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In this article, results have been shown via using a general quasi contraction
multi-valued mapping in Cat(0) space. These results are used to prove the
convergence of two iteration algorithms to a fixed point and the equivalence of
convergence. We also demonstrate an appropriate conditions to ensure that one is
faster than others.
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Axiomatically, in a cat (k) triangles are slimmer than corresponding triangles in a usual space
of fixed curvature k. In a cat (0), the curvature is limited from above by k. A notable special
case is k = 0. Complete spaces are known as Hadamard spaces. An example of these spaces is

R™ with usual distance [1].

Let (3, w) be a metric space and u,v € Y, with w(u,v) = x.

Definition 1.1: [2] A geodesic path from u to v (geodesic path joining u to v) is an isometry
c:[0,x] = ¢([0,x]) € Y, suchas c(0) = u and c(x) = v.

The image of every geodesic path between u and v is named geodesic segment, which is
denoted by [u, v]. Each point y in the segment is appeared by du @ (1 — 9)v, where I €
[0,1] thatis[u,v] = {Ju B (1 —I9)v: 9 € [0, 1]}.
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Definition 1.2: [3] The space (3, w) is called (i) a geodesic if each two elements of G are
connected through a geodesic.(ii) a uniquely geodesic if there exists one geodesic jouning
uand v Vu,v € 3,

Definition1.3: [3] A subset H of Y, is named convex if Vu,v € Y, the geodesic segment
[u,v]cH

A geodesic triangle A(uq,u,,us3) is a geodesic metric space (3, w) consists of three points
Uy, Uy, Uz in Y, (the vertices A) and a geodesic segment between every pair of vertices (the
edges of A). A comparison triangle for geodesic triangle A(uy,uy,u3) in (3, w) is a
A(uy,uy,u3) := A(Ug, Uz, T3) in R? such as wgz (U, 0;) = w(uy, u;), for k, i.

Definition 1.4: [1] A geodesic space is named CAT(0) space if whole geodesic triangles
accomplish the following comparison axiom.

Definition 1.5: [1]Let A be a geodesic triangle in 3}, Ac R? be a correspondent triangle for A.
Then A accomplishes the CAT(0) inequality if Vu,v € A, Vi, 7 € A, w(u,v) < wg2(, 7).
Next lemma gives the definition of CN inequality that is found in [4].

Lemma 1.6: If u,v,, v, are points in CAT(0) and v, = %(v1 @ v,) then CAT(0) inequality
leads to

2 1 2 1 2 2
w(u, vy) Szw(u,vl) +§w(u,vz) —Zw(vl,vz)

In verity, a geodesic space is a CAT(0) space if and only if it accomplishes CN inequality.
The aim of this work is to prove some approximating results for below iterative schemes for
multivalued mappings: Let S be a Cat (0), @ # A €Y and F: A — 22 be a multi-valued
mapping. For x, € A if the sequence (x,,) c Awith (d,,), (p,) are sequences in (0, 1)

Xg EA

Xnt1 = (1 — 0 )u,®0, &, forn >0 a1

Yo = (1= pn)x,®pnitn
where u,, € Fx,, ,&, € Fy, [5]

Xg EA
Xn+1 = (1= 0)y, @0, &, forn >0 2

Yo = (1 = pn)x,®pnitn

where u,, € Fx, ,&, € Fy, [6].

In nonlinear analysis, one of the most important theorems is Banach’s contraction
principle see [7] which substantially, shows that any contraction mapping on a complete
metric space Y that is
F:Y - Y, w(Fx,Fy) <aw(x,y) (forallx,ye ¥,0<a<1 .3
It has a unique fixed point. In fact, any contraction on Y; is continuous. A usual queStlon is
that there exists a contraction condition that does not imply the continuity of F throughout
space Y, or not ?. This issue was positively answered in 1968 by Kannan [8], who extended
Banach’s theorem to mappings that does not require to be continuous by using the next case
instead of (3) there exists b € [0,0.5) such that
w(Fx,Fy) < blw(x,Fx) + w(y, Fy)],forall x,y € ¥, .4

After the Kannan’s theorem established, many studies were devoted to obtain other flxed
point results for various types of contractive conditions that do not require the continuity of F.
In particular, the duality of Kannan’s theorem was studied by Chatterjea’s [9].

c € [0,0.5) exists, w(Fx, Fy) < clw(x,Fy) + w(y,Fx)],Vx,y € Y, .5
In [10], Rhoades showed that the conditions (3), (4) and (5) are independent ,while in [7]
Zamfirescu’s presented the generalization of the aforementioned conditions, which is called
the z-operator ,that means an operator F is called the z-operator if it satisfies at least one
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condition of (3), (4), or (5). Berinde [11]completed Kannan’s theorem and Zamfirescu’s
theorem with error estimates of Picard iterations and the convergence rate. The z-operator
leads to the following conclusions for all x,y € 3:

(i) d(Fx,Fy) < éd(x,y) + 26d(x, Fx) using condition (4) and

(if) d(Fx, Fy) < 6d(x y) + 26d(x, Fy) using condition (5)

where § = max{a, ﬁ — } and & € [0.1). Any mapping that satisfies condition (i) or (ii) is

called a quasi-contraction mapping [12].
The following contractive condition has been mentioned in the [13], for single valued
mappings in metric space case, we present the contractive condition for multivalued mappings
in Cat (0) spaces. Let Q (A,B) be Hausdorff between A, B € 22 , where 2Z is a collection
of all nonempty subsets of Y, and Q(A,B) = max{sup,ec4 w(a,B), sup,epw(b,A)},
where w(a,B) = inf,cpw(a,b).
Definition 1.7: A mapping F:Y, — 2Z is called general quasi contraction if there exist
q € (0,1) and @ is continuous strictly increasing function @:[0, o) — [0, %) with @(0) =0
such that
Q(Fx,Fy) < qw(x,y) + O(w(x, Fx)), Vx,y €Y, .6
Remark 1.8: If F is satisfies condition (6) and Fixr # @ then Fixp is singleton. Suppose that
z,z" € Fixg is two fixed point of F, we get
w(z,z*) <qw(z,z*) + 0(w(z,{,)) = qw(z z"), where {, € Fz
thatis (1 — q)w(z,z*) =0,e.i.,z=2z"
We present the definition of an approximate mapping for multi-valued mappings:
Definition 1.9: We say that F* is an approximate mapping of F where F,F*:Y — 22 if, for
some € > 0 we have Q(Fx,F'x) <e forallx €}
The following lemmas are needed:
Lemma 1.10 [14]: let {a, };=obe a non-negative real sequence and 3 n, € N 3 for all n > n,
A1y < (1 — ay)ay + anfy, , Where Y o a, = «, a, € (0,1) foralln € N
and B, = 0,vn € N. then 0 < lim,,_,,, Supa,, <lim,,_, supf, .
Lemmal.11: [15] Let {a,}n=, be a non-negative real sequence and there exists ng €
N such that for all n > n,. o, = 0(4,) and Y- 4, = oo. This is satisfying the following
inequality:
a, < (1 - A a, + oy, then lim a,, = 0.

n—-oo

Lemma 1.12: [16] [17] Let {a,}be a sequence non-negative such that for all n € N,
a, € (01] . if Yo a, = o then [[;-;(1 —a,) = 0.
Definition 1.13: [17] Let {a,} and {b,} be two real sequences which are convergent to the
limits a and b, respectively if they satisfy the following

anp—a

lim,,_, — =0, then {a,,} converges faster than{b,,}.

This work includes many new results about the approximate fixed point in the field of
geodesic spaces which are always varied and renewable. It is appropriate to refer to other
related results such as in [18-20].

2. Main Results

Let (Y, w) be CAT (0), CB(A) = {C c A: @ # C is closed and bounded }, and
F: A = CB(A) satisfies condition (6) withFixz # @,then we have the following results.
Theorem 2.1: The sequence (x,,) in (1) with},;—; a, = oo, converges to a unique fixed point
of F.
Proof: The uniqueness comes from Remark (1.5). Use (1), (2) and used Lemma (1.12), we
get

w(x(n+1),z) = (1 - an)w(.un'z) + anw(fn: Z)
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<(1 =0p)qw(xn, 2) + (1 = 0,)B(w(z,$n))

+0,qw(Yn, 2) + 0,0(w(2,$n)) 7
and, w(yn, z) < (1 — pplw(xy, 2) + ppw(tiy, 2)
< (1= pp)wlxy, z) + prqw(xy, 2) + prd(w(z,¢y)) .. 8

substitution of (8) in (7)
w(x(n+1)rz) = (1 - an)‘“(ﬂn: Z) + ana)(fn’ Z)
S(l _an)qw(xnr Z) + (1 - an)(b(a)(zf (n))
+anCI(1 - pn)w(xn’ z) + anpnqzw(xn: z) + anqpn(a(w(zf (n)) + an(Z)(a)(Z, {n))

= [(1 - an)q + anCI(l - pn) + anqun]w(xn: Z)

+[(1—-0,) + anqpn](b((‘)(z' Zn)) + 0,0(w(z,y))

<[1- (1- Q)anpn]qw(xnf z)
< [Tk=1[1 — (1 — q)9k]qw(x, 2)
< [MMk=1(1 — q9:)19™ w(xo, 2)]

Then proof is complete and x,, - z,as n - .
Theorem 2.2: Let z € Fixp. Then (x,) in (1) converges to z if and only if (u,) in 2
converges to z, where 0 < a,, < A < 1, foralln € N.
Proof: Suppose that (x,,) defined by (1) converges to z. To prove (u,), which is defined by
(2) converges to z. We have the following estimates:
W(Xn+1) Um+n)) S (1= 0n)w(Un, Vo) + 0w (&n, ¥a) , Wherew, € Fuy,

< (1 -0 )w(n, vy) + 0pqw(yy, vy) + anQ(w(ynr S;n)) .9
w(.unr vn) < (1 - pn)w(.unfvn) + pnw(.um Hn) ) where en € Fun
< (1 = pu)lw(pn, x3) + w(xp, upy)] + Prqw Xy, Uy) + pn@(w Xy, py)) ... 10
(‘)(yn' vn) <@1- pn)w(xn' un) + pn(‘)(ﬂn' gn)
< (1 - pn)w(xn:un) + pnqw(xnfun) + pn(a(w(xn' .un)) 11

By combining (9), (10), and (11) we obtain
w(x(n+1)'u(n+1)) < [(1 - pn(1 - Q))(l - an(l - Q))]w(xnrun)
+(1 - an)(l - pn)w(xn' .un)
+[pn(1 - an(l - Q))]Q(w(xnr :un))

+0,0(w(Vn, $n)) .12
since d,,, pn, q € (0,1) forall n € N,
1-0,1-¢)<1-0,1-p,(1-q)<1 .. 13

using (13) and the assumption d,, = A > 0, for all ne N in (12) then
w(x(n+1)'u(n+1)) =< [1 - A(l - Q)]w(xn: un) + (1 - an)(l - pn)w(xnr .un)
+[1 = A1 = PIB(0Cxn ) + 0, B(w (B §0)) .. 14
Define a,, :== w(x,,u,), 4, = A(1 —q) € (0,1), and
On = [1 - A(l - Q)]Q(w(xn: :un)) + anw(w(ynr S;n)) + anw(w(yn; fn))
+ (1 - an)(l - pn)w(xn' .un)-
Since lim,,_,,, w(x,,z) = 0 and {,, = z € Fixg, it follow from (6) that
0< w(xn' //Ln)
< w(xy, 2) + WS, i)
< w(xp, 2) + q(z,x,) + B(w(z,8,))
=1+ qw(x,z) > 0asn — oo,
Then lim,,, ., w(x,, 4,) = 0, Now using the same argument to get
0 < W, $n) < 0¥, 2) + w(Gn, &)
< w(yn: z) + quw(z, yn) + Q)(w(z’ (n))
=1+ qQwn,2)
<A+ A - ppwly2) + (1 + q)pnw(Un, Gn)
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=1+ qw(x,z) > 0as n - o,
that is, lim,,_,, w(yy,, &) = 0, namely g,, = 0(4,,). Hence, by Lemma (1.11) and (14) lead to
lim w(x,, u,) = 0.Since x, - zasn — oo . Therefore
n—oo

w(Up, 2) < w(up, X)) + w(xp, 2)
and this implies that lim u,, = z.

n—-oo

Now, if (u,) converges to z, we will prove that (x,,) converges to z.
Using (6), (1) and (2) we have
w(x(n+1)ru(n+1)) < (1 - an)w(vn: .un) + anw(yn) En)
< (1= 0n) 0 (W, tn) + 0nq@ (W, Y) + 0,0(w(Vn, ¥2)) .15

WV, ) < (1 = pp)w (U, tn) + prnw (B, ty)
< (1 -ppw(uy, 6y) + (1 —pr)w(By, uy)
+Pnq@(Un, %3) + pn@(@(un, 6))
< (1 - pwun, 0,) + quuy, x,) + 0(wuy, 6,)) ... 16

@ (Vn, Yn) < (1 = pplw(Uy, xp) + prw(6y, ty)
< (1 - pn)w(un: xn) + pnqw(un'xn) + pn(a(w(un’ en))
< [1 - pn(1 - q)]w(un:xn) + pnw(w(un: en)) 17
by combining (15), (16), and (17) we obtain the following
w(x(n+1)'u(n+1)) < {(1 - an)q + anCI[1 - pn(l - Q)]}(‘)(unrxn)
+(1 = 0p + Oppnq) w(uy, 6,)
+ [1 - an(l - an)]Q(w(unr Hn))

+ 0,0(w(Vn, V) ... 18
since , d,, py € (0,1) forall n€ N,
1-0d)g<1-0,1-p,(1—-q)<1 ... 19

using (19) and the assumption d,, = A > 0, for all ne N in (18) , it follows that
CU(x(n+1)ru(n+1)) = [1 - A(]- - q)]w(un'xn)
+[1 = A1 = 918((un, 6,))
+[1 - an(l - pn)]w(un: Hn) + anw(w(vn' Vn))- ... 20
Define
an = ”un - xn”;
A=A —q) € (0,1),
Op = [1 - A(l - q)]w(a)(un' Hn)) + [1 - an(l - pn)]w(un' gn) + an(a(w(vn' yn))
Since lim,,_, o |lu, — z|| = 0 and {,, = z € Fixg, it follow from (20) that
0 < w(uy,, 6,)
< w(uy, 2) + w(3y, On)
< w(up, z) + qu(z,uy)® B(w(z,$r))
=1 +qw(u,z) > 0asn — .

Then lim,,_, ., w(u,, 6,) = 0. Similarly, we can get

0< 0(Wn1n) < 0y, 2) + ©(Gn ¥n)

< w(vp, 2) + qu(z, 1)@ B (w(z, (y))

=1+ Q)a)(vnfz)
<A+ 90— pp)w(upz) + (1 + q)paw(Bn, ¢y)
=1+qw(u,z) - 0as n - oo,

This gives, lim,,_,,, w(v,,¥,,) = 0, namely a,, = 0(4,,). Hence an application Lemma (1.11)
to (14) getting Aifﬂlow(u”'xn) = 0. sinceu,, —» z as n — oo by assumption, driving

wW(xp, z) < w(xy, uy) + w(uy,, 2)
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which implies that lim x,, = z.

n—->0oo

Theorem 2.3: If the sequences (x,) and (u,), that defined in (1) and (2), respectively
converge to z. Then (x,) converges to z faster than (u,,).
Proof: By Theorem (2.1) we have

n
(g2 < | | 1-0 - Dadqat,2)
by using the same technique of proof of Theorem (2.1) with (u,,) then we have
w(u(n+1),z) <1 -0,)w(,,z)+ d0,w(y, z) , where y, € Fv,
<(1A-0)[1-pn(1-@lw(uy, z)
+anq[1 - pn(l - Q)]w(un, Z)
<[1- pn(l - Q)][ 1-0,(1- Q)] w(Up, 2)
since d,, pn, q € (0,1)for all ne N,
1=pp(1—¢q) <1-0,(1—¢q),then
w(u(n+1):Z) < [ 1- an(l - Q)] w(un: Z)

<[] _[1-00-0lew

~ lim k=11 — (1 — q)0,]qw(xo, z)
>0 @ (Upiry,z) 1~ [lr=g[1— 0 (1 — @] w(ug, 2)
imon T = (1 — q)0y]w(xo, z)

im q

n-o k=1[1— 0k (1 — q)] w(up, 2)
since 0 < g < 1, then, lim,,_,,, g™ = 0.

‘*’(x(n+1)'z) —
w(u(n+1),z)
Therefore from definition (1.6), we conclude that the convergence of (x,,) is faster than (u,,).
Theorem 2.4: Let F* be an approximate mapping of a general quasi contraction mapping
F: A — CB(A) with Fixgp # @, Fixg- #+ @. let {(x,,) and (u,,) be as in (10) with (d,), (pn) €
[0,1) satisfying (1)% <0, Vn€eN (2) X3 o0, = othen w(z,w) < ngq, where € > 0,q €
(0,1)z € Fixpand w € Fixg+, (uy) , .
Proof: Define of F* by

uy € M, Umn+1) = (1 - an).un* + anfn*: (21)
Un = (1- pn)un + Putin”
whereu,* € Fu,,&," € Fv,
using (6), (2) and (21), we obtain the following where 7,, € Fu,, 9, € Fv,
CU(x(n+1)ru(n+1)) < (1 - an)w(.un' .un*) + w(fn' fn*)
= (1 - an) [w(#nr Tn) + (‘)( Tn, .un*)] + an[w(fn' 19n) + w(ﬁn' fn*)]
< (1 - an){qw(xn'un)ea (D(w(xn' .un)) + 5}

+0,{q (n, v0)® B(w (¥, §1)) + €} ... 22
w(yn' vn) < (1 - pn)w(xnf un) + pnw(ﬂn’ :un*)

= (1 - pn)w(xnl un) + pn[w(ﬂn' Tn) + w( T Hn*)]
=< (1 - pn)w(xn; un) + pn{q(‘)(xn: un) + Q)(w(xn' .un)) + g}

= [1 - pn(l_q)] (U(Xn, un) + pnq)(w(xn' Mn)) + Pn€ ... 23
combining (22) and (23), we get
w(x(n+1)ru(n+1)) = {(1 - an)q + anq[l - pn(l - q)]}w(xn'un)
+{1 - an + anqpn}q)(w(xnr .un)) + an®(w(yn' ’fn))
+0,qppe + (1 —0,)e + d,€ ... 24

Finally, lim,,_,
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For {0n}n=0, {Pn}n=0 < [0,1) and g € [0,1)
1-0)g<1-0, 1-p,(1—-q)<1, 0,q9py <y, ...25
it follows from (1) that (1-0d,) < d,, foralln €N
Therefore, combine (25) and (24) to (23), and we get
w(x(n+1)'u(n+1)) < [1 - an(l - Q)]w(xn’ un) + Zan¢(w(xn' .un))
+0,0(w(Yp, &n)) + Ope + 0,6 + 0,
this is equivalent to
(U(x(n+1); u(n+1))
< [1 - an(l - Q)]w(xn; un)
20 , +0 , +3
n (’)n(l _ CI){ ((‘)(xn Un) - _(;U(yn 'Sn)) g}'

Now define a, = w(x,, u,)
n=an(1—q) €(0,1)

_ (200G un)®8(0nén)) +3¢) 2
1-q ..

From Theorem (2.1), we have lim,_ w(x,,z) = 0, because of Fz =z € Fixg, and F

satisfies condition (6), We can use the same argument that applied to the proof of Theorem

(2.2).

Then lim,,_, e @ (X, 4y) = limy, o w(¥,, &,) = 0 .Since @ is continuous function , then
im@(w (xy, pn)) = limP(w Yy, &) = 0.

n—-oo n-oo
3¢

By applying lemma (1.11) and (26), we get w(z,w) < o

Open problem: We suggest a similar study with the application of the results contained in
[21] or [22] .

n
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