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Abstract

Let R be a commutative ring with identity , and W be a unitary (left) R-module.
A proper submodule H of W is said to be quasi- small prime submodule , if
whenever r,a € R,w € W with (w) K W, and raw € H, then either aw € H or
rw € H. In this paper ,we give a comprehensive study of quasi- small prime
submodules.
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1. Introduction:

Throughout this research, we consider R is a commutative ring with identity and W is a

unity R- module. A proper submodule H of W is said to be prime if whenever r € R,a €
W ;ra € H implies either a € H or r € [H: W], where [H: W] = {r € R:vW < H}, see[1].
As a generalization of the concept of prime modules and prime submodules, Mahmood, L.S.
in 2012, [2] introduced the concepts of small prime modules and small prime submodules. In
fact, the concepts of small semiprime modules and small semiprime submodules are also
introduced in 2021 by Haider A. Ramadhan, Nuhad S. Al. Mothafar, [3]. A submodule H of
W is called small (notational , H <« W) if H+ A =W for all submodules A of W implies
A =W [4].
A quasi-prime submodules is introduced and studied in 1999 by Abdul-Razak, M. H. [5] as a
generalization of a prime submodules. The proper submodule H of an R-module W is called a
quasi-prime if whenever raw € H, where r,a € R,w € W implies that eitheraw € H or
rw € H. As a generalization of these concepts Wisam, A. Ali. and Al-Mothafar, N.S. [6]
were introduced the concept of quasi-small prime modules in 2021. They call W a quasi-small
prime module if anngH is prime ideal for all non-zero small submodule H of W.
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The main purpose of this paper is to study the basic properties of quasi-small prime
submodules.
2. Quasi-Small Prime Submodules
In this section we introduce and study the concept of a quasi-small prime submodule.
Definition (2.1): A proper submodule H of an R-module W is called a quasi-small prime
submodule if whenever abw € H for a,b € R and w € W such that (w) «< W, then either
aw € H or bw € H. Equivalently, a proper submodule H of an R-module W is a quasi-small
prime if and only if [Hz(w)] is a prime ideal of R for all (w) < W.
Remarks and Examples (2.2):
1.1t is clear that every quasi-prime submodule is a quasi-small prime submodule.
The following example shows that the converse is not true in general.
Example: The submodule H =< 6 > in Z;, as a Z-module is a quasi-small prime submodule
of Z;, , since < 0 >,< 6 > are small submodules of Z,, and for all a,b € R if a.b.6 € H,
implies either a.6 € H or b.6 € H , but H =< 6 > is not a quasi-prime submodule, since
2x3x1€H,but2x1¢Hand3x1€H.
2. Every small prime submodule is a quasi-small prime submodule.
Proof: Let H be a small prime submodule of an R-module W.Then from [2], we have
[Hy,(w)] is a prime ideal of W for all (w) «< W, this implies that H is a quasi-small prime
submodule by definition(2.1).
Next example indicates that the converse of (2) is not true in general.
Example: Consider W = Z;, as a Z-module and H =<4 >. H is a quasi-small prime
submodule of W, since [< 4 >{,< 6 >] = 2Z is a prime ideal of Z, but H is not a small
prime submodule , since <6>«Z;, and 2Xx6€<4>, but 6¢<4> and 2¢
[< 4 > Z;,] = 4Z.
3. It is clear that every prime submodule is quasi-small prime.
Next example shows that the converse of (3) is not true in general.
Example: Consider W = Z,, as a Z-module, H =< 6 >. H is a quasi-small prime submodule
W, since H is a small prime submodule [2], hence it is a quasi-small prime submodule by (2),
which is not prime, since 2 X 3 €< 6 > ,but3 g< 6 >and 2 & [< 6 >, Z,,] = 6Z.
4. Consider W = Z as a Z-module, let n is a positive integer. If n is a prime number, then the
submodule H = nZ is a quasi-small prime submodule, since if n is prime number, then nZ is
a quasi-prime submodule,[5]. Hence by (1), H = nZ is a quasi-small prime submodule.
5. Every quasi-small prime submodule is a small semiprime submodule, where a proper
submodule H of a module W is called a small semiprime submodule of W if and only if
whenever a € R,w € W with (w) < W and a?w € H, implies aw € H, [3].
Proof: Let H be a quasi-small prime submodule of an R-module W. If a?w € H for a € R and
w € W with (w) K W, then aw € H by definition (2.1). Hence, H is a small semiprime
submodule of W. We give the following example to show that the converse of (5) is not true
in general.
Example: 6Z is a small semiprime submodule of Z,[3], but 6Z is not a quasi-small prime
submodule of Z by (4).
6. If W is an R-module in which every cyclic submodule is small, then every quasi-small
prime submodule of W is a small prime submodule.
7. If W is a hollow R-module, then every quasi-small prime submodule of W is a quasi-prime
submodule, where an R- module W is called a hollow module if every proper submodule of
W is small,[4].

8. The submodule Zof the Z-module Q is not a quasi-small prime submodule, since [Z;, (%)] =
6Z, which is not a prime ideal of Z,where (é) < Q, [4,p.108].
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9. Since (0) is the only small submodule of Z as a Z-module, then every proper submodule of
Z as a Z-module is a quasi-small prime submodule.
10. If H is a quasi-small prime submodule of an R-module W, then it is not necessary that:
1.anngH is a prime ideal of R.
2. [HxW] is a prime ideal of R.
For example: Take W = Z,, as a Z-module and =< 6 > . Then ann, < 6 >=4Z is not a
prime ideal of Z and [H;W] = 6Z is also not a prime ideal of Z.
Remark (2.3): A submodule of a quasi-small prime submodule need not be a quasi-small
prime submodule of a module .
For example: Let H =<2 > be a quasi-small prime submodule of the Z-module Z,, by
remarks and examples (2.2, 3) and K =<8 ><< 2> , K is not a quasi-small prime
submodule of Z,, , since [K; < 6 >] = 4Z which is not a prime ideal of R, where < 6 >«
Zoy.
Corollary (2.4): A direct summand of a quasi-small prime submodule is not a quasi-small
prime submodule .
For example: Let H =< 2 > in the Z-module Z,,. H is a quasi-small prime submodule of Z,,
and H =< 6 > @ < 8 >, while <8 > is not a quasi-small prime submodule of H, since
[< 8 >,< 6 >] = 4Z is not a prime ideal of R, where < 6 >« Z,,.
Corollary (2.5): If K € H are submodules of W and H is a quasi-small prime of W, then it is
not necessary that K is a quasi-small prime in H.
For example: Let K=< 8 > and H =< 2 > in the Z-module Z,,. H is a quasi-small prime
submodule in Z,,, but K is not a quasi-small prime submodule in H, since [K; < 6 >] isnot a
prime ideal of R , where < 6 >« H.
Proposition (2.6): Let H be a proper submodule of an R-module W. Then H is a quasi-small
prime submodule of W if and only if whenever IJL € H,where I,] are ideals in R and L is a
small submodule of W, this implies that either IL € H or JL € H.
Proof:
(=) Suppose that IJL < H, where I,] are ideals in R and L is a small submodule of W ,with
ILZ H and JL € H. So there exists a,b € L and i € I,j € ] such that ia € Hand jb & H.
Since (a) < L K W, then (a) <« W and (b) < L < W, then (b) < W. But H is a quasi-small
prime submodule of W and ija € H and ia ¢ H, implies that ja € H. Also ijb € H and
jb & H, implies that ib € H. It follows that either IL € H or JL € H.
(<) Assume that abw € H, where a,b € R,w € W with (w) «< W, implies that ab{w) € H,
so either a{w) € H or b(w) < H. Thus, either aw € H or bw € H. Hence H is a quasi-small
prime submodule of .

As direct application of proposition (2.6), we get the following corollaries.
Corollary (2.7): Let H be a proper submodule of an R-module W. Then H is a quasi-small
prime submodule of W if and only if whenever abL < H,where a,b € R and L is a small
submodule of W, it implies that either aL € H or bL € H.
Corollary (2.8): Let H be a proper submodule of an R-module W. Then H is a quasi-small
prime submodule of W if and only if whenever alw € H, where a € R,w € W with (w) <
W and I is an ideal of R, which implies that eitheraw € H or lw € H.
Corollary (2.9): Let H be a proper submodule of an R-module W. Then H is a quasi-small
prime submodule of W if and only if whenever IJw € H, where [,] are ideals in R , and
w € W with (w) «< W, which implies that either Iw € H or Jw € H.
Proposition (2.10): Let W be an R-module and I be an ideal of R such that I € annyW. Let
H be a submodule of W. Then H is a quasi-small prime R-submodule of W if and only if H is
a quasi-small prime R /I-submodule of W.
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Proof: Leta € R/I,w € W with (w) <« W and aw € H. But aw = aw, since I € annzyW .
Hence the result follows easily.

Recall that a proper submodule H of an R-module W is called irreducible if for all
submodules K; and K, of W such that K;, N K, = H, then either K; = H or K, = H, [7].
Proposition (2.11):

If H be an irreducible submodule of a hollow R-module W, then the following statements
are equivalent:

1. H is a small prime submodule.

2. H is a quasi-small prime submodule.

3. H is a small semiprime submodule.

4. H is a semiprime submodule.

Proof:

(1) = (2), by remarks and examples (2.2, (2)).

(2) = (3), by remarks and examples (2.2, (5)).

(3) = (4), itisclear by [3].

(4) = (1), since H is a semiprime submodule, then H is a prime submodule, [8, prop.
1.10,chapter two], implies H is a small prime submodule, [2].

Theorem (2.12): Let H be a proper submodule of an R-module W. Then, the following are
equivalent:

1. H is a quasi-small prime submodule of W.

2. [HzK] is a prime ideal of R for all small submodule K of W where [H;K] = {a € R,aK <
H}.

3. [Hx(bw)] = [Hy(w)] forallw e W ,(w) K W,b € Rand b & [Hy(W)].

Proof:

(1) = (2) Let H be a quasi-small prime submodule of W. Let K < W.Then [Hiz(w)] is a
prime ideal of R for all w € W such that (w) <« W. So [Hi(w)] is a prime ideal for all
w € K. Then [H;K] is a prime ideal of R,[5, lemma(1.2.5)].

(2) = (3). Itis clear that [Hy(w)] € [Hip(bw)]. Let a € [Hiy(bw)] for all b ¢ [Hi(w)] and
w e W,(w) < W. Hence, a(bw) < H. It follows that ab € [H;(w)] which is a prime ideal
by (2). But € [Hy(w)] , so a € [Hx(w)]. Thus, [Hiz(bw)] € [Hiz(w)]. Therefore, [Hr(w)] =
[Hi (bw)].

3)=(1). Letw e W,(w) <« W and a,b € R such that € [Hy(w)] , suppose b & [Hy(w)],
hence by (3), [Hix(bw)] = [Hi(w)]. But € [Hi(bw)] , so a € [Hy(w)] and hence H is a
quasi-small prime submodule.

Proposition (2.13): Let W be an R-module , and H, L are a quasi-small prime submodules.
Then H n L is a quasi-small prime submodule of .

Proof: Let a,b € R,w € W with (w) < W such that abw € HN L, then abw € H and
abw € L. Since both H and L are a quasi-small prime submodules of W, so either aw € H or
bw € H and either aw € L or bw € L . Thus we have eitheraw € HN L or bw € H N L. That
iIs H N L is a quasi-small prime submodule of W.

Proposition (2.14): Let H and K be two submodules of an R-module W such that H is a
quasi-small prime submodule of W and K ¢ H. Then KN H is a quasi-small prime
submodule of K.

Proof: Since K ¢ H,K N H is a proper submodule of K. Let a,b €R and y € K ,(y) K K
such that aby € KN H, so that aby € K and aby € H. But H is a quasi-small prime
submodule of W and (y) < W, so either ay € H or by € H by definition (2.1). Since y € K,
implies that ay € K N H or by € K N H. Hence K N H is a quasi-small prime submodule of
K.
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Proposition (2.15): Let H be a submodule of an R-module W. Then , H is a quasi-small
prime submodule of W if and only if [H;,I] is a quasi-small prime submodule of W for every
ideal I of R.
Proof: Suppose that H is a quasi-small prime submodule of W. Let I be an ideal of let
a,b€R and weW with (w) K W such that abw € [H},I], then Iabw € H. Hence,
iabw € H for all i € I. But H is a quasi-small prime submodule of W, so either iaw € H or
ibw € H for all i € I. Therefore, either aw € [Hj,I] or bw € [H},I], which means that
[H}, 1] is a quasi-small prime submodule of W.

The converse follows by taking I = R and [Hj,R] = H, [9, p.13], [10, p.16]. Thus, H is
a quasi-small prime submodule of W.
Remark (2.16): Let W be an R-module and I be a maximal ideal of R such that IW a proper
submodule of W Then IW is a quasi-small prime submodule of W.
Proof:Since IW is a prime submodule of W, ([8], Coro. (2.6), chapter one), hence IW is a
quasi-small prime submodule of W by remarks and examples (2. 2, (3)).
Proposition (2.17): Let W be a cyclic R-module. If I be a small prime ideal of a ring
R (I # R) with annzgW < I. Then IW is a quasi-small prime submodule of W.
Proof: It is clear that IW = W. Let W = (y) for y € W and let abw € IW, where a,b € R
and w € W such that (w) < W, then w = sy for some s € R, and absy = rhy for some
he€Randr € 1,s0 (abs —rh)y = 0, implies that abs — rh € anngW < I. Hence, abs € I,
since (sy) < W and W is cyclic with anngW < I, then (s) < R, [11]. But I is a small prime
ideal of R, so either a € I or b €1 or s € I. Therefore, either aw € IW or bw € [W or
sy € IW.But € IW , implies that IW = W which is a contradiction. Thus, either aw € IW or
bw € IW and hence IW is a quasi-small prime submodule of W.

Recall that an R- module W is called multiplication if for all submodule H of W, there
exists an ideal I of R such that IW = H . Equivalently, for all submodule H of W,H =
[H: W]W, [10].

Recall that an R- module W is called faithful if anng W = (0), [11].

Proposition (2.18): Let W be a faithful finitely generated multiplication R-module. If I is a
qu§si-small prime ideal of , then IW is a quasi-small prime submodule of W/

Proof: Suppose that abw € IW, where a,b € R , w € W with (w) < W. Then ab{w) € IW.
Since W is a multiplication, this implies that (w) = JW for some ideal / of R. Thus abJW <
IW. But W if a finitely generated, so abJ € I + anngW, [11]. But W is faithful, it follows
that annzy W = (0) hence abJ € I ,and JW « W ,then ] « R. But I is a quasi-small prime
ideal of , then by corollary (2.7) , either aj € I or bj < I, it follows that, either aJW <
IW or bJW < IW. Hence, either aw € IW or bw € IW. Therefore IW is a quasi-small prime
submodule of W.

Proposition (2.19): Let W be a faithful finitely generated multiplication R-module and H be
a proper submodule of W. Then H is a quasi-small prime submodule of W if and only if
[H; W] is a quasi-small prime ideal of R.

Proof: (=) Let a,b,y € Rwith(y) < R and aby € [HyW].Then (aby)W < H. But
(y) < R, implies that (aby) <« R, ([12], prop. 1.1.3) and since W is a faithful finitely
generated multiplication R-module , then yW « W and H is a quasi-small prime submodule
of W, then ayW < H or byW < H. Hence either ay € [HiW] or by € [HyW] and hence
[HiW1] is a quasi-small prime ideal of R.

(&)Leta,b € R, w € W with (w) < W such that abw € H, this implies that ab(w) € H.
Since W be a multiplication, then (w) = IW for some ideal I of R. That is abIW € H, it
follows that abl € [HiyW],and IW < W,thenI «< R.But [HyW]is a quasi-small prime
ideal of R,then by corollary (2.7), either al < [HyW] or bl < [HzW] , it follows that either
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alW < [HyWIW or bIW < [HyW]W. Since W is a multiplication, therefore aw €
H or bw € H. Hence H is a quasi-small prime submodule of W.
Proposition (2.20): Let W be a faithful finitely generated multiplication R-module and H be
a proper submodule of W. Then [HiW] is a quasi-small prime ideal of R if and only if
H = IW for some quasi-small prime ideal I of R.
Proof: (=) Since [HyW] is a quasi-small prime ideal of R and W is a multiplication , then
H = [HyW]W, it follows that H = IW and I = [HzW ] is a quasi-small prime ideal of R.
(<)Suppose that H = IW for some quasi-small prime ideal I of R. But W is a

multiplication, we have H = [HyW|W = IW. Thus, since W is a faithful finitely generated
multiplication, then I = [HxW], [11]. It follows that [HzW] is a quasi-small prime ideal of
R.
Proposition (2.21): Let W be a faithful finitely generated multiplication R-module and H be
a proper submodule of W, the following statements are equivalent:
1.H is a quasi-small prime submodule of .
2.[HixW1 is a quasi-small prime ideal of R.
3.H = IW for some quasi-small prime ideal I of R.
Proof:

(1) & (2), by proposition (2.19).

(2) & (3), by proposition (2.20).
3. More Properties a bout Quasi-Small Prime Submodules.
Recall that an R-module W is called a quasi-small prime modules, if and only if anngH is a
prime ideal of R for all non-zero small submodule H of W, [6]. We know that an R-module
W is a prime (quasi-prime) if and only if (0) is a prime (quasi-prime) submodule of W, [5,
proposition 2.2.1].
Proposition (3.1): A module W is quasi-small prime if and only if (0)is a quasi-small prime
submodule of W.
Proof: (=) Assume that W is a quasi-small prime R-module, then by [6, proposition (2.3)]
anng(w) is a prime ideal of R for all small submodule (w) of W. But anng(w) = [0 x(W)]
for all small submodule (w) of W. Hence (0) is a quasi-small prime submodule of W by
definition (2.1).
(&) Itis clear, so that the details are omitted.
Corollary (3.2): A proper submodule of an R-module W, H is a quasi-small prime
submodule of W if and only if W /H is a quasi-small prime R-module.
Proof : It is clear since this the zero of W/H .
Corollary (3.3): If W is an R-module. Then the following statements are equivalent:
1. W is a quasi-small prime R-module.
2. anng(w) is a prime ideal of R for all non- zero small submodule (w) of W.
3. (0) is a quasi-small prime submodule of W.
Proof:

(1) = (2) Itis clear by[6,proposition 2.1.7].

(2) = (3) Itis clear by definition(2.1).

(3) = (1) By proposition(3.1).
Proposition (3.4): If W is a quasi-small prime R-module, then annglI is a quasi-small prime
submodule of W for every ideal I of R.
Proof: If W is a quasi-small prime R-module, then (0) is a quasi-small prime submodule of
W by proposition (3.1). But [0j,I] = anngl, [10, p.16]. Thus, anngl is a quasi-small prime
submodule of W, by proposition (2.15).
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Proposition (3.5): Let W = W, @W,, where W, and W, be two R-modules. If H = H; ®H,
is a quasi-small prime R-submodule of W, then H;and H, are quasi-small prime R-
submodules of W;and W, ,respectively.

Proof: Let ab{(w,) € H,;, where a,b € R, (w;) K W, then ab{w,)®0 < H,DH,, hence
ab ((w;)®0) < H,®H, ,this implies that ab € [H;(w,)®0]. (w;) K W, then (w;)P0 «
W, [12, Proposition 1.14]. But H is a quasi-small prime R-submodule, so [Hi(w,)®0] is a
prime ideal of R. Thus, a € [Hi{(w,)®0] or € [H;(w,)®0] , and then a({(w;)®0) € H,DH,
or b({w;)®0) € H,®H,, hence (aw;,0) € H{®H, or (bw;,0) € H{®H, , which implies
aw, € Hy or bw; € Hy, S0 a € [Hy (wy)] or b € [Hy (w,)]. Therefore, [H,{(w,)] is a prime
ideal of R and hence H; is a quasi-small prime submodule of I/;.

By similar proof, H, is a quasi-small prime submodule of W,.

Using the mathematical induction, we obtain the following corollary:

Corollary (3.6): Let W = W, &W, & ... ®W,,. Where W, , W, ,... W, are a finite collection
of R-modules. If H = H, ®H, @ ... ®H,, is a quasi-small prime submodule of W, then H,,
H,, ..., H, are quasi-small prime submodules of W, ,W,, ..., W,, , respectively.

Proof : By induction the result follows .

Remark (3.7): Let W = W, &W,, where W, and W, be two R-modules. If H; and H, are
quasi-small prime submodules of W, and W, respectively, then H = H; @H, is not necessary
quasi-small prime submodule.

For example: Consider the Z-module W =Z @©Z and let H = 2Z @3Z,50 by (2.2,(4)), we
have 2Z and 3Zare quasi-small prime submodules of Z. But [H(0)] = 6Z, which is not a
prime ideal of Z, where (0) is the only small submodule of W. Thus, H is not a quasi-small
prime submodule of W.

Proposition (3.8): If H is a quasi-small prime submodule of an R-module W, then H? =
H®H is a quasi-small prime submodule of W2 = W@W.

Proof: Leta,b € Rand w = (wy,w,) € W2 with (w) = (w;)®(w,) K W2, then (w;) K W
and (w,) < W, [12, Proposition 1.14] such that abw € H? . Hence, abw, € H and abw, €
H. It follows that aw,; € H or bw; € H and aw, € H or bw, € H, which implies that either
aw € H? or bw € H?.Therefore, H? is a quasi-small prime R-submodule.

Proposition (3.9): Let W = W; @W, where W;, W, be R-modules. Then

1. H, is a quasi-small prime submodule of Wy, if and only if H,@W, is a quasi-small prime
submodule of W.

2. H, is a quasi-small prime submodule of W,, if and only if W, @®H, is a quasi-small prime
submodule of W.

Proof  (1): (=) Let abe€[H, +W,(w)], where abeRweW with
(w) = (w1)B{(w,) K W, such that w; € W, and w, € W,. Sincew € W, then w; + w, = w.
Thus, ab(w; + w,) € Hi®W, and hence w; + abw, = x + z , for some x € H, and z € W,
This implies that abw; —x = z — abw, € W; N W, = 0, therefore abw; =x € H; and
(wy) < W;,W; is a direct summand of W, then (w;) < W, [4, Lemma 4.2] . But H; is a
quasi-small R-submodule of W;, then either aw, € Hyor bw; € H;. It follows that aw =
a(w; + w,) € HH®W, or = b(w; + w,) € H{®W, . Therefore, H®W, is a quasi-small
prime R-submodule of W.

(e)Leta,b € R,w; € W, with (w,) < W; such that abw; € H,. Sincew; + 0 € W. Thus,
ab(w, + 0) € H{®W, and (w;) <K W, W; is a direct summand of W, then (w, + 0) <K W,
[12, Proposition 1.14]. But H,@W, is a quasi-small prime submodule of W, so either
a(w; +0) € H;®W, or b(w, +0) € H®W,, it follows that aw, € H; or bw; € H; .
Therefore H,is a quasi-small prime submodule of W;.

Proof (2): By similar way we can prove (2).
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