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Abstract

The goal of this research is to introduce the concepts of Large-coessential
submodule and Large-coclosed submodule, for which some properties are also
considered. Let M be an R-module and K, N are submodules of M such that

K <N <M, then K is said to be Large-coessential submodule, if %«L % A

submodule N of M is called Large-coclosed submodule, if K is Large-coessential
submodule of N in M, for some submodule K of N, implies that K = N.
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1. Introduction
Throughout this paper, R will be a commutative ring with identity. A proper submodule N
of an R-module M is called small (N « M), if for any submodule K of M such that N +
K = M, implies that K = M [1]. A proper submodule N of an R-module M is called Large
(essential) submodule in M, (N <, M), if for every non zero submodule Kof M\, NN K # 0
[1]. A submodule N of M is called closed in M if it has no proper essential extension in M [2].

For K < N < M, K is called coessential submodule of Nin M (K <., N) if % 1 % , and K

is said to be coclosed in M denoted by( K <.. M), if K has no proper coessential submodule
in M [2,3]. In an earlier study [4], the concept of Large-small submodule was introduced,
such that a proper submodule N of M s called Large-small ( L-small ) submodule of M,
denoted by (N «<; M ). If N + K = M, where K < M , then K is an essential submodule
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of M (K<, M). Itis clear that every small submodule of M is L-small submodule of M, but
the converse is not true. Many authors have been interested in studying different
generalizations of coessential and coclosed submodules [5-8]. In this paper, we introduce the

concept of Large-coessential submodule as a generalization of coessential submodule, such
M

that a submodule K of an R-module M is said to be Large-coessential submodule, if% K 2
where K < N < M. In section one, we give many properties of this kind of submodule. In
section two, we introduce the concept of Large-coclosed submodule, as a
generalization of coclosed submodule, such that a submodule N of an R-module M is called
Large-coclosed submodule, if K is Large-coessential submodule of N in M, for some
submodule K of N, implies that K = N. Also, we give some basic properties of this kind of
submodules. We give, in Lemma(1.1), some properties of Large-small (L-small) submodule
of M, that were introduced earlier [4] and are needed in this paper.

Lemma 1.1[4]: 1- Let f:M — M" be an epimorphism where M and M" is an R-modules,
suchthat N «;, M", then f~1(N) <, M.

2- Let M be an R-module and K, N are submodules of M where K is closed in M, such that
K<N<M IfN< Mthen K<, M and ~ <= .

3- Let M be an R-module and K, K, are submodules of M, then K; «; M and K, <, M if
andonly if K;® K, «; M.

4- Let M be an R-module and K, N, and U are submodules of M, suchthat K < N < U <
M and K, N are closed submodules in M. Then, % <<L% if and only if % <<L% and
I

Now, we prove the following Lemma that we used in this paper.

Lemma 1.2: Let M be an R-module and K, N are submodules of M such that K < N <

M.If =<« = then N<, M.
Proof: Let m: M — % be a natural epimorphism and since % < % , then by Lemma(1.1), we
get N = n‘l(g) &, M, hence N <, M.
2. Large-Coessential submodule

In t_his section we introduce the concept of Large- coessential submodule and many of its
properties.

Definition 2.1: Let M be an R-module and K , N are submodules of M such that K < N < M,

then K is called Large-coessential ( L-coessential) submodule of N in M (K <, .. N )

if Y, X

K K

Remarks and Examples 2.2

1- Every coessential submodule is L-coessential submodule.

Proof: Let K be a coessential submodule of M and K < N such that % < % then by [4],

% < % and hence K is L-coessential submodule.
2- The converse of (1) is not true, as in the following example: In Z as Z-module, {0} is L-

coessential submodule of 2Z in Z, since % =27 K {% = 7. But 2Z is not small in Z by
[4] , so {0} is not coessential submodule of 2Z .

3- In Z, as Z-module, {0} is L-coessential submodule of {0,2} in Z,, since % =
0,2} «,, {%‘} = 7, and since {0,2}+ Z, = Z, and Z, is essential in Z,.

4- In Z as Z-module, 4Z is L-coessential submodule of 2Z in Z, since % ={0,2} «, é =

Z, by (3).
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5- In Z¢ as Z-module, {0} is not L-coessential submodule of {0,3} in Z, , since {0{ }3}

{0,3} and @ = Z, and hence {0, 3} is not L-small in Z, by [4].

6- In Zg as Z-module, {0,4} is L-coessential submodule of {0,
4,

B2t = (0,8) <, 555 = (0,248}, since {0,8+(02,

{0,2,4,6 }isessential in {0, 2,4,6 }.

7- Let M be an R-module and K, N are submodules of M such that K <N < M. If

semisimple module, then K is coessential submodule of N in M if and only if K i

coessential submodule of Nin M .

Proposition 2.3: Let M be an R-module and N be a submodule of M, then N «; M if and

onlyif {0} <;ce NinM.

Proof:(=) Suppose that N «; M, hence by Lemma(1.1), we have H«L {IZ} SO

{0} <;ce N inM.

(&) Let { 0} <Lce N inMand let N+ K = M, where K is submodule of M, so % =7
K

hence —+ — = Also, since {01} < N in M, then K S0 —
{0} {0} {0} {0} <ice L{O} (0}

hence K <, M andthen N «; M .

Theorem 2.4: Let M be an R-module and K, N, U are submodules of M such that K < N <
U<M and K is closed in M, then K <; .. U in M if and only if U + N = M, implies that
N <, M.

Proof: (=) Let K <; .. U in M and %+ %= —. Since — <<L , hence by Lemma(1.2), we
have U &, M andU + N =M,s0 N <, M.

(=)Let U+ N =M, so E+ ﬂ = % Since N <, M and K is closed in M, then we have

—< —[2] hence —<<L— andweget K <; .. U inM.

Proposmon 2.5: Let M be an R-module and K , N, and U are submodules of M such

that K< N<U<M,then N<; ..U |nM|fandonIy|f <Lce% in 2

2,4
6} =
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Proof: (=) Suppose that N <; .. U in M, hence 2 ~ <L —. Since ¥ K and NS VK
the Third isomorphism Theorem, then /K K = M/K and hence — <L ce ZinZ
N/K N/K K K

N U . M U/K M/K .
(<) Supppose that 2 Steey N — hence N/K K — N/K and by using the Third
. . U __U/K M/K M u M .
isomorphism Theorem, we get ¥ Nk L — KW hence 2 ~ <L then N <; .. U in M.

Proposition 2.6: Let M be an R-module and K , N, and U are submodules of M, such
that K < N<U<M and K, N are closed in M, then K <;. U in M if and only if
K<;ceNinMandN <; .. U in M.

Proof' (:>) Suppose that K <; .. U in M, then g < <L ¥ and by Lemma(1.1), we have
— <<L E and < <<L , hence K <; .. N inMand N <Lce U in M.

(<=) Supppose that K Stce N inMand N <, . U in M, hence — <<L% and % 9 % and
by Lemma(l.1), we get the result.

Proposition 2.7: Let M be an R-module and K, N, U, and H are submodules of M, such
that K < N<U<H<MandK+UisclosedinM. IfK <; .., N inMandU <, .. H inM,
thenK +U <; .. N+ HIin M.
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Proof: Suppose that K <; .., N inMand U <; .. H in M, hence % < % and % < % Thus
we have N «; M and H «; M by Lemma(1.2), hence N + H «<; M and K + U is closed in
M. Thus we have, % < % by Lemma(l1.1), hence K+ U <, .. N+ H in M.

Corollary 2.8: Let M be an R-module and K, N, and U are submodules of M such that K <
N<SU<SMUWK<;.,NinMthenK+U<,.,N+UinM.

Proof: Let U < M, since U <, .. U in Mand K <; ., N in M, then by proposition(2.7), we
get K+U <, .. N+UinM.

Proposition 2.9: Let M be an R-module and K , N, and U are submodules of M, such
that K< N<U<M and K is closed in M. If K<;,., N in M and U «; M, then

K<;c N EB U.
Proof: Let — Z be a submodule of = such that M + - = % Hence, % + % +% = % , SO we
get N + U + H M. Since U <, M then N + H <e M and since K is closed in M, hence

N;H <e K by [ 2]. Also, since K <; . N in M , then ﬁ<<L % hence we get %+%=

U;—H< — Therefore (—)n(M ) Se ¢ 2 by [1] hence w se% and then
w <. 2 Hence, we get - M SO &9” <<L hence K <, .. ND U .

Proposition 2 10: Let M be an R-module and K, N and U are submodules of M such
that K <N <U < M and K is closed in M. If N=K+UandU<<LM,thenKsL,CeNin
M.

Proof: Let % be a submodule of % such that %+ % =% , hence N + H = M. Also, since
N=K+UsoM=N+H=(K+U)+H=U+H,hence M =U + H.Since U «;, M, we
get H <, M and K is closed in M, then% <e %by [2], hence% <, % SOK <;ce NInNM.

Proposition 2.11: Let f:M — N be an epimorphism where M and N are R-modules. If
K <pc Uin N such that f~1(K) is closed in M then f~1(K) <_ce f71(U) in M.

) H M

. — -1
Proof: Let —— 1( ) be a submodule of ( 5 such that e W)+
H =M and hence U +f(H) =N, S0 E f(;) N. Also, since K <; ., U in N, then%«L%

and hence % <e —, then f(H) <., N. Thus, H = f~Y(f(H)) <, M. Since f~1(K) is

. H M (%)) M
I in M, then < 2 nd hen
closed , the o e i by [2], so = < = and hence

fTHE) Spee fTHU) IN M.

Proposition 2.12: Let M be an R-module and K , N, and U are submodules of M, then the
followings are equivalent:

1-f K<, .. K+N,thenKNN <; .. N.

2-1f K<, .., NandV < M,thenKNnV <; .. NNnV.

3-IFK<;.e NandW <, .. U, thenKnW <, .. NNnU.

Proof: (1)=(2) Let K<, ., N and V<M. Since K+ (NnV)<N, then by
proposition(2.6), we get K<, .. K+((NnNnV) in M. Hence from (1), KN (NN
VN <ice NOVINM,sOKNV <, .. NNV

(2)=> (3) Let K<, e N in M and W < M, hence from (2),KNnW <,.. NnW. Also,
W <. Uand N <M, hence from(2), NNnW <; .. N n U, then by proposition(2.6), we get
KNW<,..NnU.

3)= () Let K<, .. K+N. Since N <, .. N, then from (3) we get KN N <; ., (K +
N)n N and hence, KNN <; .. N .
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3. Large-Coclosed submodule
In this section we introduce the concept of Large-coclosed submodule and some of its

properties.
Definition 3.1: Let M be an R-module and N be a submodule of M, then N is called Large-
coclosed (L-coclosed) submodule of M (N <, . M) if K <; .. N in M for some submodule
K of N, implies that K = N. Equivalently, N is called Large-coclosed (L-coclosed) submodule
of M, if N has no proper L-coessential submodule of M.

Let N, K be submodules of M such that N < K < M, then N is called Large-coclosure
(L-coclosure) submodule of Kin M, if N <; .. KinMand N <, .. M.
Remarks and Examples 3.2
1- Every L-coclosed submodule is coclosed submodule.

Proof: Let N be L-coclosed submodule of M and K < N, such that %« % Hence by [4],

%«L % SO K <, .. N in M. Since N is L-coclosed of M, then K = N and hence N is

coclosed submodule.
2- The converse of (1) is not true, as in the following example: In Z, as Z-module: {0, 2, 4} is

coclosed submodule of Z, , since {0} is the only submodule of {0, 2, 4 }, such that {O{f);'}

{0,2,4}, ] _Z6, and {0,2,4 } is not small in Z, . Also, {0} # {0,2,4}, but {0, 2,4 }is not

L-coclosed, since {0,2,4 } is L-small in Z,, but {0} # {0,2,4 }.

3- In Z, as Z-module: {0, 3} is L-coclosed of Z, since {0} is not L-coessential submodule of
{0,3}, by (2.2),and {0} = {0,3}.

4- In Z, as Z-module: {0,2} is not L-coclosed of Z,, since {0} <, {0,2} by (2.2), but
{0} #{0,2}.

5- In Zg as Z-module: {0,2,4,6} in not L-coclosed of Zg, since {0,4} <, ..{0,2,4,6} by
(2.2), but {0, 4} #{0,2,4,6 } .

6- In Z as Z-module: 2Z is not L-coclosed of Z, since 4Z <; ., 2Z by (2.2), but 4Z + 2Z .

7- Let M be an R-module and K, N are submodules of M such that K <N < M. If % is

semisimple module, then N is coclosed submodule of M if and only if N is L-coclosed
submodule .

Proposition 3.3: Let M be an R-module and K U, and N are submodules of M such that
M

U<K<N<MthenN<Lch |fandonly|f SLcc g
Proof:(=) let U < U and — m SL_CQ% in 2 5+ S0 by proposition(2.5) we get K <; .. N in M.

Since N <; . M, then K = N and hence 5 = %

(e)Let K <. NinM,so by proposmon(z 5) we get t X< Stce |n— Slnce LCC , then

U
g = Eand hence K = N.
Proposition 3.4: Let M be an R-module and N be a nonzero submodule of M, then either
N <, MorN <, .. M, but not both.
Proof: Suppose that N be a nonzero submodule of M and let N be not L-coclosed submodule.

Then, there exists a proper submodule K of N such that K <; .. N, hence % ¢} % and by
Lemma(1.2), we get N «<; M. Now if N <LCC M and by supposing that N «; M, let

{0} < N such that {0} <, .. N, so @ <<L — SlnceN <,cc M, then {0} = N, but this is a
contradiction, hence N is not L-small in M.

Lemma 3.5: Let M be an R-module and U, K, and N are submodules of M suchthat U < K <

K N N M K M
N<M.If g <<LG and 0 < E,thena < T
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Proof: Let % be a submodule of %such that % + % = % Hence K+ H=M,soN + H = M,
hence = + = = Z Since X <, Y thenL <c ¥ and hence £ K, iy

u u u U U U U U U
Proposition 3.6: Let M be an R-module and U, K, and N are submodules of M such that

USKSNSM K<, Mand T < 3 thenK <, N.

Proof: Let U <, .. K in N, hence % < % Since % <<L% then by Lemma(3.5), we get
% <, % hence U <; .. K in M. Also, since K <; .. M,thenU =K,s0 K <; .. N.
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