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Abstract 
     The idea of the paper is to consolidate Mahgoub transform and variational 

iteration method (MTVIM) to solve fractional delay differential equations (FDDEs). 

The fractional derivative was in Caputo sense. The convergences of approximate 

solutions to exact solution were quick. The MTVIM is characterized by ease of 

application in various problems and is capable of simplifying the size of 

computational operations.  Several non-linear (FDDEs) were analytically solved as 

illustrative examples and the results were compared numerically. The results for 

accentuating the efficiency, performance, and activity of suggested method were 

shown by comparisons with Adomian Decomposition Method (ADM), Laplace 

Adomian Decomposition Method (LADM), Modified Adomian Decomposition 

Method (MADM) and Homotopy Analysis Method (HAM).  

  

Keywords: Variational Iteration Method; Mahgoub Transform; Delay Differential 
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 الحلول التقريبية المتباينة لمعادلات تفاضلية تباطؤية كدورية مع تحويل تكاملي
 

 إيمان محمد نعمة

 ، بغداد، العراق ابن الهيثم , جامعة بغجاد / قدم الرياضيات , كمية التربية لمعمهم الررفة

 

 الخلاصة
لحل معادلات  (MTVIM)الفكرة من البحث هي دمج تحهيل محقهب مع الطريقة التكرارية لمتباين       

(. أن السذتقة الكدهرية كانت بريغة كابيته. أن تقارب الحمهل التقريبية FDDEsتفاضمية تباطؤية كدهرية )
بدههلة التطبيق في مدائل متشهعة وانها قادرة عمى  MTVIMالى الحل السزبهط كانت سريعة. تتسيز طريقة 

( تحميميا مع FDDEsتبديط العسميات الحدابية. تم حل العجيج من السدائل الخطية وغير الخطية من نهع )
أمثمة تهضيحية ومقارنة الشتائج عجديا. ان الشتائج قج بيشت وأكجت كفاءة واداء وفعالية الطريقة السقترحة 

 ADM, LADM, HAM, MADM.بالسقارنة مع الطرق 
1. Introduction 

     Fractional differential equations (FDEs) have a great effectiveness on modeling processes 

in fluid mechanics, mathematical biology, physics, population growth, and so on [1-3]. The 

best way to describe scientific problems has been the usage of differential equations with 

fractional derivatives. The main importance of this kind of equations is illustrated in pure 

mathematics and applications, such as water flow in pipe, blood flow, the analysis of 
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pollution, and many other applications [4-6]. It is known that the description of standard 

models mathematically in integer order is not adequate in various cases. The theory of delay 

differential equations (DDEs) describes a kind of functional differential equations which takes 

into account the history of a phenomenon [7]. The DDEs can be used to describe dynamical 

models of numerous phenomena in life [8]. Therefore, the FDDEs have a large number of 

applications and present remarkably efficient models to formulate scientific problems [9, 10].  

It is important to note that finding exact solutions to non-linear FDDEs needs some new 

methods. The study of exact solution of FDDEs is a complex process. The approximate and 

numerical methods have been used to solve this class of equations, providing a good tool to 

solve some types of non-linear problems.  

In the last three decades, many researchers focused on approximate solution of the FDDEs. 

Some approximate methods have been modified, such as Mahgoub Adomian decomposition 

method [11], solving fractional delay differential equations by new approach [12], iterative 

decomposition method [13], DGJ method [14], Laplace Adomian decomposition method [15], 

and homotopy analysis method [16]. 

The proposed method in this paper consists of Mahgoub transform and the variational 

iteration method. Mahgoub Transform was previously used with ADM to solve FDDEs [11]. 

In fact, we formulate the Mahgoub Transform to be associated with the variation iteration 

method to solve a class of non-linear of FDDEs.  

The paper has the following structure ; Section 2 consists of main concepts of Mahgoub 

transform and fractional calculus. The MTVIM is presented in section 3. In section 4, 

numerical experiments of fractional order derivative are given to illustrate the efficiency of 

the considered method. Finally, in section 5, the conclusions are drawn. 

2. Mahgoub Transform and Fractional Calculus  

This section consists of essential concepts and definitions with features to Mahgoub transform 

and fractional calculus. 

Definition 2.1 [14, 16 ]:  Let  ( ) be a real valued function     , then  ( ) belongs to the 

space         if there is a real number      such that   ( )      ( )    where  

  ( )   ,   -   and it belongs to the space   
  if  ( )          * +  

 

Definition 2.2 [ 14, 16 ]: The fractional integral of Riemann-Liouville of      of  ( )  
         is: 

               ( )  
 

 ( )
∫ (   )    ( )         
 

 
                                                          … (1) 

              ( )   ( ) 
Definition 2.3 [14, 17 ]: The fractional derivative of Caputo of  ( )     is : 

              
 
 ( )           ( )  

 

 (   )
  ∫ (   )      ( )( )  

 

 
                        …(2) 

For                      
 . 

Definition 2.4 [17]:  Let   be the set of continuous functions with exponential order and 

defined by:  

  , ( )             | ( )|    
| |

     (  )  ,   )      -                    …(3) 

Let  ( )     then Mahgoub transform is defined as: 

 , ( )-   ( )   ∫  ( )    
 

 
                                                          …(4) 

     In the following table we submit Mahgoub transform for some elementary functions: 
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Table 1-Mahgoub transform of some functions 

 ( )  , ( )- 

1   

  
 

 
 

       
  

  
 

    
 

   
 

     
 

   
 

Sin a  
  

     
 

Cos a  
  

     
 

 

Theorem 2.5 [17]: Let  ( ) be the Mahgoub transform of the functions of Caputo fractional 

derivative of   ( ) of order     which is given by : 

             [  
 
 ( )]     ( )  ∑        

    ( )( )                           …(5)    

for                         

3.  The Mahgoub Variational Iteration Method (MVIM)       

To explain the main idea, we study the fractional delay differential equation:  

  
 
 ( )   ( )   ( ( )  ( ( ))                                                             ... (6) 

                    ( )( )    
( )
   

                                                                                                                                               ( )          
where    

 
 is derivative of order   in Caputo sense,    is a non-linear bounded operator,  ( ) is 

a given continuous function,   is the unknown function, and  ( ) is the delay function.  

The main steps involved are given as follows: 

1. Take the Mahgoub transform  , -of eq.(6),  

  [  
 
 ( )]   , ( )   ( ( )  ( ( ))-        

          By using Theorem (2.5), the initial conditions and linearity of the Mahgoub transform 

are then expressed as:  

   ( )  ∑     
   

   

 ( )( )   , ( )-   , ( ( )  ( ( ))-       

    ( )     ( )       ( )( )       ( )( )       (   ) (   )( )  
 , ( )-   , ( ( )  ( ( ))-                                                                                           … (8) 

where  ( )   , ( )-   ∫  ( )      
 

 
. 

2. By multiplying eq. (8) with Lagrange multipliers and using iteration formula, we have:  

    ( )    ( )

  ( ) 0    ( )   
  ( )       ( )( )       ( )( )   

    (   ) (   )( )   , ( )-   , (  ( )   ( ( ))-1                      ( ) 

3. Regarding the terms  , (  ̃( )   ̃( ( ))-  as restricted varations, we make eq. (9) 

stationary with respect to   : 

     ( )     ( )   ( ), 
    ( )-                                                                   … (10) 
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From (10), we determine the Lagrange multiplier as: 

                       ( )   
 

   
                                                                                              … (11) 

4. The successive approximations are obtained by inverse Maghoub transform    , -  
            

    ( )    ( )   
  [

 

   
0    ( )   

  ( )       ( )( )       ( )( )    

   (   ) (   )( )   , ( )-   , (  ( )   ( ( ))-1]                                           … (12) 

     ( )   ( )  
 

 
 ( )( )  

 

  
 ( )( )    

 

    
 (   )( )     *

 

  
 , ( )-+

    [
 

  
 , (  ( )   ( ( ))- ]     

  

  ( )   ( )  
 

 
 ( )( )  

 

  
 ( )( )    

 

    
 (   )( )

    ( )   ( )  
 

 
 ( )( )  

 

  
 ( )( )    

 

    
 (   )( )  

   [
 

  
 , ( )-]     0

 

  
 , (  ( )   ( ( ))- 1  

        

}
 
 

 
 

 … (13) 

 ( )     
   

  ( ) 

4. Applications and Results 

In this part, some applications to the usage of MVIM in solving FDDE are introduced. 

Problem 1: Consider the following linear FDDE:  

                    
 
 ( )  

 

 (   )
     

  

 
  .

 

 
/                                        … (14) 

                       (  )                                                                                                            … (15) 

The exact solution is: 

                      ( )                                                                                                         ... (16) 

Solution 
Applying MT and using initial condition yield:  

    , ( )-   0
 

 (   )
    1   0

  

 
1   0 .

 

 
/1   

    ( )   [
 

 (   )
    ]    *

  

 
+   0 .

 

 
/1 

By using Eq. (9):   

     ( )    ( )   ( ) . 
   ( )   0

 

 (   )
    1    0

  

 
1   0  .

 

 
/1/            

By using Eq. (11):   

     ( )  
 

  
 [

 

 (   )
    ]  

 

  
 *
  

 
+   

 

  
 0  .

 

 
/1 

 By taking inverse MT”  

     ( )   
  *

 

  
 0

 

 (   )
    1+     *

 

  
 0

  

 
1+     [

 

  
 0  .

 

 
/1]                                                                                       

By using Eq. (13):  

 
  ( )   

  *
 

  
 0

 

 (   )
    1+     *

 

  
 0

  

 
1+     

 

   (   )
    

    ( )   
  

 

   (   )
        [

 

  
 0  .

 

 
/1]            }

 

 
           

We will calculate the components       , … 
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  ( )   
  

 

   (   )
        *

 

  
 0  .

 

 
/1+ 

    
 

   (   )
        [

 

  
 [.

 

 
/
 

 
 

   (   )
.
 

 
/
   

]] 

    
 

   (   )
        [

 

  
(
 

   
 

 

           
)] 

    
 

   (   )
        [

 

     
 

 

            
] 

    
 

   (   )
     

  

   (   )
      

  

       (    )
      

 

  ( )   
  

 

   (   )
        *

 

  
 0  .

 

 
/1+ 

    
 

   (   )
        [

 

  
 [.

 

 
/
 

 
 

   (   )
.
 

 
/
   

]]

    [
 

  
 [

  

   (   )
.
 

 
/
   

  
  

       (    )
.
 

 
/
    

]] 

    
 

   (   )
        [

 

  
(
 

   
 

 

           
)]

    [
 

  
(

 

         
 

 

             
)] 

    
 

   (   )
        [

 

     
 

 

            
]     [

 

          
 

 

             
] 

    
 

   (   )
     

  

   (   )
      

  

       (    )
     

 
  

       (    )
       

  

       (    )
      

 

                                                         

 
 
 
 

 ( )      
   

  ( )   
  

 

   (   )
     

  

   (   )
      

  

       (    )
      

 
  

       (    )
       

  

       (    )
        

 

The approximate solution in a series form of (14)-(15), when      is given by  

 ( )     
   

  ( )   
  

which is the exact solution of (14) -(15). 

As shown in table (2), the proposed solutions using MVIM are better from the solutions 

acquire by ADM, LADM, and the exact solution. 

 

Table 2-Approximate solution of problem 1 for     by using the proposed method (MVIM) 

and comparison with ADM, LADM and Exact Solution 

  
MVIM 

 

ADM 

 

LADM 

 
Exact 
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0.1 0.01 0.01 0.01 0.01 

0.2 0.04 0.04 0.04 0.04 

0.3 0.09 0.09 0.09 0.09 

0.4 0.16 0.16 0.16 0.16 

0.5 0.25 0.25 0.25 0.25 

0.6 0.36 0.36 0.36 0.36 

0.7 0.49 0.49 0.49 0.49 

0.8 0.64 0.64 0.64 0.64 

0.9 0.81 0.81 0.81 0.81 

Problem 2: Consider the following nonlinear FDDE:  

                    
 
 ( )       .

 

 
/                                                             … (17) 

                       (  )                                                                                                           …. (16) 

The exact solution is: 

                      ( )                                                                                                       ... (19) 

Solution 
Applying MT and using initial condition yields:  

    , ( )-      0   .
 

 
/1    

By using Eq. (9), we obtain:   

     ( )    ( )   ( ) . 
   ( )      0   

 .
 

 
/1/            

 By using Eq. (11):   

     ( )  
 

  
  
 

  
 0   

 .
 

 
/1 

 Taking inverse MT yields:  

       
  0

 

  
1     [

 

  
 0   

 .
 

 
/1]                                                                                       

By using Eq. (13), we obtain:  

 
  ( )   

  0
 

  
1  

  

 (   )

    ( )  
  

 (   )
    [

 

  
 0   

 .
 

 
/1]            

}           

We will calculate the components       , … 

  ( )  
  

 (   )
    *

 

  
 0   

 .
 

 
/1+ 

 
  

 (   )
    

[
 
 
 
 
 

  
 [ .

.
 
 /
 

 (   )
/

 

]

]
 
 
 
 

 

 
  

 (   )
    [

 

  
 

 (    )

      (   )   
] 

 
  

 (   )
    [

   (    )

      (   )   
] 

 
  

 (   )
 

   (    )    

      (   ) (    )
 

 

 

  ( )  
  

 (   )
    *

 

  
 0   

 .
 

 
/1+ 
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]

]
 
 
 
 

 

 
  

 (   )
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]

]
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 /
  

 

      (   ) (    )
1

]
 
 
 

    

[
 
 
 
 
 

  
 [ .

    (    ) .
 
 /
  

 

      (   ) (    )
/

 

]

]
 
 
 
 

 

 
  

 (   )
    *

 

  
 

 (    )

      (   )   
+     *

 

  
   (    )

      (   ) (    )   
+

    *
 

  
    (    ) (    )

       (   )  (    )   
+ 

 
  

 (   )
 

   (    )    

      (   ) (    )
 

   (    )  (    )    

      (   ) (    )  (    )

 
   (    ) (    )   

       (   )  (    ) (    )
 

 

                                                         

 
 
 
 

 ( )      
   

  ( )

 
  

 (   )
 

   (    )    

      (   ) (    )
 

   (    )  (    )    

      (   ) (    )  (    )

 
   (    ) (    )   

       (   )  (    ) (    )
   

The approximate solution in the series form of (17)-(18), when      is given by  

 ( )     
   

  ( )       

which is the exact solution of (17) -(18). 

 

As shown in table (3), the proposed method (MVIM) solutions are better from the solutions 

acquire by HAM, ADM, LADM, MADM and, the exact solution. 

 

Table 3 - Approximate solution of problem 2 for     by using proposed method (MVIM) 

and comparison with HAM, ADM, LADM, MADM and   Exact Solution 

z 
MVIM 

 
HAM 

ADM 

 

LADM 

 

MADM 

 

Exact 

 

0.1 0.0998334 0.100 0.100 0.100 0.099833 0.0998334 

0.2 0.198669 0.199 0.199 0.199 0.198669 0.198669 

0.3 0.29553 0.296 0.296 0.296 0.29552 0.29552 

0.4 0.389336 0.389 0.389 0.389 0.389419 0.389418 

0.5 0.479338 0.479 0.479 0.479 0.479427 0.479426 

0.6 0.564833 0.565 0.565 0.565 0.564648 0.564642 

0.7 0.643333 0.644 0.644 0.644 0.644234 0.644218 
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0.8 0.717073 0.717 0.717 0.717 0.717397 0.717356 

0.9 0.783361 0.783 0.783 0.783 0.783421 0.783327 

Problem 3: Consider the following linear FDDE:  

                    
 
 ( )  

 

 
 ( )   .

 

 
/      ,                                        … (20) 

                       (  )         ( )(  )                                                                                  … (21) 

The exact solution is: 

                      ( )                                                                                                        … (22) 

Solution 
Applying MT and using initial condition yield:  

    , ( )-   ,     -    [
 

 
 ( )   .

 

 
/]   

     , ( )-    
 

  
   0

 

 
 ( )   .

 

 
/1 

    ( )    
 

  
   [

 

 
 ( )   .

 

 
/] 

By using Eq. (9):   

     ( )    ( )   ( ) . 
   ( )    

 

  
   0

 

 
  ( )    .

 

 
/1/            

 By using Eq. (11):   

     ( )  
 

  
 

 

    
 
 

  
  [
 

 
  ( )    .

 

 
/] 

 Taking the inverse MT yields:  

     ( )   
  0

 

  
 

 

    
1     [

 

  
 0

 

 
  ( )    .

 

 
/1]                                                                                       

By using Eq. (13):  

 
  ( )   

  0
 

  
 

 

    
1  

   

 (   )
 

     

 (   )

    ( )  
   

 (   )
 

     

 (   )
    [

 

  
 0

 

 
  ( )    .

 

 
/1]            

}           

We will calculate the components       , … 

                                   

  ( )  
   

 (   )
 

     

 (   )
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)  
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The approximate solution in the series form of (33)-(33), when      is given by  

 ( )     
   

  ( )   
  

which is the exact solution of (20) -(21). 

As shown in table (4), the proposed method (MVIM) solutions are better from the solutions 

acquire by HAM, ADM, MADM, and the exact solution. 
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Table 4- Approximate solution of problem 3 for     using the proposed method (MVIM) 

and comparison with HAM, ADM, MADM and the exact solution. 

  
MVIM 

 
HAM 

ADM 

 

MADM 

 

Exact 

 

0.1 0.01 0.01 0.01 0.009999 0.01 

0.2 0.04 0.04 0.04 0.039999 0.04 

0.3 0.09 0.09 0.09 0.089999 0.09 

0.4 0.16 0.16 0.16 0.159999 0.16 

0.5 0.25 0.25 0.25 0.249999 0.25 

0.6 0.36 0.36 0.36 0.359999 0.36 

0.7 0.49 0.49 0.49 0.489998 0.49 

0.8 0.64 0.64 0.64 0.63995 0.64 

0.9 0.81 0.81 0.809 0.809987 0.81 

 

5. Conclusions 

     This paper comprises a new technique that involves the employment of Mahgoub 

transform with the variational iteration method to solve non-linear FDDEs. The aim of the 

algorithm is to acquire the not-required unreal suppositions.  In example 1, table 2, we 

achieved the same results obtained in the exact solution. Also, the results were similar to 

those obtained by the ADM and, LADM. In Example 2, table 3, we reached the result that: 

the values of t from 0.1 to 0.5 have the same results obtained by the exact solution, while the 

values for 0.4 and 0.5 are better than those obtained by MADM. The values of t from 0.6 to 

0.9 were closer to the values achieved by the exact solution than those by the MADM. Hence, 

our method showed better results than MADM and all other methods. In example 3, table 4, 

we found that MVIM gives the exact solution to the problem and the results are similar to 

those reached by the HAM and ADM, while it was better than MADM. 

In conclusion, we demonstrated that the method has an excellent effectiveness in solving 

FDDEs.  
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