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Abstract

In this paper, the solutions to class of robust non-linear semi-explicit descriptor
control systems with matching condition via optimal control strategy are obtained.
The optimal control strategy has been introduced and developed in the sense that,
the optimal control solution is robust solution to the given non-linear uncertain
semi-explicit descriptor control system. The necessary mathematical proofs and
remarks as well as discussions are also discussed. The present approach is
illustrated step-by-step by application example to show its effectiveness and
efficiency to compensate the structure uncertainty in the given semi-explicit
(descriptor) control system.

Keywords: Descriptor Systems, Matching condition, Robust Control Problem,
Optimal Control Problem, Uncertainty.
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1. Introduction
A descriptor control system can be represented by differential and algebraic equations

which is a generalized representation of the state-space system. The application of these
systems can be found in electrical circuits, robots, etc. [1]. These systems are also referred to
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as singular systems, implicit systems, generalized state-space systems, semi-state systems,
and differential-algebraic systems [2].

The solvability of linear descriptor systems may be found in [3], [4], [5], while nonlinear
descriptor systems is discussed in [6], [7], [8] and one can also see [1]. Furthermore, Stability
of linear and non-linear descriptor systems are studied in [9], [2], [10], [11], [12], [13]. The
descriptor control uncertain system should preserve various system properties under some
structure system (uncertainty) perturbation. The robustness may be defined to be insensitivity
of system property due to inherent system uncertainty. The fact is that in many practical
phenomena some parameters of system are not exactly known and there is only some
information on the intervals to which they belong. Therefore, studying the robustness of such
systems is an important field.

Recently, much attention has been given to the design of controllers, so that properties
of a system are preserved under various classes of uncertainties that appear in the system.
Such controllers are called robust controllers, and the resulting system is said to be robust
control system. If the uncertainties are lying in the range of the input matrix (operator), they
are called matched condition uncertainties. For state- space system and some class of control
problem, matched condition have been discussed in [14]. If this condition is not satisfied, a
decomposition approach may be used [15] and [16].

Due to the difficulty in solving general robust descriptor systems see [17], in this
paper, robust control problem (r. c. p) is translated into a specific (equivalent) optimal
control problem (0. c. p.). The solution of (0. c. p.) is then a solution to the robust descriptor
control problem based on the nominal system structure and the types of uncertainties.
Descriptor systems, like other systems may contain many types of uncertainties. These
uncertainties can be classified as with or without matching condition. The sterilizability and
solvability of robust controller design semi explicit differential — algebraic control problems
have presented and developed in [18]. The theoretical optimal control approach to solve
some uncertain control system in state space form have been presented in [19]. The
generalization of the work in [19] from state space approach to include a larger classes of
descriptor systems (differential-algebraic control systems) with uncertainty of index one,
have been discussed in [20].

In this paper, robust control with matching condition has been developed which is a
generalization of the previous result [20]. In [20], the solution of the robust non-linear semi
explicit descriptor uncertain system with matching condition is obtained. The algebraic
constraints ate of linear type with rank deficient assumption. The optimal control approach to
this differential algebraic system is applied in the sense that the optimal control solution is the
robust controller to the original differential — algebraic uncertain system. This paper
generalizes the work in [20] to include a large class of nonlinear uncertain differential -
algebraic equation. The algebraic equation is completely nonlinear system of index one
property. The implicit function theorem has been used to reduce the system into an equivalent
state space uncertain nonlinear system. The theoretical and numerical results are also
developed to cover the solvability and global asymptotic sterilizability of the given uncertain
control problems with illustration.

2. Problem Formulation

Consider a descriptor control nonlinear system described by the semi-explicit form:

%1 = F(xy,x5,0) + G(x1, x)u (1a)
0 = F;(x1,%2) (1b)

Where x = (x1,x,) € R" , x; € R™, x, € R"2 , u € R". Suppose that
F(xy, x5, u) = F(xq, x3) + G(xq, x3) f (1, x2) + G (1, x2) h(w) (2)

Which leads
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X1 = F(xq,x3) + G (g, x)u + G (xq, %2) f (%1, x2) + G (x4, x2) h(w) (3a)

0 = F1(x1,%2) (3b)

Where F(x;,x,) € C1(D X R"2; R™), G(x1,x,) € C1(D X R"2; R™) and  F;(xy,x,) €

C'(D x R"™2; R™) and D < R™ which is an open set, which represents the known
functions of the system ,system (3), they are continuous. Suppose that:

F,(0,0)=0 (4)

Note that f: R™ — R", and h: R" — R" represent the uncertainties of the system (3). The
following bounds in norm for the uncertainties are assumed as follows:

1
”f(x) ”}2? = ;fnzlax(x) (5)
1RG0 17 < 2= Rnax (1) (6)
Where p and p; > 1 are positive constant real numbers with p = %. And for some R is
=

symmetric positive definite matrix, f,q.(x) and h,,.,(x) are positive continuous known
functions such that f(0,0) = 0,and h(0) = 0. The following assumptions are assumed to
be satisfied.

Assumption A. There exists an open set O, c D such that for all £, € O, , F,(%,%,) =0
is solvable for x,. Define the solution manifold set as follows:

Q= {xl €0, ,x, € R™2| F,(x1,x,) = O}
One can also assume that the Jacobian matrix of (3b) with respect to x;, , i.e., Fy, (X1, %;) =
0 is nonsingular for (%;,%,) € Q. That means the rank of Fy.x, is assumed to be constant and
full on Q.
On using the implicit function theorem, the assumption tells us that for every point £, € Q,
there exist a neighborhood Og, of X; and a corresp-ondding neighborhood O, of %, s. t.
for all point x; € Og, 4, A unique solution x, € Og, exists where:

Xy = Qg (x1) (7)
The subscript x;is included to clarify that the implicit theorem is only local. Define
Q={x; €Qy,x; € R™| Fi(x1,x,) =0} (8)

on which the implicit function solving F; (x4, x,) = 0, is denoted
X, = @(x1), Vxq € Qy )

Remarks 2.1

1. Assumption A, will help to reduce the system (3) into its equivalent state-space system.
For x; € Q,, (3a) and (3b), can be rewritten as
%1 = F(x1, @(x1)) + G (x1, () (u + f (o1, 0 (x1)) + h(w)) (10)
2. Unlike the ODE, the consistent initial conditions should be chosen such that:
Fi(%1,0,%20) = 0,08 X0 = @(x1,0), VX1 € Qy.
3. The nominal system of (3) can be redefined as :
%1 = F(xy, @(x1)) + G(x1, () )u,  x,(0) = x19 € Qy (12)
Which depends only on the known parts of the system (10).
4. The system “Eq. (10)”, is called closed loop system if u = u(x;) and has the form
X = F(xy, @(x1)) + G (x4, (P(x1))(li + f(xp (P(x1)) + h(ﬂ)) (12)
And this is concerned to be the main part of robust control theory, i.e., robust control problem
is to find a feedback control law u = u(x;) so that of the system (12), is globally
asymptotically stable (g. a. s).
3. Robust descriptor control problem
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Consider there is a feedback control law u = u(x;, x,) such that the critical point
(x1,x2) = (0,0) of (12)

X1 = F(xq,x3) + G(xq, x)1 + G (1, %2) f (%1, %2) + G (x4, x2) (1) (13a)

0="F(x1,%),Vx; €Q, (13b)

is (9. a. s) for all admissible perturbations f(x;, x,) , h(u(x1, x3) )). Then the system (13), is
called robust control system.

From Assumption A, and the discussions of remakes (2.1), the aim is then to find a
feedback control law u = u(x;) such that x; = 0,forx; € Q, and x, = @(x;), of the
system (12)

X1 = F(xq, @(x1)) + G(xq, ‘P(x1))(ll + f(xp ‘P(x1)) + h(li(xﬂ)) (14)
x1(0) = X109 € Qy
X; = F(xq, @(x1)) + G(x4, ‘P(x1))(ll + f(xp (P(x1)) + h(.“(xl)))
with
x1(0) = x50 € Qy (14)
is (9. a. s.) for all admissible perturbations f(xl, (p(xl)) , h(u(xy)) .
To solve problem (14), the following strategy is suggested.
4. Optimal control equivalent problem

Now, the robust control problem Eg. (10) can be put in the equivalent quadratic
optimal control problem for all x; € Q, , the nominal system will be

% = F(xq, (x1)) + G(xp (p(xl))u, x1(0) = x19 € Qy (153)

x; = @(x1) (15b)
The considered class of performance index is
J = [ LG, @), u)dt (16)

With x, = @(x;) and
L(xy, @(x1),u) = fwzlax (x1: (P(x1)) + x{Q1x1 +u"Ru + hrznax (xp (P(x1)) (17)
The optimal control problem then defined as follows: Finding the optimal control u € A the
set of all admissible controllers, such that
V( Xl(O)) = minu(.)eA] = minu(.)eA fO L(Xl, (P(Xl),U)dt (18)
subject to the dynamics Eqg. (15), and the boundary conditions
x1(0) = X109 € Qy
tlim x,(t) =0

The minimization is done with respect to all u € A the set of all admissible controllers

and f,2,, (x) is the upper bound of f(x) and h2,,, (x) is the upper bound of h(w).

Lemma 4.1
Consider there is a positive definite continuously differentiable function V(x;) and
V(x,) = meL(xl,cp(xl),u)dt, where L(xq, @(x;),u) is a positive semi-definite in x; and
positive definite in u and x, = @(x;), for each x; € Q, . Then the necessary condition for
optimality is that V(x;) must satisfies the Hamilton-Jacobi-Bellman (HJB) equation
0= minueA[L(xl, @(x1),u) + VxT1 (F(xp @(x1)) + G(xp (p(xl))u)] (19)

av
Where 1, = T

Proof: The proof is similar to that presented in [15] for descriptor system, which is the
generalization of state-space approach in [21].

The first-order necessary condition for optimality of (19) yields the set of equations
0=L,+ V.G
0=L+V/ (F+Gu
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X = @(x1)
where the quantities in the right-hand sides are evaluated at (x;, @(x;),u). Since x, = @(x;)
is the unique solution of (1b), it is also possible to write these equations according to

0=L,+ VG (20a)
0=L+V/ (F+Gu (20b)
0 = Fi(xq,x3) (20c)

Theorem 4.2 (Equivalency theorem)
Consider the robust control problem as discussed in (3)

Xy = F(xq,x2) + G(x1, x2)u + G(x1, x3) f (x4, X2) + G(x1, %) h(u) (219)
0 = Fl(xl,xz) (Zlb)
Where x; e R™, x, e R"2 ,u € R",u € R",
F(xy,x,) € CY(D x R™; R™), G(xq,x,) € CH(D x R"2; R*™") and Fi(x1,x,) €

C1(D x R™2; R™), D c R™ is an open set, which represents the known continuous
functions of the system (21). Suppose that:

F;(0,0) =0 (22)
Note that f: R®™ — R", and h: R"™ — R" which represent the uncertainties of the system
(21), with

IF GO I < 5 frax () (232)

1h@) 117 < o Bhax () (23)
P1
p1—-1
R > 0 is symmetric positive definite matriX, f,q,(x) and h,,,,(x) are positive continuous
known functionsand f(0) =0, h(0) =0,h(0) =0, and f,,,4,(0) = 0.
The optimal control problem becomes

V(xl(O)) = mingep fo (fnzlax(x) + x{lel +u"Ru + hrznax (x))dt (24q)
subject to the dynamics

% = F(xy, @(x1)) + G(Xp (p(xl))u, x1(0) = x19 € Q, (24b)

Where the matrix Q; = 0.
Then, the solution of the o. c. p. of system (24), is the solution of the robust control problem
(22).
proof

Where the matrix

Where p and p; > 1 are positive constant real numbers with p =

From assumption A, equation (21) is equivalent to

x; = F(xq, @(x1)) + G(x4, (P(xl))(u + f(xl' (P(xl)) + h(u)) (25)
For all x; € Q,. Set:

ty
V(xy) = TEIEJ (fﬂzlax (21, @(x1)) + x1TQ1X1 +u"Ru + hrznax (x1, (p(xl)))dt
to

For all x; € Q, and u(0) =0,u € A to be the minimum cost of bringing the system
(24),where A is the set of all admissible controllers from x;(ty) = x1 o t0 x; = 0, and from
lemma (4.1), V(x;) must satisfy Hamiltonian-Jacobean- Bellman equation ( H-J-B)

0= minueA[L(xl, @(x1),u) + VxT1 (F(xl» @(x1)) + G(xp (p(xl))u)] (26)
Now if u = u(x;) is the solution of the optimal control problem (24), then
frrzlax(x) + x{lel + UTRU + hrznax (x) + VxT; (F+Gu)=0 (27a)
2U"R+ VG =0 (27b)
Fi(x1,x) =0 (27¢)

Forall x; € Q,.
Now, we will show that u = u(x;) of (27) is the solution of the robust control problem (25),
i.e., x; = 0 0f (25), is g.a.s. for all admissible uncertainty f(x) and h(u(x;)).
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To do so, we finally show that V(x,) is a Lyapunov function of the system (25).
1. Since u(0) =0, frnax(0) =0, hpe,(0) = 0thenV(0) =0,
2. Andsince f;2,,(x) >0, h2,,.(x) > 0,xIQ;x; > 0,u"Ru > 0,
V x = (xq, @(x1)) # (0,0) then V(x;) >0, forall x; # 0.
V(X1) = V;Z;fﬁ
= UL[F + G+ Gf + Gh(w)]
=V [F + Gu] + VL GIf + h(w)]
From (27b), (24), one gets
V(x1) = —[firax(¥) + x{ Qux1 + u" R + hior ()] = 20" R[f + h(w)]
By adding and subtracting the terms pfTRf, p; AT Rh, we get that
V(x1) = —(fhax(®) = pf "RF)—(Mfax (x) — p1h" RR) — x{ Qu2; — u" Ry — 2u" Rf —
2u"Rh — pfTRf — p,hTRA
= ~ (@) = pfTRF) = (hfax () = prh"RR) = x] Quxy = —-u"Ru— "Ry~
W'Rf —uRf" — u"Rh — uRh" — pf"Rf — pth"Rh
= —(finax (%) = pfTRf)—(hiax(x) — p1h"RR) — X1 Q11 — (%HTRH +u'Rf +
URfT + prRf) — (pi,uTRu + u"Rh + uRAT + plhTRh)
1
= _(fn?ax(x) — PfTRf)—(hipax(x) — P1hT71?h) — x{ Q11 —
1 1 1 1
(e or) R(Gu+for) = (G Vo) R(n+ Voin)

= —(finax () = pllf CONIR) - Aoz () = p1llRCOIIR) — Hﬁu +./pf

2

1 2 ’
—u+./pih
Jor ,
From the conditions (5) and (6), we conclude that

IFCONIR <5 frax () = frax () = plIf @IIF = 0 and

lh()]|% < pih,znax(x) = hZ, .. (x) — p1llh(x)||32 = 0 and from properties of the norm that

= llx 113,

2 2
1 1
- > L >
|50+ vor =0 [+ it 20
Therefore, V(x)) < —llx 113, <0

Thus, the condition of asymptotically stable is implemented, and there exists a
neighbourhood N, = {x; € Qy; [lx;llo, < €} for some e > 0. Such that if x,(t) enters N,
then lim_ o llx1(t)|lg, =0 . But x;(t) cannot remains forever outside N, otherwise
|z, (t)[lg, > € forall t > 0, therefore
t ..
V(x1(£)) = V(x1(0)) = fo V(x1(s))ds
t
< = Jy x5, ds
t 2
< —J, €ds
= —€%t
V(x1 () < V(x,(0)) — €%t
Letting — oo , we have V(x;(t)) - —oo which contradicts the fact that V(x,(t)) > 0 for all
x; € Q, . Therefore lim,_,q|lx1(t)|lg, = O.

But x,(t) = @(x,(t)) suchthat x(t) = (x,(t), x,(t)) € Q.
Then
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lim [l (01 = | lim x(0)
= ”hmt—>oo (P(xl(t)) ”; X1 € -Qx
= llo(limi—e X, (), %1 € Qy

= llo(0)l =0 ~
SO lim;_ oo |[x (O] = lim;_ e (21 (t), x2(E))|] = 11(0,0)]] =0. Forall x(t) € Q
6. lllustration
Consider the robust descriptor system
( ) + Bu + Bf (x) + Bh(u) (28a)
X2

O = (X) - (leerx3rx4-) (Z?b() )

(=2 173\, _(0 _(filx

Where A = (1.73 0 ) B = (_1) ,F(x) = (fz(x)>’

f(x) = qux;1sin(x;x3),q; € [-1,1], h(w) = gux, sin(x,u), q, € [-1,1],
) =x2 4+ x5+ (3 + D2+ (ks + 122
fo(x) = x% —x% + (x5 + 1)? — (x, + 1)%; withp = p; = 2, R = 10,
50 10 _
0, = ( 20 1). with eigenvalues o(Q,) = [0.02, 25.08]
Step (1): f(x) = q1x; sin(x;x3),q; € [-1,1], )
If )NIF = 10 gx% sin®(x1x3) < 10x7 = ‘fnzlax(x)

= frnax(X) = 20x7 = x{Mx, where M = (200 8); Similarly,
0 O
h2,q(w) = 20x2 = xTNx, where N = (O 20)

Step (2): Consistent initial condition: The solution manifold is defined as
Q= {(xpxz)T €0, €D =[-11] x [-1,1] € R?,(x3,x,) € R*|(f; (%), f(x) =
(0,0 }

J(xl,xz)T €N, D =[-11]1%x[-1,1], (x3,x,)T € R?| x3 = -1+ ’1 - xf,l

Therefore, the initial condition (xy g, X3 o, X3, X4,0) IS cOnsistent if and only if

X30=—1+ /1 —xZgand x,0=—-1+ /1 — x5, foragiven

(X10,%20) € 0, €D =[-1,1] x [-1,1] € R2.
Step (3): The nominal system will be
X, = AX; + Buwhere X; = (x1,x,)7
Step (4): Check controllability

Q=

(B: AB) = (_;’ _1673)’ Rank(B: AB) = 2, the system is controllable.
Step (5): The optimal control problem which is equivalent to (28), For all (x,x,)T €
Qs we have

min

u() f (xITMx; + xTQ,x; + 10u? + xT Nx,)dt

= fo (xI'(M + N + Q,)x; + 10u?)dt

— fooo (xlT (i(s) 411(.)1) x, + 10u2) dt

Subjectto X; = AX; + Bu.
Step (6):

1687



Zaboon and Jasim Iragi Journal of Science, 2022, Vol. 63, No. 4, pp: 1681-1691

Suppose P = (Z IZ) and solve Riccati Equation

ATP + PA— PBR™'BTP +Q = 0.
(1.(;3 iy G ﬁ) * (17723 1873) (5 ?) (s lc’) (8 (()).1) (5 ?) *
(25 10 )= (0 0)
10 41.1 0 0
On solving this algebraic Riccati equation for a, b, ¢, and d, we have got that:

a=13.7316, b = 17.1366 . ¢ = 31.6848 and P = (113'771331666 éiégig).

The eigenvalues of P are ( 3.3628, 42.0536). Then P is positive definite symmetric
matrix.
Step (7): Setting the optimal control law u = —KX,, where K = R™1BTP,

B (137316 17.1366\ _ ~
K = 0.1(0,—1) ( 17.1366 31.6848)_( 1.7137,-3.1685).

u=—-KX, = u=17137x; + 3.1685x, .
Step (8): The nominal feedback control system for all X; € Q. will be
X, = AX, — BKX, = X, = (A— BK)X,
; -2 1.73 X1 -2 1.73 X1
41 = ( 0.0163 —3.1685) 4= (xz) - ( 0.0163 —3.1685) (Xz)
Stability is being checked by using the eigenvalues of —BK , which
are (—3.1922,—1.9763), therefore the system X; = (A — BK)X; is
stable.

Step (9): The robust feedback system is
X, = (A — BK)X; + B(qqx; sin(xqx3) + qx, sin(1.7137x,x, + 3.1685x,x,)

Xl _ —2 1.73 X1 0 : _ 42
(9@) =( 00163 —3168s) (1) + (Ly) (@uxsin <x1( ! xl))
+ g, sin <(—1 + [1—=x2)(1.7137x; + 3.1685x2)>

This system is stable by using the theorem 1 for all g, q, € [—1,1].
Step (10):

The nominal feedback control system for all x7 = (x;, x5, x3,x4) € Q

is
X1\ _ -2 1.73 X1
(atz) _( 0.0163 —3.1685) (xz)
-2 1.73

(5(3) - Xt 1( X, + X3)

x.) | —x
4 m(0.0163x1 - 3.1685X2)

Step (11):

The robust feedback system  for all  xT = (xy, x5, %x3,%,) €EQ s

X\ _ [ =2 1.73 Xy 0 .
(»‘cz) =( o163 —31685) () * (Ly) @xisinGraxs)
+ q,x, sin(1.7137x,x4 + 3.1685x,x,)
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)

B e (—2x; + 1.73x3)
—| —x
. +21 ((0.0163x; — 3.1685x,) — (q1x sin(xyx3) — gx, sin(1.7137x,x, + 3.1685x,x,))
4

The robust control system solution with different system uncertainty and its
equivalent to optimal control system solution, are shown in the following figures.
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Figure 5-Robust solution represents (x;, x5, X3, X,) , Figure 6- Robust solution represents(x,, X5, X3, X4)
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Figure 7-The robust control represents (xy, x5, X3, x4) With (%19, %20, X3,0, X4.0) = (\/_E’ﬁ’\/_i -15- 1) € q,

q1 = 0.5 , 42 = 0.5

Figures 1 and Figure 4 show the robust and optimal solution with consistent initial
conditions where the uncertain parameters are in the given range [-1,1]. While figure-2 and
Figure 5 have shown the divergence of the solutions when the initial conditions are selected
out of consistent set range. Out the range of the uncertain parameters, the solution will also
no longer converges as on can see this fact form Figure-6. Figure 7 represents the smoothness
and convergence the robust control within the class of consistent initial conditions and
uncertain parameters.

7. Conclusions

The optimal control approach for solving nonlinear uncertain differential-algebraic system
have been modified to solve some classes of uncertain control system when the perturbed
nonlinear functions satisfy some matching conditions. This approach will help to solve large
classes of problems without caring on the nature of system uncertainty. The only requirement
is a good understanding of a linear —quadratic optimal control problems and application of
implicit function theorems to reduce the differential-algebraic uncertain control systems into
its standard control systems. This approach not only helps for solving the given problem, but
also it helps to design a globally asymptotically stabilizing optimal (robust) controller which
is very important in the real-life applications.
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