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Abstract

For a finite group G, the intersection graph T of G is the graph whose vertex set
is the set of all proper non-trivial subgroups of G, where two distinct vertices are
adjacent if their intersection is a non-trivial subgroup of G. In this article, we
investigate the detour index, eccentric connectivity, and total eccentricity
polynomials of the intersection graph T; of subgroups of the dihedral group
G = D,pq for distinct primes p < q. We also find the mean distance of the graph
I;.

Keywords: dihedral group, intersection graph of subgroups, detour distance, mean
distance.
Mathematics Subject Classification: 05C25, 20F16, 05C10.

2pq Ay e lpalidl a5 e dabiadl il aalddl) Gl

Y omid mlla s glaia,lals wdy sl ¢ il a2 1k
Ghal (€ alil Ao el ehpms Analal cplel) LN el ool
Al i) i) asSa ) el Analall cdeonigh ZASH ¢ aailly g sill anall!
@ball (e il aga () il pall 2 la dralall e il LS cilpalll pill?
@ball e ali) Aag€a cJul il pal) 2 la daalal) ¢ elaV) Lyl LAY cilpalill pil?

LAl

Lledll &5l Ha3ll aaen o Blae duj) desenae M) Old) 58 G J (ablil) Gl (G dggiall 55030
e anl Baill Lagadalis OIS 13 (Ohstaia)ddlay gladin gl e Couly O s G e gl e
Ol S A,all 350n) 52005 5 BLEN) i clilaall a3 o (g5 i) Va8 Agall)
slals s WS, e ol e G 5 P Dy B 5 Al el ellil

olull ddliall Jaza

*Email: peshewa.khezer@soran.edu.iq
4923



Khudhur et al. Iraqi Journal of Science, 2021, Vol. 62, No. 12, pp: 4923-4929

1. Introduction

The concept of intersection graph of subgroups of a finite group was defined and studied by
Csa’ka’ny and Polla’k in 1969 [1]. They found the clique number and degree of vertices of an
intersection graph of subgroups of a dihedral group, quaternion group, and quasi-dihedral
group.
Let G be a finite non-abelian group. The intersection graph I'; of G is an undirected simple
(without loops and multiple edges) graph whose vertex-set consists of all nontrivial proper
subgroups of G, for which two distinct vertices H and K of T} are adjacent if H N K is a non-
trivial subgroup of G. This kind of graph has been studied by researchers; we refer the reader
to see [2-6].

Let T be any graph. The set of vertices and the set of edges of I will be denoted by V(T') and
E(T), respectively. If there is an edge between vertices u and v, then we write uv € E(T).
The cardinality of V(I"), denoted by |V (T')|, is called the order of T, while the cardinality of
E(T), denoted by |E(T)], is called the size of T'. For any vertex v in T, the number of edges
incident to v is called the degree of v and denoted by degrv [7]. The chromatic number of a
graph T'is x(I"), which is the smallest number of colors for V(I') such that adjacent vertices
have different colors.
A u — v path is a walk with no two vertices repeated, for any two distinct vertices u and v in
I. The shortest u — v path in T is called the distance between u and v, denoted by d(u, v),
and the longest u — v path in T is called the detour distance between u and v, denoted by
D(u,v). The eccentricity of a vertex v € V(I'), denoted by ecc(v), is the longest distance
between v and all other vertices of I'. The diameter of a graph I', denoted by diam(I), is
defined as diam(I") = max{ecc(v) |v € V(I') [8]. The detour index, eccentric connectivity
and total eccentricity polynomials are defined by D(T,x) = ¥, peyay x2®?[9], {(T,x) =
Yuev deg(w) x4 and (T, x) = Yyeyr) x°“@[10], respectively. The detour index
dd(I"), the eccentric connectivity index and the total eccentricity ¢(I') of a graph I' are the
first derivatives of their corresponding polynomials at x = 1, respectively. The transmission
of a vertex v in T is o (I,v) = Yyev(r)d(w, v). The transmission of a graph T is o(T') =

Yuev o, v). The mean (average) distance of graph I' is u(T') = p“(r)

(r-1)
order of I' [3,1,12].
Khasraw [13] studied the intersection graph of subgroups of the group D,,,, where n = p?, p
is a prime. He found some topological indices of the graph l“sz2 as well as its metric

dimension and resolving polynomial.

In this paper, we consider the graph szpqof the dihedral group D,,, where p and g are
distinct primes. Some properties of the connected graph I, will be presented. The dihedral
group D,,, of order 2pq is defined by D,,, = (r,s:7P? = s> = 1,srs = r~') for prime
numbers p < gq.

2. Some properties of the intersection graph of D,,, for prime numbers p < q

In order to determine the vertex set of the graph I,y it is required to list all non-trivial

proper subgroups of the dihedral group D,,, for distinct primes p < g. In [6], the set of all
non-trivial proper subgroups of the group D,,, are classified for all n > 3. Here, we only
consider the case when n = pq for distinct primes p < q.

Lemma 2.1[6]. The non-trivial proper subgroups of the dihedral group D,,,, for distinct
primes p < q are:

1- cyclic groups G; =< srt > of order 2, where i = 1,2, ..., pq.

2- dihedral groups H? =< rP,sr' > of order 2p, where i = 1,2, ...,p and H! =< r%,sr’ >
of order 2q, where i = 1,2, ..., 4.

where p is the
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3- cyclic groups I, =< r? > of order q, I =< r > of order pq, and I, =< r? > of order p.

According to the above classification of subgroups of the group D,,, for primes p < g, as
given in Lemma 2.1, we can determine the structure of the set of vertices of the graph Ip,,, 8S
the non-trivial proper subgroups by V (FDqu) =AUBUC, where A ={Gy,Gy,...,Gpq},
B={H},H!;1<i<p;1< j<gq},and C= {11} So, we can distinguish subgraphs
[, as complement of the complete graph Kp,q, [y as the complete graph K4 44, and Te_py

as the complement of the complete graph K,. Through this article, we fixed the sets A, B, and
C.
In this section, some basic properties of the intersection graph of D,,,, are investigated, such

as the order and chromatic number of the graph IDypg

Theorem 2.2. The order of the graph Iy is |V (Fszq)| =pq+p+q+3.

Proof: Since the set of vertices of Ip,,, are the non-trivial subgroups of D,,, which are
classified in the sets A, B and C, and since |A| = pq, |B| = p + q, and |C| = 3, then
|V (To,,, )| = 141 + 1B+ 1Cl = pq +p + q + 3.

Theorem 2.3. The size of the graph T, is |E (FDqu)| = (pM)zH(pZH)H(“q).

Proof: It is clear that each vertex of A is adjacent with only two vertices of B. The vertices in
the set A are non-adjacent. Also, each vertex of B U{I} is adjacent with all other vertices of
B U{I}; that is, B U{I} is a complete graph. Moreover, the vertex I, € C is adjacent with p

vertices of B, which are Hip; i =1.2,..,p, and I, € C is adjacent with g vertices of B which
are qu ; J = 1,2,...,q. Finally, the vertex I € C is adjacent with I,, and I,. Thus

_ (p+q+1)(p+q)
|E(FD2pq)| = 2pq+—2 +p+q+2.
Theorem 2.4. The chromatic number of the graph I',, _is x (FDqu) =p+q+1

Proof: From Theorem 2.2, cl (FDZM) = p + q + 1. This means that the graph I, is at least

p + q + 1 colorable graph. The vertices G4, Gy, ..., G,4 can be colored with the same color as
the vertex I, the vertices I, and H,' can share the same color, and the vertices I, and H} can
share the same color. Thus, the minimum number of colors that can be used to color the graph
I, isp+q+1.

Therefore, x (Fszq) =p+q+1.

Theorem 2.5. Let I' = I}, be the graph of the dihedral group D,,,. Then diam(I") = 3.
Proof: Let u and v be two distinct vertices in T'. If u and v are joint by an edge, then

d(u,v) = 1. Otherwise, u N v = {e}. There are five cases to consider.

Casel. If u = G; and v = G;, where i = j (modp) or i = j (modq), then there exists v’ € B
such that v’ = Hf, or v’ = H/, for some k and k. If i = k (modp) or j = k' (modq), then
uv',v'v € E(I') and so d(u, v) = 2. Otherwise, if i Z j (modp) and i # j (modq), take

v' = HY, then there exists w € B, where w = H? such that k % [ (modp) and k % | (modq).
Thus, uv’, v'w,wv € E(I") and then d(u, v) = 3.

Case2. Ifu=Gjandv=Hl orv=H{,i=1,..,p; k=1,..,q, where i # j (modp) and
k % j (modq), then there exists v’ € B such that v’ = HP or v’ = H}!, where j = [ (modp)
orj =1 (modq),souv’,v've E(l)and d(u,v) = 2.

Case3. If u = I, and v = I, then we take v’ = I so that uv’,v'v € E(I") and d(u, v) = 2.
Cased. fu=I,andv e {H! [i=1,..,q} (oru=1I,andv € {H} |i = 1, ..., p}), then we
take w = I, which implies that uw, wv € E(I") and so d(u, v) = 2.
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Caseb. If u = Gj and v € C, then there are three possibilities for v If v = I,, then there exists
v' € {H? |i = 1,...,p} such that uv’, v'v € E(T) if i = j (modp). If v = I, then there exists
v' € {H!|i =1,..,q} such thatuv’,v'v € E(T) if i = j (modgq). Finally, if v = I, then
there exists v’ € B such that uv’, v'v € E(T). In all possibilities, d(u, v) = 2.
As a consequence from the above theorem, we state the following.
Corollary 2.6. Let ' = Iy be the graph of the dihedral group D,,,. Then
(1 if u=G,v=H’ Ai=jmodp, 1<i<pql1<j<p,
or u=G,v=H/Ai=jmodq1<i<pql<j<gq,

2 if u=6,v=G;,(i=jmodporq)1<ij<pqAi=+],
dw,v) = or u=G,v=H Ai%jmodp1<i<pql<j<p,
or u=G,v=H/AiZjmodql<i<pql<j<q,
\3 if u=G,v=0G;,(iZEjmodpAiZjmodq)l=<ij<pq.
Lemma 2.7. LetT = Ib2pg be the intersection graph of subgroups of the dihedral group D,,,
with distinct primes p and g. Then
( 2 if v=¢G; for 1<i<p,

p+1 if v=1I,

q+1 if v=1I,
degr) ={p+q+2 if v=1,
p+2q+1 if v=H?, for 1<i<p,
2p+q+1 if v=H for1<j<q.
Proof: see [7].
3. Detour index, eccentric connectivity, and tot al eccentricity polynomials of the graph

Ip,

pq

In this section, we find detour index, eccentric connectivity, and total eccentricity
polynomials of the intersection graph Ib,pq of Dypg.

Theorem 3.1. Let I, be the intersection graph of D,,, with primes p < q. Then
(3p+q—1if u=H ,v=H/,1<i,j<p Ai#]
3p+q ifquf,vE{I,Iq,H].C’;lSqu},1Si§p,
3p+q+1 if u=Hl,ve{l,G;1<j<pql1<i<p,
or u=Hl,ve {I,1},1<i<gq
or u=Lvef{l,Il}
D(u,v) = | or u=G,v=H,1<i<pql<j<q
A uv € E(T),
3p+q+2 if u=G,ve{ll,},1<i<pq,
or u=1I,ve{l,H;1<i<q},
oru=G,v=H,1<i<pq1<j<gq
A uv ¢ E(T),
(3p+q+3 if u=G,ve(l,G}1<ij<pqni=j
Proof: For D(w,v) =3p+q—1, the longest path from Hf to H where 1<ij<
p and i # j is the path that starts from H}, passing alternatively through 2p — 3 elements of
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A,p+q—1elements of B, and I,,,I and I, vertices of B, and ending at H]P. So, the path has
length
(2p—3)+(@+q—1)+3=3p+q—1.Hence D(H,H’) =3p+q— 1.
For D(u,v) = 3p + q, there are two cases. Casel, the longest path, that starts from HilD for
some 1 <i<ptosS € {lI,}, is the path passing alternatively through 2p — 1 of vertices of A,
p +q — 3 elements of B, and {I, I} vertices of B, and ending at S € {I,1,}. So, the length of
this path is
1+QC2p-1D+(P+q-3)+(1+2)]=3p+q.
Thus, D(HP,X) =3p+gq,forall1<i<pandX € {I,1,}.
Case2, the longest path, that starts from Hip forsome 1 <i<ptoH? forsome1<j<q,is
the path passing alternatively through 2p — 1 vertices of A, p + q — 3 elements of B, and I
and I element of B, and ending at qu, for some 1 <j < q. So, the length of this path is
1+C2p-1D+(pP+q-3)+2+1)+1]-1=3p+q.
Thus, D (HP,H?) =3p+q forall 1 <i<pand1<j<q
For D(u,v) = 3p + q + 1, the longest path, that starts from G; to H].q for some 1 <j < p for
some 1 <i < pq, is the path passing alternatively through p + q — 1 vertices of B, 2p — 1
vertices of A, and I and I, vertices of C, and ending at H].q for some 1 <j < p. So, the length
of the path is
1+(pP+q-D+@p-1+2+1]-1=3p+q+1
Thus, D(Gi,ij) =3p+q+1,forall1<i<pgandl<ij<p.
The longest path, that starts from Hip to I, for some 1<i<p, is the path passing
alternatively through 2p — 1 vertices of A and p + q — 3 elements of B with [, and ending at
I,. So the length of the path is
I+QCp-1D+(p+q-3)+2+2)+1]-1=3p+q+ 1.
Hence, D(HY,1,) =3p+q+1,forall1 <i<p.
The longest path, that starts from the vertex Hiq to I for some 1 <i < q, is the path passing
alternatively through 2p vertices of A, p+q— 1 vertices of B, and the vertex I, of C, and
ending at I. So the length of the path is
1+Q2p+(pP+q-1D+1+1]-1=3p+q+1
Hence, D(H,I) =3p+q+1,forall1 <i<gq.
In a similar way, we can prove the detour distance between all other vertices in the graph

Ip,. -
pq
Theorem 3.2. Let ID,q be the intersection graph of D,,, with distinct primes p < q. Then
D (I, ) =
@4-D@P4=2)  3p+q+3 [p2(q — 1) + q + 1]x%P+a+2 4 24+ 1D)+2@+2)+9(G-1) | 3p+q+1 4

2 2
p(q + 2)x3P+a + K271 y3p+a-1,

2

Proof: It follows from Theorem3.1 that

-1 A P
D (Iypgr¥) = Zupevany 220 = (P17 1) xP G0 + (pg) (p)D°CHD) + (pq -
p)qu(Gi,H]q) + pqu(Gi.H]q) + pgxP o) 4pquPGil) 4 pgxPGila) 4 (?27) ¥ D HPY 4
P pa P q 49 q
pqx UMD 4 pxPEL) 4 pyPUD g D) 1 (T) (P 4 g P
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px D(H]?,I) + qu(H]‘?,Iq) 4 xPUpD) 4 PUplg) 44 D(UIg) \where (qu_ 1) _ W, (p) =

2 2
p(p-1) _q(q-1)
2 and (2) -2

Therefore, D (rszq x) = (pq‘l)zﬂ 3P+4+3 4 [p2(q — 1) + q + 1]x3P+a+2 ¢
[20q +p + T2 + 2q + 2| 137401 4 p(q + 2)x%PH0 4 EED y3p+a-t
Corollary 3.3. Let Iy be the intersection graph of D,,,, Wlth distinct primes p < g. Then
dd(lp,,,) =3p%qg+1) +4° (pz + %) = %p3 + %pzq + ;qu +4p?q* + 5p® + 3¢°
+3pq+§p+%q+ 10.

Proof: The result follows directly by taking the first derivative of D (I"szq,x) atx = 1.
Theorem 3.4. Let Iy be the intersection graph of D,,, with distinct primes p < q. Then

ecc(v) = {2 ifv € B U{I},
3 ifveAdUcC —{I}.
Proof: The proof follows directly from Corollary 2.6.
Theorem 3.5. Let Iy be the intersection graph of D,,, with distinct primes p < q. Then

{(Ippprx) = @pq +p +q + 223 + [(p + )% + 2(pq + p + q + D]

Proof: It follows from Lemma 2.7 and Theorem 3.4 that
¢ (Fuzpq,x) = Zuev(rp,,,) degWx*® = 2pqx® + (¢ + 2 +p + g — Dpx® +
+2+p+q—Dgx*+ @+ Dx3+(@+q+2)x*+ (g + Dx5.

Theorem 3.6. Let I, be the intersection graph of Dy, with distinct primes p < g. Then
0 (I"szq,x) = (pq +2)x3+ (p + q + )x?.

Proof: It follows from Theorem 3.4 that 8 (Fszq,x) = Zuev(rszq)xe“(u) = pgx® + px? +
gx®> +x3+x2+x3=(pg+2)x3+ (p +q + x>

Theorem 3.7. Let Ipypg be the intersection graph of D,,, with distinct primes p < q. Then
& (Fszq) =2(p*+q*) +7@2pq +p + q) + 10.

Proof: From Theorem 3.5, one can see that

0Ty *) 1x=1 = 320 + P+ g +2) + 2[(0 + @) + 2(pg + p + q + 1. The result

follows.
4. The mean distance of the intersection graph Ip,,,

In this section, we find the mean distance of the intersection graph of subgroups of D,,,, for

distinct prime numbers p and q.
Theorem 4.1. The transmission of the graph Ipype IS

o (FDqu) =p?Bq+1)(@+1)+q¢*Bp+1)+qBp+7)+7p+8.
Proof: From Corollary 2.6, we have
0(G) =q2)+ (pg — (@ + 1)) +2(1) + (p + g - 2)(2) +2(2) + (D(B)
=3pq+q+2p+2foralli=1,2,..,pq,
a(HY) =q(D) + (pq— () + (p +q— D) +2(1) + (D(2)
=2pq+p+3,forali=12,..,p.
Also, o(H) = p(D) + (pg —P)(@) + (p + q — D) +2(V) + (D(2)
=2pq+q+3 foralli=12,..,q.
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Note that the vertices I, and I, are non-adjacent but the vertex I is adjacent to both I,, and I,,.
So, € = {I,,1,1,} induced a path subgraph of Iy -

Thus, (I,) = pa(2) +p(1) +q(2) + (D) + (1)(2) = 2pg +p +2q + 3,

o) =pq2)+@+¢9@)+21)=2pqg+p+q+2and

o(lq) = Pa(2) + q(1) +p(2) + (D(D) + (D(2) = 2pq + 2p + q + 3.

Now, we can find the transmission of the graph Ip,p, 8

o (FDqu) = 2?=q1 o(G) + ZIio=1 U(Hip) + 2?:10(1'[19) +o()+ G(Ip) + G(Iq)

=pql3pq+2p+q+2]+pl2pq+p+3]+ql2pq+q+3]+6pg+4(p+q)+8
=p?Bq+1D(@+1)+q¢*Bp+1)+qBp+7)+7p+8.

Theorem 4.2. The mean distance of the graph I, 1§
Wy, ) = p2(3q+1)(q+1)+q*(Bp+1)+q(8p+7)+7p+8
2prq (Pq+p+q+3)(pq+p+q+2)
Proof: Since the order of the graph I, iIs pq + p + q + 3 and the transmission of the graph
ID,q is given in Theorem 4.1, we can find the mean distance of the graph Ip,,, 8s
w(Tp, ) = p?(3q+1)(q+1)+q*>(Bp+1)+q(8p+7)+7p+8
2prq (Pq+p+q+3)(pq+p+q+2)

, Where p < g are prime numbers.
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