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Abstract

The purpose of this research paper is to present the second-order homogeneous
complex differential equation f” + H(z)f = 0, where #(z) = eP®, which is
defined on the certain complex domain depends on solution behavior. In order to
demonstrate the relationship between the solution of the second-order of the
complex differential equation and its coefficient of function, by studying the
solution in certain cases: a meromorphic function, a coefficient of function, and if
the solution is considered to be a transformation with another complex solution. In
addition, the solution has been provided as a power series with some applications.
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1. Introduction
Consider the second order complex differential equation in form

f"+H=f=0 (D),
where H (z) = e?® is holomorphic function defined on the certain complex domain in
C which can be written as follows

f"+eP@f=0 R (7))

The relation between the complex coefficient function in the 2nd order complex differential
equation and its solution has obtained great interest for researchers in this field. (cf. [1-11]).
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In this paper we have shown that the meromorphic solutions of the 2nd order of complex
differential equations (CDEs) with the coefficient function of #(z) are connected to each
other, and we are tend to follow the same behaviour. (cf. [8], [9]).

We also discuss that if the solution is a holomorphic function for the given equation (CDE)
with some different conditions, the results and suggestions in this work would be useful.

In specific meaning, the results in this article would be identified the relation between the
solution of the given equation and its coefficient of function # (z) based on what was stated
in the results of Bank- Laine [2]. We also refer to the Bank- Laine functions [5] due to the
solutions of the proposed equation in our research are known , when it is considered an
entire function E and normalized under the condition if E (z) = 0, then E'(z) = +1, is
Bank-Laine function that are closely linked to differential equations, and then let H(z) be an
entire function and consider the differential equation f” + H (z)f =0 with linearly
independent solutions f; and f,. Then the product of these solutions E = f;f, will be Bank-
Laine. The converse of this is also true.

In the following theorems some of the basic concepts set out in this paper that are to be
helpful and more convenient for the reader.

Theorem (1.1) [Hurwitz’ Theorem (Special case) [7]

Let f* be a sequence of meromorphic functions on a Domain D* which converges

spherically uniformly on compact subsets to a function f (which may be identical to «). If
each f* # 0 on D" then either f # 0 on D" ; that is, f has no zeros on D*, or f = 0.
Theorem (1.2) [Picard’s Theorem] [10]

Let a,b, and c € C be distinct points, and Let fbe a meromrphic function which omits
a,b, and c on C .Then f is constant.

Theorem (1.3) [Taylor’s Theorem] ([6], [1])

Let f be the holomorphic function on a domain D and let a€D. Then
f(z) = Z;’Szof(k;('a) (z — a)* for z near.

Theorem (1.4) [Weierstrass Theorem] [5]

Let f,, be a sequence of holomrphic functions on a domain ID which converges uniformly on
compact subsets of D to a function f: D — C. Then fis holomorphic in D and, for k € N, the
sequenc of derivatives f,(f) convrges uniformly on compact subsets to & .

2. Main Results.

Theorem (2.1) Let f be a meromorphic univalent function in the domain(]z| > 1) , and let f

be a solution of differential equation (1) where 7 (z) = e?® and p(z) are odd univalent
function.

Then,if f(z) = 2228 then 7@ = 37 _ C() = .

Proof. Given fis a meromorphic univalent function on {z:|z| > 1}, and p(z) is an odd
univalent function which implies to

1
H(z) = —x
e
=z—a,+ (a2 —az)z7t+- ,|z| > 1,
1 1
then f(E)_}f(z)

=z 14+3¥r ,a,z7".

- — 1 = Z_<
Define H(2) = so5@ = 7000 - -
z=¢

Derive equation (3) with respect to z as follows

@ _ [zt
@] =2 [p(z)—p(o] ’
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i(ep(z)) _ [p@-p@]--Dp'@)
dz [p(2)-p(D]? ’

d(ep@D)y = L &0 '
Cizz ’ ) p(2)-r() [p(Z)—p(O]Zp(Z)'
S (P?) =-35 o C(Oz™

e?® =30 1 C(Q) [z dz,

PP = -5 1 CO— .
The proof is complete
Theorem (2.2).
Let f(z) = eP@ be the solution of the given equation (2) such that

p(z) =byz+ bz>+ -+, |z| <1 then B, Il < ln(n—21b, |l +Inb, I*> where B,
are the coefficients of power series of eP®,
Proof. Given p(z) = bz + bz?> + byz3+ -+ |z| <1 .

Let  eP@ =1+ B,z + Byz? + B3z> + -+
be a power series convergent in unit disc with circle of convergence R > 0.
Suppose that f(z) = eP® | then

f'(@2) =P = p' (2),

'@ =p'@f(2) , (4)
and
f"(2) = f(2) p"(2) + f(2) p"*(2) ,
f"(2) = [p"(2) + p"* (D] f(2) . (5)

Compare equation (5) with the given equation (2), we obtain
~[p"(2) +p'*(2)] = eP@.
It is known that eP® =% _ B, z™  and p(z) = ¥*_, b,z™ which implies to
_[Zﬁ=2 n(n—1)b,z" 2 + Yn=1 nzbn2 z?n2 ] = Ym=0Bmz™,
i1 Bl = =11 [E7=y n(n = Dby, + T3y n?b,°|
< Yealn(n — DI byl + In?||by7],

|1Bal| < [In(n = Dbyl + |Inby?]

The proof is complete
Theorem (2.3).

Let f=z+4+2z%+2z%+-- €S be a solution to the given equation (2), and let zF = fbe a
solution to the equation F'4eP@DF =0...... (6)
Then, the coefficient function of equation (2) is related with its equivalent in equation (6) by
the form eP(® = 2 — z2¢P(@),
with singular point at z =1
Proof . Given f=2z+4+2z?+2z3+-- €S.

Then f=zQ1+z+2z%+-),
Ist4z4224
Let F =1+ 2z+z?+ - such that F=£ , Hence zF =f.
Suppose that

1
F(Z)zm, |Z|<1 and ,BEN={1,2,3,...}
Calculate F', F" as follows
B -2)F

F'(Z) = (1—Z)Zﬁ ,
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v~ BB+1)
F(Z)_—(l—z)ﬁ+2'

Substitute F, F” in the given equation
F" +eP(Z)F =0,
B(B+1) P(2)
(1-z)B+2 te (a1- Z)B =0 ’
eP(@) — —B(ﬁ+1)/ 1
(1-z)B+2/ (1-z2)B '’
oP(z) — ZBB+D

(1-2)2 °
Now, Derive F = i with respect to z as follows
L
F =;— 2 ;
. fT 2 2
F :?——2+Z—3.
We can rewrite the equation (6) as follows
BB +1)
F'—|——|F=0,
(1-12)
Hence
o2t 2f BB+ f
— =+ x==0,
z 22 73 (1 —-2z)% z
22" = 2zf' + 2f =B 22 = 0. )

Now, equating the coefficients of both S|des for equations (7) and (2), we obtain the
following

) B(B+1)
froer®=2-B00 2 (8)
And,
" z2=1=z=+1 > z=1is a singular point for the coefficient function e?® in
(8).

Hence, one can rewrite the equation (2) as follows
£+ (2 B(B+1) )f 0.

(1- Z)Z
Since eP@ > 0. and this means £¥+Y
(1-2)2

Finally, the result will draw out as follows
ep(z) — 2 — Zzep(z)
The proof is complete. m
Theorem (2.4). Let f be a solution of (D). Then

n-—1 (m)
f=y G gmy f (z — )13 () fCr) .
m=0

Proof. Given equation (1),

f"=-H(f . )
Now, we integrate both sides of (9) twice over a piecewise continuously differentiable curve
y = [{, z] in the unit disk D,.(0,1).
We obtain,

| jy £ () dndy = fy f®dn
= [fn I

72 <2 .

1)'
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= f(z) - f(()
(m)
- Y IO, gy
m=0

On the other hand,
1
J.y HMf(n)dndn = m f(Z — )" H f(m)dn

Then ’
n-1 m)
-9 @ gL f (2~ )
=P
f2) = Z f m(!Z) (z=O"+7 1), f (z —=m)" 13 ()f(n)dn

m=0
The proof is complete
3. Some Applications.
The power series solution is dealt with just briefly in this part of our work. It explains how the
functions are described as power series and how to find a series representations of the
derivatives of such functions by differentiating the terms of the power series one by one. In
such way this repetition relation allows to express each coefficient two terms faster in terms
of the coefficient. This result is an expression for even values and a separate expression for
odd values. It is therefore important to present some examples that explain the purpose of this
work and learn more about it.
Example (3.1)

Consider f” +e?*f=0......... (10) be a complex differential equation, and let
=Yn- oZ— , and f=Ymoanz™ . In order to show that
2 23 Z4 ZS .
f=a, > sz [ T332 13 543 + - ], where a,, a, are arbitrary.
Zq Zy
Solution .
Given f=Y_,a,z™ .Deriving ftwice times to obtain

f, = Z?lozlnanzn_l )

f"=¥  nn—1a,z"2.
Substitute e? , f, and f" in equation (10),we get

n(n—1a,z" 2+ y 2" S a,z"| =0,
>. > 2>

n=2 n=0 n=0

(o] o n
Ay
Zn(n—l)anzn"2+z Z Z'k]z”=0,
k=0 '
Zan k] 2 =0

n=0
Z;:(n +2)(n+ Day,,2" + ;)
Z m+2)(n+ Day, + Z ke

(2a; +a,) + (3.2a; +a; +ap)z + Z

zZ"=0,

n
a,_
(4 D)+ Dagyy + ) =
k=0
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2a2+a0:0 :>a2:—%
a Ao
d3.2a3+a1+a0=0 =>a3=—3—;—5
And,
An—
(n+2)(n+ Day,s + Xk k!" =0
n 9n_k
=k n =234
a = = ) = )y Ty wan
2T T+ 2)(n+ 1)
If n=2, ﬁa‘}:_&
4.;» a
If n=3, = das = — 1 _co_
5.4.3 5.4.2
then, f=Yoa,z",
f=ao+a12+aazzz+g3z3+agz4+a5§5+... . ]
Jc=‘7‘0‘|"7‘12——022——1Z3——Oz3——1z“'— L7542 754,

2 3.2 3.2 4.3 5.4.3 5.4.2 ’
z2 723z 23 g4 45
f=a(l-5—55+ + |ty |z — + -,

2 32 542 32 43 543
Z1 Z2
where ag, aq are arbitrary, and z;,z, are two power series solutions that are holomorphic
in the given domain.
Example (3.2)

n
Consider f" +e*f=1z......... (11) be a complex differential equation, and let e? = Z;‘{;O%
: f=Yn0anz" , in order to show that
zz2  Z3 z5 z3 z* z5 z3 z5
f=ao[1————+ +..]+a1[z ————— +..]+—— + ...,
2 3.2 5.4.2 3.2 4.3 5.4.3 3.2 5.4.3.2
Z4q Z; particular solution
Where_ a,, a, are arbitrary.
Solution.

Given f=Y>_,a,z™ .Deriving f twice times to obtain
f'=Yneinapz™t

f" = Ypean(n — Dayz"?

Substitute each of e* ,f,f” in equation (11)

Z n(n—1)a,z" 2%+

n=2
o

Z nn— Da,z"? + z

n=2 n=0

Z(n +2)(n+ 1ay2z" +
n=0 n=
ns n

2.

n=0

OOZTL (o]
ZF Zanz =z,
n=0 n=0
n
z n—k _

Kl z" =Z ,
k=

(n+2)(n+1Day,, + Z tn—

0

k
k!

(2a, +a,) + (3. 2a3+a1+a0)z+2
n:
2a, +a, =0 =a,=—=2,

(n+2)(n + Day,, + Z

]n:Z’

3.2a3+a1+a0=1 =>a3=i————
And,
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Apn—
(n + 2)(n + 1)an+2 + Z;{lzo T;c!k = 0 )
such that

n  Qn-k
Uy = ——2° Kl n =234, ..
n+2)(n+1)

if n=2, =a,=—-—=

4.13 a a
f n=3, =ag = — - = °,

5432 543 @ 542
then f=Y"_oa,z",

f=a,+ a1zt + a,z% + azz% + a,z* + agz® + -,
a, 1 aq a, a, 1 a
=aq,tazt ——z2*+-=72—=72 - =723 ——z* - z° — z°
f=ao+a 2 3.2 3.2 3.2 4.3 5.4.3.2 5.4.3
o s
+ z7 A+,
2 3 5'§'2 3 4 5 3 5
VA VA VA VA zZ Z VA Z
f=ao|1 BEEET 5.4.2+"] T4 [2_37_4_3_ 5.4.3 ] 32 5432
Z4q Z; particular solution

where a,, a, are arbitrary, and z;,z, are two power series solutions that are holomorphic in
the given domain. It should also be remembered that the term of the non-homogenous
component reflects a particular solution.

Example (3.3)

Consider a complex differential equation (2), and let

2
eP@ = 2 — Z BB oq 4 result that is obtained by means of a proof of theorem (2.3), and let

(1-2)2
f=Dme0anz" . Then
_ o2, zY | BB+Dz* B(B+1)z5 _z z5 B(B+1)z5 .
f=a, [1 z° 3.2 T 43 T 5.2 T ] T4 [Z 3 T+ 5.3.2 T 5.4 T ]’

Z1 Z2
B €N =1{123,..}, where a,,a, are arbitrary.
Solution.
Derive f twice times as follows
f'=Xp=inayz" "
f" =¥ ,nn—1)a,z"?,and then
substitute eP?® ,f,f” in equation (2)

3wt D+ - ZEG D)

Zanz”] =0,

— 7)2
n=2 (1 Z) n=0
o had had Zn+2
Z n(n— 1a,z"? + Z 2a,2" — Z BB+ l)anm =0,
n=02O n=0 o n=0

(1-2)2 ) nln—1Daz" 2+ 1A -2)* ) 2a,z2" — ) BB+ 1ayz"?=0,

n=2

(1-22+42%) ) n(n=Dagz"? + (1= 22+72%) ) 2a,2" = ) BB+ Dapz"™? =0,
n=2 n=0 n=0
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[0

Z n(n—1)a,z" Z 2n(n — Da,z" 1 + z n(n—1Da,z" + Z 2a,z"
n=2 o

Z 4a,z™t + z 2a,z" 2 BB+ 1a,z""? =0,

n=

0 =0

2a, + 6azz + Z nn—1a,z" 2% —4a,z — 2 2(n—1(n—-2)a,_,z"?

+ Z(n —2)(n—3)a,_,z" %+ 2a, + 2a,z + 2 2a,_,2""% —4a,z

n=4

z 4a,_3z"?% + Z 2a,_,2"?% — z BB+ 1)a,_,z"%2=0,
n=4

2a, + 2a, + (6a3 —4a, + 2a, — 4ao)z

[n(n—Da, —2n—1)(n—2)a,_; +(m—2)(n—3)a,_, + 2a,_»

P%

n=4
4an 3 + Zan 4 B(ﬁ + 1)an—4] Zn_z =0 )

2a, +2a,=0 =a, = —a,
6a; —4a, + 2a, —4a, = az= —%
And,
nn—1a, —2n—-1)(n—-2)a,_1 +(n—2)(n—3)a,_, +2a,_, —4a,_3 + 2a,_4
—BB+1Dayp4=0 N =45, ..
If n=4, =>a4—3—2+ﬁ(ﬁ+—;)a°
f n=5, = a; = B(B+Dao + aq + B(B+1)ay
5.2 5.3.2 5.4
then f=Yn0anz™ ,

f=ay,+a;z' + az? + a3z% + a,z* + asz® + -,
aq &Z4+ﬁ(ﬁ+1)ao 4+ﬁ(ﬁ+1)ao 5 aq 5

— _ __+ -3
f=aotaz a2’ -2+ 37 43 52 © '5327
:B(ﬂ + 1)a1 5 + ..
5.4 ’ ]
) BB+ 1)zt BB+ 1)z
f_aok a +&2 23 52 T
Z1
z3 z° LB+ 1)z°
+a1F_§W”332 54 +”L

Z2

BEN={123..},
where a,, a, are arbitrary, and z,,z, are two power series solutions that are holomorphic in
the given domain.
Conclusion

In this work, the meromorphic univalent function theorem has been shown to demonstrate
the depth of the relationship between the second order solution of the complex differential
equation and its coefficient of function.
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