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Abstract

The authors introduced and addressed several new subclasses of the family
of meromorphically multivalent g-star-like functions in the punctured unit disk £* in
this study, which makes use of several higher order g-derivatives. Many fascinating
properties and characteristics are extracted systematically for each of these newly
identified function classes. Distortion theorems and radius problems are among
these characteristics and functions. A number of coefficient inequalities for
functions belonging to the subclasses are studied, and discussed, as well as a suitable
condition for them is set. The numerous results are presented in this study and the
previous works on this subject are also connected together in this study.

Keywords: Multivalent functions, Meromorphically starlike functions, g-
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1. Introduction and Definitions
Let L={weC:|w| <1}, and H(L) are an open unit disc in C, and the analytic
functions class in £, respectively. Suppose that L[a,i] is the subclass of H (L) of the form

gw) = a + aw'+ a Wttt +---,

where a € Candt € N ={1,2,...} with H, = H[0,1] and H = H[1,1]. Let g(w) be an
analytic function in the punctured unit disk £*. If the equation v = g(w) has never more than
u-solutions inL*={w:w e Cand 0 < |w| < 1} = L\{0}, theng(w) is said to be
meromorphic u-valent in £*.

MZX(u) denotes the class of all analytical meromorphic u-valent functions where g is
represented by the forms.

gw)=wt"+ z aw™, (uteN={123,..},weL). (1.1)
=1
The subclasses X*(u) of the class MX'(u) are meromorphically multivalent starlike functions.
A function g € X*(u) of the from (1.1) if

‘Re {— vg (W)} > 0, weE L
g(w)

Various papers have been devoted to the study of analytical function subfamilies, especially
many of them are meromorphically multivalent function subfamilies. Meromorphic
multivalent function boundary coefficients have recently been considered in [1]. For more
details we refer to [2,3,4], while neighborhoods of such meromorphic multivalent functions
with negative coefficients have been studied in [5,6,7,8,9]. We refer the reader to [10-13] for
certain convolution (or Hadamard product) properties for the meromorphic p-valent functions'
convexity and starlikeness.

Some main principle information and the g-difference calculus are elicited in order to provide
a better interpretation of the current paper. In this article we assume that unless otherwise
specified,

(0<qg<1, u€eN={1,23..}).

Let a subset of X*(w), which consists of negative coefficient functions, be M (u)and have the
following representation of the series:

gw)=w""— ZIa[IW“”, (u,te N=1{1,23,..},w € L*). (1.2)

=1
Definition (1.1):[14,15] Letq € (0,1), the g-number [n], is defined by the following

q

Sl (n€C)
.1_q
[77]q= J-1
Lz:q"=1+q+qz+~-+q“1 (n:LEN)J
k=0

Definition (1.2): [16,17] In a given subset of C, the g-derivative (or g-difference) T, of a
function is defined by
g(w) — g(qw)
(Tyg) ) =1 (A—-qw
g'(0) (w=0)

(w=+0) ’ (13)

if g¢'(0) exists.
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From equation (1.3), it is readily observed that
B gw)—g(qw)
qll)r{l ( g’) ql—>1— (1 _ q)W - g‘ (W)'
In a particular subset of the setC, for a differentiable function g. Furthermore, on the basis of
equation (1.1) and equation(1.3), we obtain

(T8 )w) = [~ulqw™ 1+z L= u] awt (1.4)

(TPg)w) = [~ulgl-u - 1w 2+Z¢— t—u—llqauw““‘2 (15)

. o _ ! .
(Té_u)g’)(w) = [_u]q! + Z %atwl' (1.6)
=1 a’

where (Té"“)g,) (w)is the g-derivative of g (w)of order u. For any non-negative integer .

Now, for each g € X*(u), when i times are applied to both sides of (1.1) with respect to w, it
is easily seen by the operator T, that

i [—ulyd o - ulg! o
(Tcg)g*)(w)=[_u—_l]qlw u l+2ma‘ZL u-t (17)
=

Since g-calculus is extensively used in various fields of mathematics and physics, researchers
are very interested in it. The versatile applications of the g-derivative operator T, make it
exceptionally important in the study of Geometric Function Theory. Ismail et al.[18,19]
proposed the concept of a g-extension of the class of starlike functions for the first time in
1990. In [20], Srivastava, on the other hand, used the g-calculus principles in his work, which
was published by systematically employing simple (or q) hypergeometric functions:

™, (1,y ENyg ={0,1,2,..})
For more details about the Theory of Geometric Functions (GFT), we refer to [20]. In recent
years,in [21], Srivastava studied the state of the art survey and applications of g-calculus, g-
derivative operator, fractional g-calculus, and fractional g-derivative operators in Geometric
Function Theory of Complex Analysis in a survey-cum-expository research paper, as well as
the apparent triviality of the so-called (u,q)-calculus involving redundant g-derivative
operators.
Important research has played a role in the development of the geometric function theory of
complex analysis, it is influenced by the previously mentioned works. Many researchers
surveyed in the aforementioned work by Srivastava [22]. They have identified several
convolutionary and fractional calculus g-operators. Some of the recent developments are
briefly mentioned for the first time. Mahmood et al. in [23], and authors in [24,25] have
obtained a number of interesting results for g-star functions related to the conical field. One
can refer to [26,27], and the references therein for relevant results. Furthermore, Srivastava's
recently published a review article which is potentially useful for researchers and academics
that are interested in these subjects [21]. One may refer to [11,27] for other recent research
involves the calculus of g. Our aim in this article is primarily to generalize the work that is
discussed in [28].
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Definition (1.3): For functions g € X (u) in the class M'Sg[u, b, i; C, D] if and only if
Wb(Tcgb-H')g')(W)
(1) w)

( (b+1) )
wb(D + 1)—+ cC+1)
(1P8)w)
If there are sufficiently small coefficients. We will assume throughout this document, unless
otherwise stated,
—1<D<C<1 and q€(0,1).

+1

<1-8, (1.8)

2. Main Results

In this section, we provide an appropriate condition for a g function to be in the
MSg[u,b,i; C,D] class, which will work as one of the key results to find other results of this
paper.
Theorem (2.1): The g(w) € ME(u)function of the form (1.1)is in the classM'S;[u, b, i; C, D]
if it fulfills the following condition:

(o]

Z [(((3,1) +34y) + A =P[ID+ 17z, +IC + 1|Z(4,L)]] la,|

=1
< (B=DI[ID +1qqy + IC + 11| = Q) + L), (2.9)
where
[_u]q! [_u]q'
Cy = Cu—i-b],1" {2 = [—u——i]q!’ (2.10)
and
[t —ul,! [t —ul,!
(o = [ —u—i— b]q! , Ca) = [t—u——i]q! (2.11)
Proof. If the inequality (2.9) is true, it is sufficient to demonstrate that
wb (T g ) (w)
( o ) +1
(12°9)w) ciop
(T(bﬂ)g)) W) ’
wb(D + 1)()—+ c+1)
(197g)(w)

Wb(Tq(bH) ) (w) + (T(i) )(W)
wb (D + 1)(T§’+” )(w) +(C+ 1)(T°) )(w)

u] w Ui [L_u] t—u—i- [_u] ! —u-—i 0 [L_u] : t—u—i
_| w [ u—L—qb] b-l—zlzl[lu_—ijb]q!alz b]+[—u7—cl{]qlw +Zl=1[l_u7_‘z]q!alz |
B [—ulq! : o [t —u] i [—ulq! [t —ulg! i
WO+ 1) [ S w2 ﬁ i (€ ) | B e L]|
() + 0@) + Z21(Ceo + o) lad 2.12)

<
T 1=D = 1[Gy + 1=C = 11g) + 24 [I=D = 13z + |=C = 1G] lal”
where {1y, {(2), {3, and ¢, Hare given by (2.10) and (2.11), respectively. We see that if the
condition in (2.9) is fulfilled, then 1 — B is the upper limit of the last expression in (2.12).
This completes the evidence of Theorem (2.1).

Corollary (2.2): If the class M'Sg[u, b, i; C, D] contains a function g(w) € MX(u) which is

defined by (1.1), then
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B—=DI[ID+ 1Igy + IC + 11n] = Q) + {2))

| l.| — )
[(((3 0+ 3ay) + @A =B[ID + 135,y +1C + 1|<(4,¢)]]
with equality for each ¢, the form's function
(B —D[ID + 1I¢q) + 1€ + 1IZ] — Gy + I)) -

[(((3,1) + ) + A =B[ID + 1|5y +C + 1|<(4,¢)]]
Now, for simplicity, the following distortion theorem for the function classM'S;[u, b, i; C, D]
Is stated and shown.

Theorem (2.3): If g(w) € MSz[u, b,i; C, D] then for [w™*| = r™, we get

g(w)=w+ (2.13)

G(w)] = ¥ — (B —DI[ID + 11ga) + 1€ + 113z] = Gy + %2)) p ) (2.14)
_[(Z(3,1) + <(4,1)) + (- ,3)[|D + 1[¢iz) + |IC + 1|<(4,1)]]_
and
G| < ¥ + (B —DI[ID + 11gq) + 1€ + 113z)] = Gy + %2)) Fu . (215)
[(Z(3,1) + <(4,1)) +(1- ,3)[|D + 1[¢iz) + |1C + 1|<(4,1)]]_

Equalities in (2.14§ and (2.15) for the g(w) function are achieved given by

(B —D[ID + 1[qqy + IC + 1] — Q) + L)

[(Z(3,1) + <(4,1)) +(1- ﬁ)“D + 1z + |C + 1|Z(4,1)]]
at w=randw = rel@+Lm) p ¢ {0,+1,+2, ...}, where Z(l)' Z(Z)r <(3'L) and Z(M)are
given by (2.10) and (2.11), respectively.

Proof. By Theorem (2.1).

|G+ San) + (= B[ID + 1l 1) + 1€ + 1] Zml |

wutl (2.16)

gw) =w™ -

<[@an + o) + A= B[P + 1Ugz o +1C + 1|<<40]]z|al

<B-D[ID+1qq) + 1€+ 1] — Qo + Z(z))
which yields:

oo o
g =77 = ) Ja, [z e Y g |
=1 =1

(B —DI[ID + 1134y + 1€ + 1] — Gy + ) —
[(Z(s,n +341y) + A= B[ID + 13z + IC + 1|§(4,1)]]

=>r " —

and

oo o
g <77+ D a1 S e Y g |
=1 =

e | B DID+ 1 + 1+ 103)] = () + ) ‘r_uﬂ_

[(Z(g,l) +un) + (L =PB[ID + 1z +C + 1|§(4,1)]]
Thus, we have completed the evidence of Theorem (2.3).
If b=—-1=i+1=u and make q » 1 —, then special case of Theorem (2.3) coincides
with as follows. A comparable outcome is provided in [19].
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Corollary (2.4):[19]. If g(w) € M'S*[B], then

1- 1-

r—(z_g)rzs|g(w)|$r+(2_g)r2. (lwl=r, (0<r<1)

The evidence of the following outcome is equivalent to that of Theorem (2.3), so the
analogous specifics of our Theorem (2.5) evidence have been omitted.

Theorem (2.5): If g(w) € MSz[u, b,i; C, D] then for [w™*| = r™%, we get

_ lg' W)l = —ur—*
| Cu+ D@ = D[ID + 15 + 1€ + 15| — Gy + %) F(247)
_ [(((3,1) + ) + A =P[ID + 17z +1C + 1|<(4,1)]] |

and
lg'W)| < —ur1

N (—u+ DB = D[ID + 1[q) + IC + 1I3)] = Gy + L)) o (218)

i [(Z(3,1) + Z(4,1)) +(1- ,3)[|D + 1z +1C + 1|<(4,1)]] ]

For the function g (w) given by (2.16), the outcome is sharp.

When we bring itin,b = -1 =i+ 1 =wuand letq - 1 —, in its special case, Theorem (2.3)

reduces to the following known result.

Corollary (2.6):[19]. If g(w) € MS*[B], then

1-— (2(2%5)% <|lg'w)| <1+ <2(21f[f)>r (wl=r (0<r<1)

Finally, for functions belong to the familyMS;[u, b, i; C, D], we measure the radius of close-

to-convexity, starlikeness and convexity.

Theorem (2.7): If the class M'S;[u, b, i; C, D] contains a function g(w) that is defined by

(1.2). Then g(w) is a meromorphic u-valent close-to-convex function of order A (0 < A <

u) for |w| < ry(u, t, a, A), where

1
inf [(§(3,1) +un) + (L =PB[ID + 1z +C + 1|§(4.,1)]] (—u—n)|
rn =
*Tiz1 (B—DI[ID + 1Iqqy + IC + 11n] = Q) + {z)) t —w)

For the function g,(w) given by (13), the outcome is sharp.

Proof. Via the implementation of Theorem (2.1) and the form(1.2),we see for |w| < r, that
g' (W)
W—u—l

It completes the evidence of Theorem (2.7).

Theorem (2.8): If the class M'S;[u, b,i; C,D] contains a function g(w)that is defined by

(1.2). Then g(w) is a meromorphic u-valent starlike function of order A (0 < A < u) for

lw| < r(u,t, a,A), where

. (2.19)

+ul<u—-A. (lw|<r)

1
. inf [(5(3,1) +3un) + A= B[ID + LG + 1€ + 1|§(4,1)]] (—u-nN|
t=1 (B=D[ID+ 113qy + IC + 1UZz)] — Gy + 82)t —u — A)
For the function g,(w) is given by (2.13), the outcome is sharp.
Proof. It is shown, using the same measures as in the Theorem Proof (2.7), that
wg'(w)

g(w)
It completes the evidence of Theorem (2.8).

. (2.20)

t+ul<u—-A. (w|<nr)
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Corollary (2.9): If the class M'Sg[u, b, i; C, D] contains a function g(w) that is defined by
(1.2). Then g(w) is a meromorphic u-valent starlike function of order A (0 < A < u) for
lw| < r,(u,t, @, A), where

)
1

_inf [(((3,1) + ((4,1)) +(1- ﬁ)“D + 1|Z(3,1) +|C + 1|Z(4,1)]] —u(-u—A7) E
ez (B=D[ID + 15 + 1€ + 1] - Gy + 4)—w e —u—A)

For the function g ;(w) is given by (2.13), the outcome is sharp.
3. Conclusions

In the punctured unit disk £*, we have been systematically introduced and analyzed some
important subclasses of meromorphically multivalent g-starlike functions. We have also given
important links to the different findings, as well as in this paper we have also shown some
important results in this field of study.

(2.21)
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