+ 7] [agrpal* [(~Cs+2 = D)6 + ][berpa [} HES)

<p-b (8)
Where 0<8<1,0<b<p ,and H;,(Tl) _ O+D)s+p(B1)s+p-Bg)s+p _then Fe up,b(t'q)

(@)sp-(A)stp

Proof :

20Cq(@F@) o [20C eq(@F@ '
z¥ pz¥~1

Now to prove #{ F(z)} >£ it suffices to prove that |p — b+ pF(2)|> |p + b — pF(2)|.
We substitute for F(z) and use the equation (6) , we find that
lp b+ pF@)122 2 b -2 {[(~(5 + 2 — )6 + p] |ass 1|

Assume that F(z)=00-96)

+H(=(s + 2 = 1))6 + p] |bssp1|} Hy(s) |2|7C+#~D ©)
And
lp +b—pF@)I<b+ X2 {[(—(s + 2 — 1)) + ] |asip-1] -
+H(—=(s + 2 = )6 + p] |bssp1|} Hy(s) |2|7C+#~D (10)

Itis clear that the (9) and (10) in conjunction with (8) yield
P =b+pF@I=|p +b = pF@)|22[(p —1) = TZ4[(~(s + 2 — D)8 + p] |asi 1]

+[(=(s+ 2 =16 + ] |bssp-1[} Hp ()= 0. (11)
The harmonic function
= P o0 Xn+p-1 —(s+p-1)
F) z * D P Y e NS P d *
2?:1[ Setpt AR

(—(s+p-1))8+p]H,(5)| a5 p—1|
Where Z;o=1|xs+;9—1| + Zgozllys+p—1| =p-Db
It shows that coefficient bounds that is given by (8) is sharp .
From (8) the functions in,,(t,q) because

@ = D= ) =+ =18+ ] [asipoa| + [(~(s + 2 = 1)

s=1
+ p] |bs+;p—1|} H;(s)

= Z?;1|xs+;9—1| + Zg‘;llys+p—1| 4 —-b
This completes the proof .
The following theorem gives a sufficient coefficient condition for function to be in

u;ﬂ,b(t »q )

Theorem2.Let #=9+§G of the form (3), then € U,,;(t,q ) if and only if the condition
(8) is as follows:

S2Al(=(s + 2 = D)8 + pl|asspos| + [(=(s + 2 = 1)) + 2] |berp-1 [JHL() <p — b
Where ,0<b<p .

Proof. As € KU, ,(t,q) € KU, (t,q ), we have to prove only if part of these theorem
For & functions of the (3) condition (7) is following :

>
A1yt

S le

pz¥t

236 ¢ 4 (@) F () )]'} S

Which implies that
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(@ = ) = T~ + 2 = D)8 +pl|asspoa|z™ 07D — [(=(s +p - )5 +
P |bsspa |77 CH D HL ()]} 2 0

The above-mentioned requires condition that should hold for each value of z in C when we
choose the value of z on the real positive axis where 0<|z| =r < 1, most having

(2= 0) = D (I(~(s+2 =18+ l|asspa |60 = [(=(s + p — 1)8

s=1
+ 2] [bssp-a|[FEH#DIHL(S)] = 0
Letr — 1 through the real value it gives that

[(:p—b)—Z{( (5+2 = D)8 + pllasya| = [(=(s + 2 — 1)

+ 2] |bssp- 1|}H,7(S)]
> 0 (12)

The inequality (12) gives (8) ,and the result is obtained.

Next theorem considers the growth of the function € KU, (t,q)
Theorem3. Let € KU, 5(t,q ), thenfor r = |z|<1,

[p(-|bph-b] _
» AP~ 0p)) 701 Y4
|F(2) [<7? (1+|b,| ) + HL(5) (~6p+p) |

And

p(1-|b,)-b] _
» —zﬂ »
F(2) |27 (1+ |b”| )+ H),(s) (—8p+p) r

Proof . Let € KU, 5 (t, q) . If we take the modulus value of & , and use Theorem2
Then we have :

|F (@) | < 1% (1+ |b,| ) + T21(|asspr| + |bsepor|)r=ET#~D
<r? (1+]b,|) + X2 1(|a5+p o| + |bsspa)r?

<r®(L+ |b,|)+ m X(Z5Z1 H3(8) (=62 + £)(|assp-a| + [bsip-1]))

<r?(1+ -
<r#(L+ [b, )+ H), (s)( 8;7+;v) (s THL(S) [(—(s + 2 — 1))8 + £1(|bssp-1| + |assp-1])]
? (p(1—|by|-b)
H;,(s) (=8p+p)

<r? (1+|b,|) +

In addition
1P 1277 1+ [by|) = 324 supma] +|baspmshrE72 D

> r¥ (1+ |b39| ) —r ¥ Z?f:l(lanﬂ?—ll + |bn+p—1|)

> (1 |@|)—W_’;Mx(zgil H3,(5) (=6 + #) (|asepm1| + [bosp-1)

= (W by e SR HE(S) (=5 + 2 = )8 + 21((bsspos] + |asspos D]

™% (p(1- |b,|-b)
zr¥ (1+ |bi’| ) - H,(s) (-8p+p)

This completes the proof .
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Next theorem determines the extreme points of convex closed hulls of KU, (¢, q) which is
denoted by coXU,, (¢, q) .
Theorem4 . The function #€ coX U, (t,q) ifand only if

F(z)= Z?:l()(s+;9—1 Es+p—1(z) +l/)s+;9—1 <s+;9—1(z) ) (13)
where
E;J(Z) = z? )
= z¥ — @-b) ~(s+p-1)
R T Yo ¥ ey s LI
And
Csrp1(2) = 27 = @b 7-G+p-D),

H),(s) [(-(s+p-1))8+p]
Z.?:l()(s+p—1 + lps+;ﬂ—1) =1 ) Xs+p—1 = 0 5 l/)s+;9—1 Z 0.

Proof. The function F in (13) has
F(z) = 2_20=1(Xs+;7—1 ES+;7—1(Z) +¢s+;o—1 <s+p—1(z) )

:Zgo=1()(s+;o—1 * lps+;7—1) z?P

— @=b) —(s+p-1) (p—b) =—(s+p-1)
H),(s) [(~(s+p-1))5+p] An+p-1Z HL,(5) [(—(s+p—D)o+7] Ysip1Z
(p—b) - _
=z¥ — (s+p—1)
Z (S) [( ($+}7 1))6"’}7] XS+}7 1Z
(p—5) — _
- vow ¢s+,¢7 1Z (s+p=1)

H, () [(-(s+p-1))8+7]
By Theorem2 we obtain

B ) (- Db)
Z[( (s+p—1)5+p[H,() x| B [(—6cT7-D) 7] Xs+p-1]
+ ZS 1[( (s + P — 1))5 + ZU]HJ (s) x [ H;,(s) [(_(}(:_;)_1))54_37] l;ljs+37—1]

< (#7 —b )(Zn:l()(s+;7—1 + ¢s+;7—1) _Xp)

=@ -0)(1-x,)=p-b.

g€ coX U,y (t,q) . Conversely , suppose that #€ CoK U, ,(t,q) ,and set
(s)

Xs+p-1 = [( (5+ﬂ9_1))6+79] ;JS |

¢s+;9 1 — [( (5+ZD_ 1))6+?9]
In the Theorem2 ,we note that 0 5)(”;,_1 <1,0<5Y54,1=1,let
Xp = 1= X1 Xs4p-1+ Xee1Pssp—1 DY Theorem2 ,we have y, > 0. consequently , the

function T(Z) = Zg.;l()(s+;a—1 Es+p—1(z) +¢s+p—1 <s+;9—1(z) ) is obtained.
The following theorem shows that the subclass KU, ;(t, q) is close under convolution.

S+39—1| J

o o Psspa,

Theorem5. Assume that Fe KU, .(t,q) and e KU, (t,q) then

(F x M) € KU, o(t,q) € KU, 5(t,q) . 7z~ +p=1)7—(s+p-1)
,for0<e < 1.

Proof Use convolution concept the harmonic functlon

F(z) = z¥ — Zlas+;a 1|Z (s+p-1) —Z |bs+;9 1|Z__(S+#J D

s=1 s=1
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—(s+p—-1)
And M(Z) =z? — 2?=1|LS+;?—1|Z_(S+;J_1) —_ 2?;1 |]s+p_1|Z » .

Then the convolution of F and M is
7= (s+p-1)

(F * ) (@) = 27 = 321 |giporLspo |20 = 32, [PsrptJsep-alZ
In Theorem2 , M'(z) € KU, ;(t,q) deduces that |Lsy,—1| <1 ,|Js+p-1| <1 . However,
F € XU,.(t,q) ,then we have

24[(~(s + 2 = D)8 + 2] 222 g |

+32,[(~(s +p - D)5 + p] 22
<E[(-GHp-D)s + 2] 5

;,(S)
( )
+Zs 1[( (5 +37 - 1))6 +47] —2= |bs+;7 1|
<L
Thus(F = ) € KU, (t,q) © KU, 4 (t,q).
The next result shows that the convex combination of subclass K, (t, q) .

|bsspal

|a5+zv 1|

Let Fi(2) defined by , Fi(2) =z?#
+ X |agsrp-n,z P -2, [bssp-n.lZ7070. for i =
1,2,.., (14)

Theorem6. Let the function F;(z) that defined by (14) in KU,y (t,q) for i=1,2 ..,
then the function ¢(z) is defined as follows

®(2) = X2, eF; (2) (0<e;=1). (15)

isalso in KW,y (t,q) ,where ¥2,e;=1.

proof. Depending to the definition of ¢ , we can write

0(2) = 2% +Z;11(Z?il eila(s+p—1),i|)z_(s+}7—1) - Z?O=1(Z?°=1 eilb(s+;9—1),i| )7_(5-'79_1) :

then , by Theorem2 , we have

Z:o=1[(_(5 t+p— 1))5 + ﬁ]H;;(S)(Z(ii1eila(s+;v—1),i|)

+ Z;‘;1[(_(5 +p - 1))5 + W]H;(s)(2ﬁ1 eilb(s+g7—1),i|)

=it ei(Z?ﬁ[(‘@ +p— 1))5 + Z’]H;;(S) |a(s+p—1),i|

+ 2 91‘(2?;1[(—(5 +p— 1))5 + Z’]H;;(S) |b(s+;7—1),i| <Xi2,e=1.

A closure property of KU, 5(t,q) is examined under the generalized Livingston-Bernardi-
Libera integral operator M (z) which is defined as follows : ( see [1])

M@ =22 [P F@)dT (> —p).

Theorem?7. Let F € KU, ,(t,q) . then M € KU, ,(t,q) .

Proof. Let
F(@) = 2% - Z|a5+p (|27 srP D —Zlbs+p aSals

From the representation of M(Z) we have
M) =EL [T (9@) + §@)aT

= (J:—)p) {foz TV (TP~ T2 |ags pon |[T-CH#7D ) dT
— fozg":\—l (321 |bsppon|TEH#D ) dT }
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— 0 —(s+p-1 oo =— -
- Z;] - ZS:l L5+p—1Z ( r ) _Zszl ]S+;9—1Z (S+ﬁ 1) )

where

)|as+;9—1| ’]s+;9—1 :( (O42) )| s+;9—1| '

_(_G+p) _
Ls+;9—1 - ( (+s+p-1)

O+s+p-1)
Because of F € KU, ,(t,q),

S2[(~(s + 2 = D)8 + pHA(S) (G2) |ass ]

+22[(=(s + 2 = D)6 + p]HL )G o255 [bss -1l

< 2211[(—(5 tp— 1))5 + W]H;a(s) |as+;9—1|

+ 2;1[(_(5 t+p— 1))5 + W]H;a(s) |bs+;7—1|

<p-b

Then from Theorem2 , we have M (z) € KU, x(t,q) .
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