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Abstract

This paper investigates the simultaneous recovery for two time-dependent
coefficients for heat equation under Neumann boundary condition. This problem
is considered under extra conditions of nonlocal type. The main issue with this
problemis the solution unstable to small contamination of noise in the input data.
The Crank-Nicolson finite difference method is utilized to solve the direct
problem whilstthe inverse problem is viewed as nonlinear optimization problem.
The later problem is solved numerically using optimization toolbox from
MATLAB. We found that the numerical results are accurate and stable.

Keywords: Neumann boundary problem; inverse problem; coefficient
identification problem ; nonlinear optimization, heat equation.
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1 Introduction

The field of inverse problems has been existed for a long time. Which concerned with the
problems that can not be solved directly. Due to the wide applications in various fields of
physics, chemistry, engineering and mathematics [1]. Inverse problems attracted many
researchers. For instance, in the case of heat diffusion in melting ice, the boundary of the
ice is in a constant state of motion, and the latent heat is absorbed or given out by the
thermodynamic setting without any modifications in temperature [2]. The theory of
inverse problems has been extensively developed over the last decade, partly due to its
importance and real applications [3].
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Parameters identification problem consist of using the input noise-contaminated observation
or indirect calculation to infer the parameter values characterizing the device under inquiry
[4]. These inverse problems are frequently ill-posed in the view of Hadamard definition,
which is: if there is no solution, or if it is not unique, or whether it contradicts the
continuous dependency on input data. The first two conditions satisfy most identity
concerns and violate the third one, which is stability [5].
Solving an inverse problem is concerned with identifying unknown causes based on
observing their effects. This gives, in complementary form, the corresponding definition
of the corresponding direct problem, the solution of which is to find the effects based ona
complete description of their causes [6]. The inverse problem is much more difficultto
solve analytically than the direct problem. So, we are going to employ the numerical
methods [7]. The numerical solutions to such problems require vast computations and
also reliable numerical scheme [1]. An iterative process for solving the inverse problem
has been proposed by [8, 9, 10].

The simultaneous determination for two timewise heat equation coefficients under the
Neumann boundary condition is investigated in this paper.
The outline of this research is as follows. We give the mathematical formulation of the
inverse problem under investigation in Section 2. The computational method for solving
the forward problem based on the finite-difference method is described in Section 3, while
Section 4 introduces the constrained regularized minimization problem to be solved using
the Isgnonlin MATLAB routine. The numerical results are presented and discussed in
Section 5. Finally, conclusions of the paper are given in Section 6.
2 Mathematical formulation

Consider the 1-D inverse time-dependent heat equation
Ut = r(X, Dux + (X, 1), (x, 1) € Qr, D

where x(x, t) = a(t)x + b(t). a(t), and b(t) are unknown timewise coefficients, the
domain Qr = {(x,t) : 0 < x < h,0 <t < T} subject to the initial condition and
Neumannboundary conditions are ;

u(x, 0) =@ (x), 0<x<h 2

Ux(0,t) = vi(t) ux(h,t) = vo(t),0 <t <T, 3)
and overspecified conditions of the tempreature at (x = 0), and heat moment of zero
order/ energy /mass specification, [11], respectively.

u©,t) = pa(t), te [0, T], (4)

fohu(x, t)dx = p,, te[0,T]. (5)

This model has been investigated theoretically in [12], and no numerical solution is attempt
undertaken. The aim of the paper is to find the numerical solution based on reliable algorithm.
The existence and uniqueness theorems for inverse problem are established in [12].
Definition 1 ([12]). Consider a solution to the inverse problem (1)-(5), the triplet
class (a(t), b(t), u(x, t)) € (HY"?[0, T] x HY"[0, T] xH2*V1+Y/2 ()
where, 0 < y < 1, b(t) > 0, and a(t)h + b(t) > 0, for t € [0, T], that satisfies
equations (1)-(5).
Theorem 1 (Existence of the solution,[12]). Assume the following conditions hold:
1. € H?>*Y [0,h], vi and W € H'*Y/2[0,T],i=1,2 f € H1+V'V/2§T;
2.u'1()—F(0,t) > 0, H'2(t) —fohf(x, t)dx > 0, v, ()—vai(t) =0, fort €[0,T], "' (x) >0
for x € [0, h];
3. H1(0) = ¢(0), H2(0) = fohso(O) dx, v1(0) = ¢’ (0), v2(0) = ¢’ (h).
Then there exist a solution of the problem (1)-(5) where the number t, €
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[0, T] is determined by input data.
Theorem 2 (Uniqueness of the solution,[12]). Suppose that the following conditions hold

W) = £(0,6) > 0,up(t) — [ f(x,0dx >0 v,(6) —v4(6) 2 0,

for te[0,T]. Then the solution of the problem (1)-(5)is unique for x€[0,h] and te [0, T1].
3 Numerical solution of direct problem

In this section, we consider the direct Neumann boundary value problem (1)-(3). Where the
functions a(t), b(t),e(x) and pi(t), i = 1, 2 are known and the solution u(x, t) is to be
computed. In addition for some required information (4)-(5) in order to solve the problem
we employ the Crank-Nicolson finite difference scheme which is unconditionally stable
and second order accurate in time and space [13].

The discrete form of the direct problem is as follows. Take two positive integer M and

N and assume AX = % and At :£ is to be step lengths in space and time
directions ,respectively .We subdivided the domain Qt = {(x,t) :0<x<h,0<t<T
} into M xN subintervals of equally step length. At the node (i, j) we denote u; j:=
u(xi, t).a(t) = a;, b(tj) := b;, and f(X;, t;) := Fij where X; = IAX , tj = JAU, for
i=0,M, J=0,N.

Applying Crank-Nicolson scheme for equation (1) we obtain

—U'- “Yij_ 1 U i —2U; ; +Ui_4;
M= 2 ((@(t41)%i + b(t40)) (22 7 U (X, 1)
Ujtqj—2U4j+Uj—1j

+(a(t)xi+b (1)) (R £ (g, 1), (6)

Uio = @(Xi), 1=0,M,

U_qj— Uy = —Z(Ax)vl(tj),uM_llj —Upt1,j = Z(Ax)vz(tj) J=0,N

where ugj and um+1j for j = 1,N, are fictitious values at points located outside the
computational domain. Equation (6) can be rewritten in the form of difference equation
as follows;

At
-Ai,j+1ui-1,j+1+[1+Bi,,-+1]ui,,-+1 —Ai,j+1Ui+1,j+1: Ai,,-ui-l,,-+[1-Bi,,-]ui,j +Ai1jUi+1,j +?(fiyj+fi,j+1) (9)
For i=0,M, J=0,N —1 where
o At(a]’xi+b]’ N _At(ajxi+b]-)
Aij= 20802 M a2 (10)

At each time step tj+1 for j = 0,N — 1 using the Neumann boundary conditions (8), we
obtain a (M x M) system of linear equations of the form;

AUj+1 = EUj + b, (11)
where
Uis1 = (Upje1, Uzjets oonnr Umjer)" a@nd uj = (Ugj, Uz, ..., umj)", A, and E are (M x
M )matrices as follows:
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A
_1 + B0J+1 _2A0J+1 0 O O O 0
—Ay1 )41 14+ Bij+1 —Arg+ 0 0 8 8
Q _Az']+1 1+ BZ,]+1 _AZ‘,]+1 O :
6 0 0 _AM—1J+1 1+ BM—1,1+1 _ZAM—1,1+1
0 0 0 0 _ZAM,]+1 1+BM,]+1_
[ At 1
_Z(AX) (AOIjvl (t]) + A0,j+1vl(tj+1)) + 7 (fO,j + fO,j+1)
= At
> (uj + fuje)
At
E?(fM—Lj4'fM—1J+1)
At
_Z(AX)(AM,jVZ(tj) + AM,j+1V2 (tj+1)) + 7 (fM,j + fM,j+1)_
b=
A 1-B; Ay 0 0 0 0
) v —1] A, 0 0 0
0 Ay 1—=By A2y s S
(:) 0 O Ap-1y 1=By-1; 24y-1;
0 0 0 e 0 ZAMJ 1_BM,]_

3.1 Example for direct problem
Consider the direct problem (1)—(5) with T =h =1 and

a(®) =b(t) =—— , p(x) =xX*+ 4, vy () = 0,v2(t) = 2,

1+t

W (1) = 4(t+ 1), 1o (1) = +4t,  f(x0)=4-22
The exact solution is given by

u(x,t) = x? + 4(t + 1). (12)
The numerical and exact solution for the temperature u(x, t) at various mesh size M =N
€ {10, 20, 40, 80} are shown in Figure 1. From this figure one can clearly notice thatan
accurate and stable solution are obtained. Also as the number of mesh is increased the
more accurate solution obtained revels the mesh independent is achieved. Table 1, and 2
show the numerical result for desired output for various mesh sizes. From these tables it
can be seen an excellent agreement is obtained. The trapezoidal rule is employed to
compute the integral in 5 based on the following formula,

[ ulat)dx = O+ E+2ENE u(at) | J=0,N (13)
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Figure 1-The exact and the numerical solutions for the direct problem (1)—(5), for
various mesh sizes (@M =N=10(b)M=N=20(c)M =N =40and (d) M =
N = 80 for Example 1. Also, the error graph is included.

Table 1-The exact and numerical value for desired output p(t) at various time node and
mesh sizes .

T 0 0.2 0.4 0.6 0.8 1
N=M=10 1 1.8000 2.6000 3.4000 4.2000 5.0000
N=M=40 1 1.8000 2.6000 3.4000 4.2000 5.0000
N=M=20 1 1.8000 2.6000 3.4000 4.2000 5.0000
N=M=80 1 1.8000 2.6000 3.4000 4.2000 5.0000

Exact 1 1.8000 2.6000 3.4000 4.2000 5

Table 2-The exact and numerical value for desired output p,(t) at various time node and
mesh sizes .

T 0 0.2 0.4 0.6 0.8 1
N=M=10 1.3350 2.1350 2.9350 3.7450 4.5350 5.3350
N=M=40 1.3338 2.1338 2.9337 3.7337 4.5337 5.3337
N=M=20 1.3334 2.1334 2.9334 3.7334 4.5334 5.3334
N=M=80 1.3334 2.1334 2.9334 3.7334 4.5334 5.3334

Exact 1.3333 2.1333 2.9333 3.7333 4.5333 5.3333

4  Solution of the inverse problem

We aim to find the numerically stable reconstructions for inverse problem which is described
in Section 2. The one-dimensional heat equation together with temperature distribution
u(x, t) satisfying the problem is given by equations (1)-(5). At initial time; i.e, at t = 0, we
can use the input data to obtain values for a(0) and b(0) which will be described in next
subsection. These values will be considered as initial guess in iterative process of solving
theinverse problem. In order to solve this problem, we recast the inverse problem as nonlinear
minimization problem. In other word, we minimize the gab between measured data and
computed solution. Since the problem is ill-posed we adapt Tikhonov regularization
method to find stable and smooth solution. The Tikhonov regularization functional can be
constructed from overdetermination conditions (4) and (5) as follows :

h
F(ab):=|u(0.t) ~ua (O +1f, wlx, £)dx — pa®*+Balla®l*+Blb®)IF, (14)
Or ,in discredited form
h
Fab)=X ], (w(0t) 1)) +X]=o(Jf; wlxt)dx —ua(t))*+BiZ o a*+B2 )0 bi® (15)
where, fi >0, i =1, 2, are regularization parameters and should be determined according
to suitable selection strategy. The norm is taken in the space L?[0, T ]. Also, u(x, t) solves (1)-
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(5) for given a and b.
The minimization of the objective functional (15), subject to simple physical bound
constrain b > 0 is accomplished using Isgnonlin routine from MATLAB optimization
toolbox, for more details see [14]. During the simulation, we use the parameters of the
routine Isgnonlin, by default as, follows:

+ Maximum number of iteration (Maxlter) = 10*x (number of variables).

« Maximum number of objective function evaluation (MaxEval) = 10%x (number of

variables).

. Solution tolerance (SolTOL)= 10",

. Obijective function tolerance (FunTOL)= 10"*°.
The inverse problem(1)-(5) is solved subject to both exact and noisy measurements (4)
and (5). The noisy data is numerically simulated by adding random errors as follows:

‘Llil (tj) + 61,]' , j:0,N ) (16)
‘ng (tj) + 62,]' , jZO,N ) (17)

where €;1,and €, are random vectors generated from a Gaussian normal distribution with
mean zero and standard deviations ¢; and o, which are given by

o1 = px max [u(t)]; o2 =p x max [po(t)],  (18)
te[0,T] te[0,T]
where p is the percentage of noise. We use the MATLAB bulletin function normrnd
togenerate the random variables e; = (e1j)andj = 0,N and e, = (e2;),
j =0,N as follows:

€1 =normrnd(0, o1, N), (19)
€2 = normrnd(0, o2, N). (20)
4.1 Initial guess for unknowns a(t) and b(t)

During the iterative process of solving the inverse problem we need initial guess to start
with. These values for a(0), and b(0) can be computed form input data as follows;
Consider the inverse problem (1)-(5) with unknown coefficient a(t), and b(t) evaluate
equation (1) at x = 0, we have:

b()uxx(0,t) = 1 (-~ F(0, 1), (21)

on the other hand, differentiating (5) with respect to time;
0 h
B0 =5 (| uGd),
0
=[ u(x, t)dx),

h
f ((a(t)x + (D)) + f(x, t)) dx,
0
by integrating by parts we get,
wp=a(t) [ X dx + b(t) [ weedx + [ f(x, O)dx,

=a(t)hv, (£)+u(0,t)-u(h,h+b(t)(v2 (¢) — v4(D))+ foh f(x, t)dx, (22)

from last equation we arrive to
a(t)hv,(t) + u(0,t) — u(h,t) + b(t)(vz(t) — vl(t)) = 5 (t) — fohf(x, t)dx, (23) Copsulating equations
(21) and (23) in matrix form

1190



Anwar and Hussein Iragi Journal of Science, 2022, Vol. 63, No. 3, pp: 1184-1199

0 Uy (0, 1) a(t)] [ u1 (t) — £(0, )
hv, () +u(0,8) —u(h,t) v,() — v, (t) b(t) u, (t) — foh f(x, t)dx
Solving the above system we obtain

(t)_u; (O3 D dx+b (D) (V2 (D) —v1 (D)
- hv, () +u(0,t)—u(h,t) ’

ui(©—f(0,0
b(t)_ uxx(0,t)

evaluating the last equations at t =0 using the compatibility conditions we have;

15 (0)— 2 £(x,0)dx+b(0) (¢’ () —’ (0))
ho' () +¢d(0)—d(h) ’
1(0)=1(0,0)
b(0)=t—2 L2200
( ) ¢”(0)

a(0)=

5 Results and discussion

In this section, we present numerical solutions for the recovery of timewise coefficients
a(t), b(t), and the temperature u(y, t), in the case of noisy and exact data (4)-(5). To
assess the accuracy of the numerical solution we utlize the root mean square error (rmse)
which is defined as:

rmse(a):[ﬁz}\lzl anumerical (tj) _ aexact(tj))2]2 (26)
rmse(b)= [52}\;1 pnumerical (t]-) — pexact (ti))Z]Z (27)

In our simulation we fix T =1

5.1 Example for inverse problem

Consider the inverse problem (1)-(5) with the input data in the example of direct problem
except the coefficients a(t) and b(t) are unknown.

One can notice that the conditions of Theorems 1, and 2 are satisfied hence, a solution
exists, and it is unique.

5.2 Case 1: no noise and no regularization

We start the numerical investigation with case of no noise included in the measurements
equations (4) and (5), i.e. p = 0 in the equation (18). We choose various mesh sizes
M =N € {10, 20, 40} in order to test our numerical scheme and algorithm. Figure 2, shows
the objective function (15) as a function of the number of iterations. From Figure 2 one
can clearly observe the speed minimization and convergence to local minimumin no more
than 90 iterations, in the case where M = N = 40 is taken, to reach a very low value of
order O(10°°%). One can notice that if the number of mesh size is increased then thenumber
of iterations required to reach the minimum value is also increased.

The corresponding numerical results for time-dependent coefficients are presented in Figure
3. From Figure 3 we notice that an accurate and stable reconstruction for unknowns are
obtained as the number of mesh size increased shows that the results are mesh independent
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Figure 2- The objective function (15), where no noise included.
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Figure 3- The exact and the numerical solutions for (a) a(t) and (b) b(t) where no
noise and various mesh sizes applied.
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5.3 Case 2: with noise and no regularization

In this case we will study the inversion of the problem where the input data contaminated
with p = 0.1% noise as in equations (18) via (16) and (17) for p; and Ly, respectively.
Figure 4, presents the regularized objective function as a function of the number of
iterations. From Figure 4 it can be seen that unstable and oscillatory retrievals are
obtained. Which indicates that the problem under investigation is ill-posed and small
error in the input data (M1, M2) causes a huge errors in the outputs solutions (a, b).
Commonly, the naive least squares minimizations produce such results for ill-posed
problems.

100 -

1071

1072

Unregularized objective function

1073

1074

100

Number of Iterations
Figure 4-The unregularised objective function (15), where p = 0.1% noise included,

and noregularization applied for Example 1.
4

10 10 10
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3 i T S VY
0o (0.1 0.2 0.3 $0.4 0.5 0.6 0.7 0.8 1/ 0.9 A/ Y 1
\ &

®)
Figure 5- The numerical solutions for (a) a(t) and (b) b(t), where p = 0.1% noise
included, andno regularization applied for Example 1.
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5.4 Case 3: with noise and Tikhonov regularization

Next, to restore the stability and obtain stable and accurate results we have to apply
Tikhonov regularization method by adding penalty term of the form gilal® + SIbl? to the
naive least squares errors functional as it placed in equations (14) and the discrete form in
(15). In the first stage, we select the regularization parameters $; and f, to be equal and
belong to the set {1077, 10°°, 107, 107,107, 102, 10 *}. That means we look diagonally to
the Table 3. From Table 3 one can clearly observe that the best selection for
regularization parameters is 1 = f. = 107°, that the rmse(a), and rmse(b) have the
lowest value. We Justify the selection of this value , if we use the L-curve criterion by
Hansen, [15]. The method is based on a plotting, in a suitable scale, the solution norm
versus the corresponding residual norm

Residual norm= J (0, ) — py ()12 + || [ uCx, dx — pa () ||2 (28)

for all valid regularization parameters. Figure 6 indicates that the so-called corner of
the L-curve gives a regularization parameter which provides an acceptable compromise
between the data gap and regularization terms in the objective functional (14),

10

A —an-T
9.5 L 51_/32_10
9 L
-6
B ,=8,=10
85 1P 2
£
S 5
=2 B ,=6 ,=10
c
i) =
5 -3 =104
% /61_/32_10
w [
! ‘ 3.=3.=10" 3.=8,=107
65 | 2771 2779 —a —10°1
‘ ‘ 8,%3,=10
6
5.5 B
0 0.05 ol 015 |02 025

Residual Norm
Figure 6-L-curve criterion for selection of regularization parameter 51 = f,, where p
= 0.1%noise included, Example 1.

The related numerical results are presented in Figures 7—8. From Figures 7-8 one can
observe that an oscillation free and reasonably accurate reconstructions are obtained. All
other combinations of the pair of regularization parameters (51,52) are listed in Table 3.
Each cell of Table 3 represents the rmse values for numerically obtained solutions of a(t),
and b(t) which is calculated by the expression (27) and (26), respectively.

1196



Anwar and Hussein Iragi Journal of Science, 2022, Vol. 63, No. 3, pp: 1184-1199

5 =3 =102
10t = —=—3,=3,=10
S e
5 ] —e—3,=8,=
S A 4 =a =107
109 = —v—3,=3,=10
=
©
(5]
101 8
_2 E \“
10 =1
> o o
(]
o
103
0 5 10 15 20 25

Figure 7-The regularised objective function (15), where p = 0.1% noise included, and
regular-ization applied for Example 1.
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Figure 8-The exact and the numerical solutions for (a) a(t) and (b) b(t) where p =
0.1% noiseincluded, and no regularization applied for Example 1.
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Table 3-The rmse values for recovered coefficients a and b, for Example 1 with p =
0.1% noise

» 107 | 106 | 105 | 1074 1073 102 | 1071
S rmse(b) | 0.3472 | 03272 | 04770 | 04727 | 05181 | 0.6449 | 0.7127
10 rmse(a) | 1.0798 | 0.8830 | 0.6438 | 02243 | 02274 | 05585 | 0.6831
6 rmse(b) | 0.3948 | 0.3231 | 0.4737 | 0.4650 | 05103 | 0.6374 | 0.7074
10 rmse(a) | 11419 | 08838 | 0.6431 | 02244 | 02273 | 05585 | 0.6830
. rmse(b) | 04101 | 03736 | 04211 | 0.3617 | 03495 | 0.3047 | 0.4465
10 rmse(a) | 1.2403 | 1.0287 | 0.6289 | 02227 | 0.2262 | 05564 | 0.6830
4 rmse(b) | 0.2496 | 02391 | 02204 | 01907 | 01979 | 03047 | 0.3616
10 rmse(a) | 1.3478 | 09793 | 04791 | 02022 | 02166 | 05546 | 0.6825
5 rmse(b) | 0.0941 | 0.0923 | 00884 | 00791 | 0.0849 | 0.2470 | 03273
10 rmse(a) | 1.2278 | 0.8884 | 04199 | 02010 | 0.1368 | 05204 | 0.6778
S rmse(b) | 02217 | 02199 | 0.2187 | 0.2107 | 01497 | 01234 | 0.2942
10 rmse(a) | 09485 | 1.0048 | 0.7112 | 05748 | 03453 | 02676 | 0.6335
1 rmse(b) | 05478 | 04609 | 0.4587 | 0.4542 | 04249 | 02605 | 0.1512
10 rmse(a) | 14976 | 15127 | 14737 | 1.3997 | 1.2383 | 05935 | 0.3356

6 Conclusions

An inverse problem finding a couple of timewise coefficients has been investigated
numerically under over specified Dirichlet boundary data and energy/mass specification
for one- dimensional heat equation. The forward (direct) solver based on a Crank-
Nicolson finite difference scheme has been developed. Minimization of the nonlinear least-
squares functional is applied in order to render accurate solutions. This problem solved
iteratively using trust-region algorithm which encapsulated in Isgnonlin routine from
MATLAB. This problem has been investigated under exact/noisy data and with/without
regularization. The L-curve method is used to determine the optimal choice of
regularization parameter. The numerically obtained results is shown that an stable, and
oscillation free retrievals are obtained.
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