Muhammad and Jaber Iragi Journal of Science, 2021, Vol. 62, No. 12, pp: 4903-4915
DOI: 10.24996/ijs.2021.62.12.28

N/
Iraqi

Journal of

Science

ISSN: 0067-2904

On Some Approximation Properties for a Sequence of A-Bernstein Type
Operators

Ali Jassim Muhammad®, Asma Jaber
'Department of Mathematics, College of Education for Pure Sciences, University of Basrah, Basrah, IRAQ.

Received: 11/12/2020 Accepted: 22/2/2021

Abstract

In 2010, Long and Zeng introduced a new generalization of the Bernstein
polynomials that depends on a parameter A and called A-Bernstein polynomials.
After that, in 2018, Lain and Zhou studied the uniform convergence for these A-
polynomials and obtained a Voronovaskaja-type asymptotic formula in ordinary
approximation. This paper studies the convergence theorem and gives two
Voronovaskaja-type asymptotic formulas of the sequence of A-Bernstein
polynomials in both ordinary and simultaneous approximations. For this purpose, we
discuss the possibility of finding the recurrence relations of the m-th order moment
for these polynomials and evaluate the values of A-Bernstein for the functions t™,
where m is a non-negative integer.
Keywords: A-Bernstein polynomials, Voronovaskaja type asymptotic formula, the

uniform convergence, ordinary and simultaneous approximations.
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1. Introduction

Let S be the linear space of all real functions acting on a set X # ¢. The operator M:S — S
is linear and positive if it satisfies:

i) Va,B € R,M(af +g) = aM(f) + BM(g), where f,g € S;

i) Vf €S:f = 0,wehave M(f) = 0.
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4903



Muhammad and Jaber Iraqi Journal of Science, 2021, Vol. 62, No. 12, pp: 4903-4915

Bernstein, in 2012, [1] introduced another proof of the Weierstrass approximation theorem by
using a sequence of positive linear operators, named the classical Bernstein polynomials, as

=k
r:clo] - Cl04], T(fx) = Zf(a) b (%), f € C[O1].
Where v
b i (x) = (Z) 2k (1 = 0"k, x € [0,1]

In 1932 [2], Voronovaskaja showed that for f € €?[0,1], the term of n~1 in {B,(f;x) —

f(x)} exists and equals to @f”(x). This discovery appeared upon the evaluation of the

limit lim,_ . n {B,(f;x) — f(x)}. So, the order of approximation by using Bernstein
polynomials is O(n~1). This phenomenon, in general, is valid for most sequences of positive
linear operators [2]. The evaluation of the approximation order for the different sequences is
called Voronovaskaja-type asymptotic formulas. The order of B, (f;x), O(n™1) shows that
the convergence of B, (f; x) to the function f as n tends to infinity is very slow.

In 1953, Korovkin [3] introduced a simple tool to decide that, for a sequence of linear
positive operators, M,, is converges to the function f € C[a, b], by checking the sequence's
values of M,(t™;x) —» x™ uniformly asn —» oco,m = 0,1,2. These are called Korovkin's
conditions.

Many generalizations of Korovkin's theorem to a compact subset of the real numbers R or the
interval [0,0) were introduced and studied. We refer here to Bohman [4, 1953] and
Baskakov [5, 1957].

In 1962 [6], Schurer introduced a sequence based on a parameter and proved that the
sequence has an approximation order depending on the parameter. After that, many kinds of
research were developed and studied sequences depending on parameters; here we refer to [7,
8,9, 10, 11,12].

In 2010 [13], Long and Zeng introduced a new generalization of the classical Bernstein
sequence that depends on a parameter A, as follows:

n

BaalFi0 = Y B £ (1),
k=0

En,k(/l; x)
(
bnn(x)“;;;fibn+14(x) ; k=0
n—2k+1 n—2k—-1
= b + A (e braa () — b ®) 5 A <k<n-1)
A
\ bn,n(x) - n__i_lbn+1,n (x) ; k=n,

where 1 € [-1,1].
When A = 0, the function by, (4; x) is reduced to by, ; (x).

In 2018 [14], Lain and Zhou studied the uniform convergence and obtained a
Voronovaskaja-type asymptotic formula for the sequence Y, ,(f;x) in ordinary
approximation.

2. Preliminary Results

Some preliminaries for the sequence Y;, ,(f; x) are introduced in this section and will be
used to achieve the main results.

We assume that m € N° = {0,1, ...}, ppm (%) = Df=o k™ by 1 (),

Prma () = Yo k™ by, (2; x), and TLP(x) mean terms in lower powers of x.
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Lemma 2.1
The following properties are held:

(i) x(1 - x)E,’Lk(/l; x) =
(k — nx)Bnk(A' x) — xEnk(A' x) + xbnk(x) /’lbn+1 k+1 ().
(”) ¢n0/1(x) =1, ¢n O(x) - 1 ¢)n+1 O(x) - 1 and ¢nm+1/'l(x) + /1¢n+1m+1(x) -

x(1— x)¢ n,m+1,/‘l(x) +(n+ 1)x¢n,m+1,l(x) - x¢n,m(x) + m/’l(prwl,m(x)’m = 1.
Proof

By direct evaluation, the property (i) follows quickly.
Using the fact that x(1 — x)b;, . (x) = (k — nx)by, ,(x), thus

2
¢n m+1, A(x) + A¢n+1 m+1(X)
- x(l - x)d) nm+l1, )L(x) + (Tl + 1)x¢;n,m+1,l(x) - x(pn,m(x)
/1¢n+1 m(x) m=1.

n—-2k-1

n +1
Then, the property (ii) holds. =

Lemma 2.2
The sequence Y,, ; satisfies:

i Yalx)=1
(i)  Yo(tx) =x+

(iii)  Ypa(t%x) =x* +
(iv)  Ypa(t™x) =

1 ( = m , mm-Dn! . 4 L 2m(n+1)! X (] — x—mH1
nm {(n—m)!x T 2(n—m+1)!x T TLP(X)} m{(n2 1)(n—- m+1)' (1 x ) T
(nm(m—l)(n+1)! m(m-1)(n+1)! ) m—1

2(n?2-1)(n-m+2)!  2n?-1)(n-m+1)!

1-2x+x"t1-(1-x)"*
n(n-1) ’
x(l x) (2x—4x242x™+1)  xMHLy(1-x)*H1-1
+2{ )
nn-1) n2 (n—-1)

)

D"
(n—-1)

The consequences (i)-(iii) is proved in [5]. The proof of consequence (iv) is given as follows
n n

- 1 2k
Yua(6750) = D B B 0.6™ = Y 6™ (b0 + 2{ (-7 = ) rsaa @
k=0

1 2k N\ =0 1
B (n +1 nZ2-— 1) b”“"‘“(x)})
n

~ o1 2k
= b + 2 D " (o = ) b -

(1 —x™™*+2) + TLP(x) — (1—(1—x)"1 - x”+1)}.

k=0 k=0
n
m 2k
Z ‘ (n T1 nz- 1) brs1er1 (%)
k=0
1 n! m m(m — 1)n! X1+ TLP ()
oam (n—m)!x 2(n— m+1)' x

i -2m(n+1)! meq _ wn—-m+1 nm(m—1)(n+1)! m(m-1)(n+1)! m-1/q4 _
{(n2 1)(n-m+1)! (1 x ) T (Z(nz—l)(n—m+2)! 2(n2—1)(n—m+1)!) (1
)m

x"M2) + TLP(x) — —1) (1—(1—x)"1— x”“)}. Hence, the property (iv) is held.
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For f € C[0,1], using the Lemma 2.2 and applying the Korovkin theorem [8], we have that
Yo (f; x) = f(x) uniformly on [0,1] as n — co.
For m € N°, the moment of order r, Ty, ,,, 1(x), for the sequence Y, 1(.; x), is defined by
n

Tma () = Y2 (£ = 050 = D Bje (& = )™
k=0

Lemma 2.3
The sequence T, ., 2(x) has the properties

() Thoa(x) =1,
(i)  Tpia(x) =41

1-2x+x"1—(1-x)"*1

n2(n-1) !

_ x(1-x) @Cn+D)x1-2x"2-14(2n+1) (1)1,

(i) Thoa(0) =242 —— &

. 2n !

(IV) nTn,m+1,/‘l(x) + mlTn+1,m+1(x) = x(l - x)Tn,m,A(x) + mx(l - x)Tn,m—l,A(x) +
2nx+n-1

xTn,m,)l(x) - xTn,m(x) + (nnxz—_nl) /1Tn+1,m(x)-

(V)  Tpma(x) is polynomial in x degree at most m;
m+1
(vi) Vx€[0,1],Tyma(x) =0 (n‘[T]) where [mT“] means the integer part of mT“

Proof

By the direct evaluations, the proof of consequences (i-iii) is found immediately.

The proof of the consequence (iv) is going as:
n n

A = k
TamaG) = ) B Gt = 0™ = ) By (50 (5= x)
k=0 k=0
Then,

m

2n ,
Ty me1,2(X) + mATn+1,m+1(x) = x(1 = %) Ty 2 (%) + mx(1 — x) T 1p—1,2(%)

2Znx +n—1
+ XTn,m,A(x) - xTn,m(x) + (W) /1Tn+1,m(x)-

From above, the consequence (iv) is held.

For m = 0,1 and 2, the consequence (v) holds clearly. Now, suppose that (v) is valid for m.
We show that (v) is valid for (m + 1). Since x(1 — x)T}, ;2 (x),mx(1 — x)Ty -1 2(x) are
polynomials in x of degree(m + 1), hence T,, ;,+1 2(x) is polynomial in x of degree(m + 1).
Then, the consequence (V) is valid for all € N° .

Finally, from the values of T, ;(x), T, 12(x) and T, ,,(x), the consequence (vi) is held.
Suppose that the result is valid for m, then by (iv), we have

0 (n"7); ifmis odd

m+1 m
nTyme1a() =0 (n 2 1) + 0 (nl2]) = .
wm ( ) ( ) 0 (n"(7)); if m is even.
Then,
0 (n_(mTH)) ; if mis odd 2
m+2 =0 (n_[T])

0 (n_(T)) ; if mis even
So, the relation is valid for m + 1. Hence, the consequence (vi) is valid for every x € [0,1].

The next result is the Lorenz-type Lemma for derivatives of the functions by,  (4; x).

Lemma 2.4 [15]
The following equality holds

nTn,m+ 1,4 (x) =
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x"(1 = )b (A %) = z nt(k —nx) by (4 x) Q1 (%),
2i+j<r
i,j 20
where Q; ; -(x) are polynomials in x independent of n and k.
3. Main Results
In a previous study [5], the authors proved a VVoronovaskaja-type asymptotic formula for
the A-Bernstein sequence and expressed it as
lim n{,,1(f5 ) = f(0)} = x(1 -0 L2 (1)
This formula is the same as the classical Bernstein sequence. The authors have not explained
the effect of A in this formula. So, we give a modification of the Voronovaskaja formula for
the A-Bernstein sequence in the ordinary approximation.
Theorem 3.1
For f(x) € C*[0,1] and A € [—1,1], we have
" " 3)
X X x) x(1—3x
lim n? (n{Y,2(f;x) — F(X)} — x(1 —x)f 2( )> __f 2( )/1+f ) 2( )/1
n—-oo
+f—(4)(x) {—6x* 4+ 12x3 — 7x% + x + (4x3 + 16x*) 1} )
24 '
Proof

By Taylor's expansion of f(t),
FO) = FO) + /G —2) +5 £ ()t = 202 + 2 FOe((t = )% + D (x((t — 2)* +
a(t,x)(t —x)* t € [0,1]
where a(t,x) - 0ast — x. Using (1),
f(x)

lim n? (n{Yp1(f3 ) = fGO)} = x(1 — ) —

7] 3) _ 4
f (x)/1+f (x)x(1 3x)l+f (x)

2 2 24
+lim,, 0 E

where E = n3Y,, 3 (a(t, x)(t — x)*; x).
Now, to show lim,,_,,, E = 0,

n
EL< 1° ) Buei) la(t, 0 = 0
k=0

{—6x* +12x3 — 7x% + x + (4x3 + 16x*) 2}

=1 D" Buek) lalt 0~ 2)*)

|t—x|<8
+n? Z by (2 2) la(t, ) (£ = X)*| = Ly + L.

|[t—x|=8
Since a(t,x) > 0ast —» xforgivene > 036 >O0suchthat |t —x| < 3§ - |a(t,x)| <,
then,
h=n ) by lalt 0 - 0"

[t—x|<8

< an? z by (4 %) la(t, x)(t — x)*| < an®Ty42(x) = a0(1).

|t—x|<8
Since «a is arbitrary, it follows that I; - 0 asn — oo.
For |t —x| > & 3 C > 0 such that a(t, x)(t — x)? < Ct?, C is a constant; therefore

L=n® > buhin) lalt 0 - 0
[t—x|26
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n3 Z by (2;x) Ct°
|t—x|=6
By using Cauchy Schwarz inequality, we get
1

o P
< Mn® < by (A; x)) ( D (2 ) (t — x)4i>
Z |t—Z|>5 * |t—Z|2§ *

= Mn3 (O(n_l)) =0(n) s>0.
Hence, I, = 0 as n = oo, From which (2) is held.

Next, we show that -Y,,2(f; x) is an approximation for the function £ ™ (x).
Theorem 3.2

< sup
x€[0,1]

1
2

1
= Mn? (T 412(0) ).

Suppose that r € N, f € C[0,1] and f@) exists and continuous at x € (0,1), then the

following limit holds

limy, e, Y37 (5 ) = f@(0).
Proof
By using Taylor's expansion,

IO)
£ = zf u(X) (t — 2)f + a(t, x)(t — )7, t € [0,1],

where a(t; x) - 0ast — x. So,

@)
Y (fF(0); x)—d {A< ! () — )+ Y, (alt,x)(t —x)7; x))}

Zf (x)y(”((t X)L x) + Y(a(t, x)(t — X)7; %) i= L + 1.

Il_zf “y@(a = 3L ()Y@ Z(:>( N

f(l)(x) i i ; £ ( ) .
Z Z (;) = JY,ST;(tJ; x) = 2D x)
=0
Because Y,(lfj(tf; x) is polynomial in x of degree j. Then,
L= n! —2r(n+ 1)! -
1 nr(n—r)!-l_nr(nz—1)(n—r+1)! r.

Then, I; = f™(x) asn - oo.
The treatment of I, is given below

r

= Y(T)(a(t )t —x)";x) = Z b(r)(l x)a(k )(k—x> .

n
From Lemma 2.4,

x"(1—x)" Eg,z(l; xX) = Z nt(k — nx)jEn,k(/l; x) Qi jr(x).

2i+jsr
i,j=0
Hence,

4908
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n

[,j20
j+r
s 3 aee S o i el )
i,j=0

Since a(t,x) » 0 as t - x,then Ve > 0 and there exists 6§ > 0 such that |a (Sx)| <

g, whenever 0 < |S—x| < 6. For|§—x| > §, then we have |a(§,x)(§—x)| < ﬁ(%)p, for

some > 0. Thus,
8 Y buin ()

|ﬁ‘x|<5 |ﬁ"‘|>5

j+r
=g Y e S B0l -x
2i+jsr
i,j=0

= 13 + 14_.

|Qi r(x)l
Where £; = sup 2i+ L
P1 P Zil;éjr (x(1-x))

Using Schwarz inequality, we conclude that

x € (0,1) is fixed.

=
=

o _ _ k 2(j+1)
L=apy D w9 Y b0 | | Y b | -x
2i+j< k k
2o \l<s [r=x|<0
—( 1)
< apy Z n'tJ 0( ) =af,0(n™%).
2i+j<r
i,jz0
Since a > 0 is arbitrary, then I; — 0 as n — 00,
Iy =B Z n'+J Z bnk(l x)( )
e bl
1 1
2 2
L y s ko
Lsp Y Y Bu@n | | ) B (5 -x)
2i+j< k k
Lt [r=x[=s [f-x[zs
=B Z o(n'*i=5) = 0(1). s>
2i+jsr
i,j20
I, = casn — oo. Hence,I, = 0(1) asn — oo.
By combining the estimates of I;and I,, we get (3).
Theorem 3.3
Let f € C[0,1]. If f+2) exists at x € (0,1), then,
) r(r 1) —2rx +r
lim (Y (f;2) = fO ()} =~ f 0 () + = f ()
e ARRIC)] (4)

Proof
By Taylor's expansion,
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r+2

@
F@ = Zf D (e~ + ale 0 -2

where a(t x) = 0ast — x hence,

(Y (520 — £ )}

r+2

{zf ) Y, (= 0% %) + Y, (@t 0) (= )7 %) —f(”)(x)}-

11m n{Y(r)(f xX) — f(r)(x)}

e "W o
:mnfr Yo (= )T;x)+f( T

(r+2)
f( " 2(),) Yo (£ =207 x) = £ )+, (alt, 1) (¢ = )7 )}
=1L+,
Using Lemma 2.2 (iv), then
() (r+1)
I = limn f ( )Y.(r)(tr )+f( +1(;C!)
£ (x) (r +2)(r+1)
MY ( 2
+(r + 2)(—0) Y5 0) + Y (7425 x) ) — £7 ()

_ . n! —2r(n+1)!
hm {nf( '@ (n"(n )!+nr(n2—1)(n—r+1)!/1_1>
f(r“)( )

n! —2r(n+ 1)!
(r+1)! (G + D x)( Tm—r)! nr(nz—l)(n—r+1)!/1)

( n! —2(r+ 1D(n+1)! )( L Dix

(=" x)

(0 + DEYD W20 + X5 x0))

xZYr(ﬁ (t"; x)

+n

ntln—r—1! n"*1(n2-1Dn-r)!

rn! nr(n+1)! r(n+ 1)!
+ (an“(n —7)! +{ 2" (n?2 —1)(n—r + 1)! + 2n"*1(n?2 —1)(n — r)!}/1> (r+ 1)!>
FOB0) ((r+2) n! —2r(n+ 1)!
n (r+2)! ( 2 (nr(n—r)!-l-nr(nz—1)(n—r+1)! )
| 5 n! —2(r+1n+1)!
i+ 2)(=x%) <nr+1(n —r—1)! + n"*t1(n?2 - 1)(n— r)!/1>
rn! nr(n + 1)! r(n+1)!
(Zn”l(n—r)! {an“(nz—1)(n—r+1)!+nr+1(n2 D(n— )} >(T+2)'( *)
r+2) , n! —2(r+2)(n+ 1)!
+ 2 (nr+2(n—r—2)! nr+2(n2—1)(n—r—1)!l>
(r+ 1n!
2n"2(n—r —1)!
{ n(r+ D(n+1)! (r+Dn+1)! }/1)}

+(r+ 2)!x<

2n"2(n2 —-1D)(n—-7r)! 2n"2n2-1)(n—-r—-1)!
= El + EZ + E3.
By combining the estimates of E, E,, E5, as n — oo, the required is immediate, and we get
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Fo= - D oy

—2rx + r
E, = ——— M (x);

E; = ”(x 2D prvn),

Sincel, - O asn — oo, thus, we obtain (4).
Theorem 3.4
Let (x) € C[0,1]. Then, for any x e (0 1) at which £+ (x) exists, 1 € [-1,1]

lim n? <n{Ynl(f x) = f(x)}+ )f(”( ) — Mf(r“)(@

2
rx(x )f(r+2)( ))

= Ax(rt+1) - (r +7)

ATV (0) + {(=2(r — Dx2 4+ r(r — DaAf T+ (x)

2
24+5r+5
+ {(—rz —3r+2)x3+ (r+ Dx? + (—2(r + 3)x> - (rfr)ﬁ) A}f(“”(x)
{ (r*+3r+2)x* +y 34+ Q2@+ 3)x* +¥ 3) }f(r“‘)(x) (5)
Proof
By Taylor's expansion,
r+4

@
f(t)—zf 9 -+ e e -2

where a(t x) = 0ast — x, hence

D20 - FO )}
{z [ YO (£ =005 %) + Y (alt, 0) (= )™+ %) — f (r)(x)}'

lim n? {n(Y,ETj(f;w—f@(x)) D ) - 22D ey
(20 + l)x; A DD ) (x)}
r(r+1)f(r)( ) (- 2rx+r)f(r+1)( - (- 2(r+l)x;—(r+1)x)f(r+2)(x)}
= limn? {n(f (T)l( )Yg;((t—x)r;x)+’%)1(),)y@((t X)L x)
+f((r%)2(),)y(”«t X))
+f((r%)§)')ycr)((t )T, )+%W)((t O™ %) — £ (x)

+ Y (a(t, ) (t — )™ x)) c=1, + I,

Using Lemma 1.2 (iv), then
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) (x
[; = lim nz( Tl{ fr—f)Y(r)?(tr;X)

n—oo n,

(r+1)
f(r n 1(;) ((r + 1)(—x)Yg)€ (t"; x) + Ygg(tr“; x))
(r+2)
f( — 2(;) <(r + z)z(r +1) YT (750 +(r + 2) (=) YO (748 x) + Y0 (672, x)>

(r+3)(r+2)
2

£+ (x) (—(r +3)r+2)T+1)

3‘Y‘(r) tr;
r+3)! 6 X (8520 +

) Y %)

— (r + )Y x) + Y (7 x)>

FOD0) (r+ 4T +3)T+2)(r+1)
r+4)! ( 24
O+ D+ +2)
6

— (r + HY 350 + Y @+ x)) —f1(x)

x4Y7(l'r/1) (t"; x)

r+4)(r+3)

) Y %) + >

xZYr(l’TA) (t™*?; x)

r(r—1)

(—2rx+r)
2

2

rx(x —1)

+ f(r+1)(x) _ Tf(r+2) (x) } )

O -
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) . n! =2r(n+ 1)!
:‘rll—l;lc}on { fO@) <nr(n )!+nr(n2—1)(n—r+1)!l_1>
O (x) n! —2r(n + 1)!
o DI x)< (n = r)!+nr(n2—1)(n—r+1)!/1>
< n! =2(r+1(n+1)! /1)(7”

+ ntln—r—1)! n"*1n2-1)Mn-r)!

+ 1) +( .
X 2n"t(n —1)!

nr(n+1)! r(n+1)!
+ {nr“(nz —Dn—r1+1)! + i (n? — D(n — r)!}/1> (r+ 1)!)

FOB@) ((r+2)! n! —2r(n+ 1)!
+ (r+2)!< 2 (nr(n—r)!-l_nr(nz—1)(n—r+1)! >
n! —2(r+1)n+1)!
ntln—r—1)" n"*1(n?-1)Mn-r)! )

+ (r + 2! (=x?) ((

rn!
+ <2nr+1(n —7)!
nr(n+1)! r(n+ 1)!
" {anﬂ(nz “Dn-r+ D! 2 iz - Dn - r)!}/1> (r+2)t=2)
n! —2(r+2)(n+1)!
n"t2(n—r—2)! n”z(nz—l)(n—r—l)!)
(r+ 1n!
+(r+2)!x<2nr+2(n—r—1)!
{ n(r+ 1)(n+1)! r+1Dn+1)! }/1

+(r+2)!x2<

2n" 2?2 —-1)(n—-r)! 2n"2n2-1)(n—-r —1)!
O3 (x) (—(r + 3)! n! —2r(n+1)!
+ (r+3)! < 6 x (nr(n—r)!-l_nr(nz—1)(n—r+1)!/1>
(r + 3)! n! 20+ 1D+ 1)!
+ 2 () <nr+1(n —r—1D! ntlnZ2-1DMn-r)! A)
!
+ (an“(n —7)!
nr(n+ 1)! r(n+1)! 1 (r + 3)!
* {an“(n2 —Dn—r+1)! 2n"t'(n%2-1)(n- r)!} ) 2
n! —2(r+2)(n+1)! 2
nt2n—r—-2) n2Mm2-1Dn-r—-1)! >

(x?)

—(r+3)!x3 <
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5 (r+ Dn!
—(r+3)!x <2nr+2(n—r—1)!
n(r+1)(n+1)! r+1H(n+ 1! 1
{211”2(712 —-Dn-r) 2n"2M2-1)(n—r— 1)!} )
n! —2(r+3)(n+ 1)!
43 <nr+3(n—r—3)!+nr+3(n2—1)(n—r—1)! )
I e
+{ n(r+2)(n+1)! r+2)(n+1)! }/1
23?2 —ND(n—r-1D! 2n"B3M2-1D(n—r—2)!
f(r+4)(x)<(r+4)! 4( n! N —=2r(n+ 1)! A)
(r+4)! 24 nn—r) nn?-1Dmn-r+1)!
_(r+4)! . n! N —2(r+1Dn+ 1) 5
6 ntl(n—r—-1"! n"*1(n?2-1)n-r)!
rn!
B (an“(n —7)!
nr(n+ 1)! r(n+1)! (r+4)!
+{2nr+1(n2—1)(n—r+1)!+2nr+1(n2—1)(n—r)!} ) g *
(r+4)! , n! N —2(r+2)(n+1)! 1
2 nt2n—r—-2) nt2Mm2-1DMn-r-—1)
(r+4)! (r+ 1n!
2 x <2nr+2(n—r—1)!
nr+1m+1)! r+1n+1)!
* {an(nz " D=1 P — D(n—r 1)!}’1>
. n! —2(r+3)(n+1)!
—rHix (nr+3(n—r—3)!+nr+3(n2—1)(n—r—1)!l>
(r+2)n!
— (4l <2nr+3(n—r—2)!
n(r+2)(n+1)! (r+2)(n+1)!
+{2nr+3(n2—1)(n—r—1)!+2nr+3(n2—1)(n—r—2)!}’1>
I
+(r+4)!x4<nr+4(nri'r_4)!
—2(r+4)(n+1)! (r+3)n!
+nT+3(n2—1)(n—r—3)!l>+(r+4)!x3 <2nr+4(n—r—3)!
n(r+ 3)(n + 1)! r+3)(n+1)! 1
+ 2?2 —-1D(n—r — 3)!} )

* {an’f‘*(n2 —D(n—r—-2)!
4 r(rz__l)fcr) (x) — (_Zrzﬂfmn ) — @f(m)(x)_

= E1+E2 +E3+E4+E5
By combining the estimates of E;, E,, E5, E,, Es asn — oo, we get

E; =0;
x4+ D) - (P + r)/lf(”l)(x);

E, =
2
E; ={=2(r — Dx% +r(r — DxJAfT+2) (x);
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r>+5r+5
E, = {(—r2 —3r+2)x3+ (r+ Dx% 4+ (—2(r + 3)x3 — %ﬁ)/l}f(””(x);
E; = {—(r2 + 3r
7r% — 43r + 60
+2)x* + x3 + (2(r + 3)x*

12
—17r% — 55r — 84
+

5 X3> )\}f(”“) (x).

Sincel, = 0 asn — oo, thus, we obtain (5).
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